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Quantum many-boson systems

The first step to build a theory: how to label states?

One particle states

• How to label states of one boson in 1D space? → |x〉. The most
general state |ψ〉 =

∫
dxψ(x)|x〉

• Energy eigenstates (momentum eigenstates) |k〉 =
∫
dx e ikx |x〉, where

wave vector k = int.× 2π
L . (The space is a 1D ring of size L)

- Momentum = p = ~k .
- Energy = εk = ~2k2

2M (Or εk = ~|k|c for massless photons)
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Many-particle states

• Label all zero-, one-, two-, three-, ... boson states:
|∅〉
|k1〉
|k1, k2〉, k1 ≤ k2 (|k1, k2〉 = |k2, k1〉 for identical particles)
|k1, k2, k3〉, k1 ≤ k2 ≤ k3

... ...

• Label all zero-, one-, two-, three-, ... boson states
(The second quantization – quantum field theory of bosons):
nk ≡ the number of bosons with wave vector k .
|{nk = 0}〉 is the ground state. |{nk 6= 0}〉 is an excitated state.

|{nk = 0}〉 = |∅〉. No boson
|{nk1 = 1, others = 0}〉 = |k1〉. One boson
|{nk1 = 1, nk2 = 1, others = 0}〉 = |k1, k2〉 = |k2, k1〉.
|{nk1 = 1, nk2 = 1, nk3 = 1, others = 0}〉 = |k1, k2, k3〉 = |k2, k3, k1〉 = · · ·.
|{nk1 = 2, nk2 = 1, others = 0}〉 = |k1, k1, k2〉 = |k1, k2, k1〉 = · · ·.
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A many-boson system with no interaction
= a collection of decoupled harmonic oscillators

.
nk → the occupation number of the bosons on orbital-k .
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• If we ignore the interaction between bosons |{nk}〉 is an energy
eigenstate with energy E =

∑
k nkεk

• The above energy can be viewed as the total energy of a collection of
decoupled harmonic oscillators. The oscillators are labeled by
k = int.× 2π

L . The oscillator labeled by k has a frequency ωk = εk/~.

• A collection of decoupled harmonic oscillators = vibration modes of a
vibrating string. The two polarizations of bosons → two directions of
string vibrations
→ quantum field theory of 1D boson gas.
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Many-body Hamiltonian for non-interacting bosons

View 1D non-interacting bosons (with 0, 1, 2, 3, · · · bosons) as a
collection of oscillators with frequencies ωk :

Ĥ =
∑
k

(â†k âk +
1

2
)~ωk , ~ωk = εk =

~2k2

2m
, k = int.× 2π

L

raising-lowering operator

âk =

√
mωk

2~
(
x̂k +

i

mωk
p̂k), [âk , â

†
k ′ ] = δk,k ′

â†k âk |nk〉 = nk |nk〉, â†k |nk〉 = |nk + 1〉, âk |nk〉 = |nk − 1〉.

• All the energy eigenstates are labeled by |{nk}〉 =
⊗

k |nk〉.
The total energy Etot =

∑
k(nk + 1

2 )εk .
The total particle number N =

∑
k nk .

â†k , âk are also creation-annihilation operator of bosons.
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Many-body Hamiltonian for bosons on lattice

• Infinite problem on quantum field theory:
The vaccum energy E0 = 0 or E0 =

∑
k

1
2εk?

The right answer E0 =
∑

k
1
2εk =∞

• Non-interacting bosons on a lattice

For 1D non-interacting bosons
(with 0, 1, 2, 3, · · · bosons)

Ĥ =
∑
k∈BZ

(â†k âk +
1

2
)εk , εk = 2t[1− cos(ka)],

k = int.× 2π

L
∈ [−π

a
,
π

a
].

• The vacuum energy now is finite

E0 =
∑
k∈BZ

1

2
εk = L

∫ π
a

−π
a

dk

2π
2t[1− cos(ka)] = L

2t

a
= 2tN.

• The vacuum energy can be measured via Casimir effect.
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Many-body Hamiltonian for interacting bosons on lattice

• The total particle number operator

N̂ =
∑
k∈BZ

â†k âk =
∑
i

ϕ̂†i ϕ̂i , [ϕ̂i , ϕ̂
†
j ] = δij .

âk =
∑
xi

N−1/2 e ikxi ϕ̂i , xi = a i , i = 1, · · · ,N;

- n̂k = â†k âk is the number operator for bosons on orbital k.

- n̂i = ϕ̂†i ϕ̂i is the number operator for bosons on site i . ϕ̂†i , ϕ̂i are
creation-annihilation operator of bosons at site-i .

• Many-body Hamiltonian for interacting bosons

H =
∑
k

(â†k âk +
1

2
)εk −

∑
i

µn̂i +
∑
i≤j

Vij n̂i n̂j

=
∑
k

1

2
(â†k âk + âk â

†
k)εk −

∑
i

µϕ̂†i ϕ̂i +
∑
i≤j

Vij ϕ̂
†
i ϕ̂i ϕ̂

†
j ϕ̂j

=
∑

i

[
t(ϕ̂†i ϕ̂i + ϕ̂i ϕ̂

†
i )− t(ϕ̂†i+1ϕ̂i + ϕ̂†i ϕ̂i+1)

]
−
∑

i µϕ̂
†
i ϕi +

∑
i≤j Vij ϕ̂

†
i ϕ̂i ϕ̂

†
j ϕ̂j
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Hard-core bosons and spin-1/2 systems

• Assume on-site interaction Vij = Uδij , µ = U + 2B + t →
Un̂i n̂i − µn̂i = U(n̂i − 1)n̂i − (2B + t)n̂i , U → +∞
The low energy sector for interaction → ni = 0, 1 (↓, ↑) or

ni =
σzi − 1

2
, ϕ̂i =

(
0 0
1 0

)
= σ−i =

σxi − iσyi
2

.

Hamiltonian for interacting bosons = a spin-1/2 system

HXY-model =
∑
i

[
− t(σ+

i σ
−
i+1 + σ−i σ

+
i+1)− Bσzi

]
=
∑
i

[
− J(σxi σ

x
i+1 + σyi σ

y
i+1)− Bσzi

]
, J =

1

2
t

• U(1) symmetry generated by Uφ =
∏

i e
iφσz

i /2: UφHUφ = H.∑
i σ

z
i ∼ N + const. conservation.

• Phase diagram: Treat operators σ as classical unit-vector (spin) n.

B < 0 : | ↓ · · · ↓〉 B ∼ 0 : | → · · · →〉 B > 0 : | ↑ · · · ↑〉

B

0-boson/site Superfluid 1-boson/site (Mott insulator)
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Hard-core bosons and spin-1 systems

• Assume on-site interaction to have a form U[(ni − 1)4 − (ni − 1)2].
The low energy sector for the interaction: ni = 0, 1, 2 (↓, 0, ↑) or

ni = Sz
i − 1, ϕ̂i = S−i .

Hamiltonian for interacting bosons = a spin-1 system (U(1) symm.)

H =
∑
i

[
− t(S+

i S−i+1 + S−i S+
i+1)− BSz

i + V (Sz
i )2
]

=
∑
i

[
− J(Sx

i S
x
i+1 + Sy

i S
y
i+1)− BSz

i + V (Sz
i )2
]
.

• B-V phase diagrame Treat operators σ as classical unit-vector (spin) n.

V

B

0

SF

• Two different critical points:
- The black-line represents a z = 2 critical point.

(ie excitations have dispertion relation ωk ∼ k2)

- The filled dot represents a different
z = 1 critical point with emergent Lorentz symmetry
(ie excitations have dispertion relation ωk ∼ k) J = 1
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Many-body Hamiltonian

• Consider a system formed by two spin-1/2 spins. The spin-spin
interaction: H = J(σx1σ

x
2 + σy1σ

y
2 + σz1σ

z
2).

where σx ,y ,zi are the Pauli matrices acting on the i th spin.
J < 0 → ferromagnetic, J > 0 → antiferromagnetic.
Is H a two-by-two matrix? In fact
H = −J[(σx ⊗ I ) · (I ⊗ σx) + (σy ⊗ I ) · (I ⊗ σy ) + (σz ⊗ I ) · (I ⊗ σz)]
H is a four-by-four matrix:

σz
1σ

z
2 =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

 σx
1σ

x
2 =


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

 σx
1σ

z
2 =


0 0 1 0
0 0 0 −1
1 0 0 0
0 −1 0 0


• σzi = I ⊗ · · · ⊗ I ⊗ σz ⊗ I ⊗ · · · ⊗ I is a 2Nsite-dimensional matrix

Example: An 1D ring formed by L spin-1/2 spins:

H = −
L∑

i=1

σxi σ
x
i+1 − h

L∑
i=1

σzi

– transverse Ising model. H is a 2L × 2L matrix.
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Condensed matter: A local many-body quantum system

• A many-body quantum system
= Hilbert space Vtot + Hamiltonian H

- The locality of the Hilbert space:
Vtot = ⊗N

i=1Vi
- The i also label the vertices of a graph
• A local Hamiltonian H =

∑
x Hx and Hx are local hermitian operators

acting on a few neighboring Vi ’s.

• A quantum state, a vector in Vtot :
|Ψ〉 =

∑
Ψ(m1, ...,mN)|m1〉 ⊗ ...⊗ |mN〉,

|mi 〉 ∈ Vi
• A gapped Hamiltonian has

the following spectrum as N →∞
(eg H = −

∑
(Jσzi σ

z
i+δ + hσxi ))

ε −> 0

∆

subspace
ground−state −>finite gap  

Xiao-Gang Wen Modern quantum many-body physics – Interacting bosons 11 / 91



Many-body spectrum using Octave (Matlab or Julia)

Transverse Ising model on a ring of L site:

H = −J
L∑

i=1

σxi σ
x
i+1 − h

L∑
i=1

σzi

H is an 2L-by-2L matrix, whose eigenvalues can be computed via the
following Octave code
(the code also run in Matlab or Julia
with minor modifications):

X=sparse([0,1;1,0]); Z=sparse([1,0;0,-1]); XX=kron(X,X);
L=13; h=1.0; J=1.0
H=-kron(kron(X, speye(2̂ (L-2)) ),X);
for i=1:L-1

H=H - kron( speye(2̂ (i-1)), kron(J*XX, speye(2̂ (L-1-i)))) ;
end
for i=1:L

H=H - kron( speye(2̂ (i-1)), kron(h*Z, speye(2̂ (L-i)))) ;
end

eigs( H , 10, ’sa’) # compute the lowest 10 eigenvalues
1

E
 −

E
n

h/J

 0

 1

 2

 3

 4

 5

 6

 7

 0  0.5  1  1.5  2

.

The 100 lowest energy eigenvalues
for L = 16, as functions of h/J ∈ [0, 2].
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Quantum phases and quantum phase transitions

• Phases are defined through phase transitions.
What are phase transitions?

As we change a parameter g in Hamilto-
nian H(g), the ground state energy density
εg = Eg/V or the average of a local operator
〈Ô〉 may have a singularity at gc : the system
has a phase transition at gc .
The Hamiltonian H(g) is a smooth function of
g . How can the ground state energy density
εg be singular at a certain gc?

A

C

g
1

g
2

B

E2 − E1 of trans. Ising
for L = 3, · · · , 13

0

0.5

1

1.5

2

0 0.5 1 1.5 2

• There is no singularity for finite systems.
Singularity appears only for infinite systems.

• Spontaneous symmetry breaking is a mechanism to cause a singularity
in ground state energy density εg .
→ Spontaneous symmetry breaking causes phase transition.
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Symmetry breaking theory of phase transition

It is easier to see a phase transition in the semi classical approximation
of a quantum theory.
• Variational ground state |Ψφ〉 for Hg is obtained by minimizing energy

εg (φ) =
〈Ψφ|Hg |Ψφ〉

V against the variational parameter φ.
εg (φ) is a smooth function of φ and g . How can its minimal value
εg ≡ εg (φmin) have singularity as a function of g?

• Minimum splitting → singularity in
∂2εg
∂g2 at gc . Second order trans.

State-B has less symmetry than state-A.
State-A → State-B: spontaneous symmetry breaking.

- For a long time, we believe that
phase transition = change of symmetry
the different phases = different symmetry.

cg>g cg<g cg<g cg>gcg=g

ε

ϕ

ε

ϕ

ε

ϕ

ε

ϕ

ε

ϕ

• Minimum switching → singularity in
∂εg
∂g at gc . First order trans.
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Example: meanfield symmetry breaking transition

Consider a transverse field Ising model H =
∑

i −Jσxi σxi+1 − hσzi
Use trial wave function |Ψφ〉 = ⊗i |ψi 〉, |ψi 〉 = cos φ2 | ↑〉+ sin φ

2 | ↓〉 to
estimate the ground state energy
〈Ψφ|H|Ψφ〉 = −

∑
〈ψi |σxi |ψi 〉〈ψi+1|σxi+1|ψi+1〉 − h

∑
〈ψi |σzi |ψi 〉.

= (2J cos φ2 sin φ
2 )2 − h(cos2 φ

2 − sin2 φ
2 ) = sin2 φ− h cosφ

Phase transition at h/J = 2. (h/J = 1.5, 2.0, 2.5)

Order parameter and symmetry-breaking phase transition
φ or σxi are order parameters for the Z2 symm.-breaking transition:

- Under Z2 (180◦ Sz rotation), φ→ −φ or σxi → −σxi
- In symmetry breaking phase φ = ±φ0, 〈σxi 〉 = ±.

In symmetric phase φ = 0, 〈σxi 〉 = 0. (Classical picture)
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Ginzberg-Landau theory of continuous phase transition

• Quantum Z2-Symmetry: generator U =
∏

j σ
z
j , U2 = 1.

Symmetry trans.: Uσzi U
† = σzi , Uσxi U

† = −σxi , Uσyi U
† = −σyi .

→ UHU† = H. If H|ψ〉 = Egrnd|ψ〉, then UH|ψ〉 = EgrndU|ψ〉 →
UHU†U|ψ〉 = EgrndU|ψ〉 → HU|ψ〉 = EgrndU|ψ〉
Both |ψ〉 and U|ψ〉 are ground states of H:
Either |ψ〉 ∝ U|ψ〉 (symmetric) or |ψ〉 6∝ U|ψ〉 (symm.-breaking).

• Trial wave function |Ψφ〉 =
⊗

i (cos φ2 | ↑〉i + sin φ
2 | ↓〉i ): U|Ψφ〉 = |Ψ−φ〉

→ 〈Ψφ|H|Ψφ〉 = 〈Ψφ|U†UHU†U|Ψφ〉 = 〈Ψ−φ|H|Ψ−φ〉 →
ε(h, φ) = ε(h,−φ)

• If |Ψφ=0〉 is the ground state → symmetric phase.
If |Ψφ 6=0〉 is the ground state → symmetry breaking phase.

• Near the phase transition φ is small →

ε(h, φ) = ε0(h) +
1

2
a(h)φ2 +

1

4
b(h)φ4 + · · ·

Transition happen at a(hc) = 0.
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Properties near the T = 0 (quantum) phase transition

• Ground state energy density:
φ = 0, εgrnd(h) = ε0(h) if a(h) > 0

φ = ±
√
−a
b , εgrnd(h) = ε0(h)− 1

4
a(h)2

b if a(h) < 0

εgrnd(h) is non-analytic at the transition point: a(h) = a0(h − hc):

εgrnd(h) =

{
ε0(h), h > hc

εgrnd(h) = ε0(h)− 1
4
a0(h−hc )2

b , h < hc

• Magnetization in z-direction: Mz =
∂εgrnd(h)

∂h .

Mz = ∂ε0(h)
∂h , h > hc

Mz = ∂ε0(h)
∂h − 1

2
a0(h−hc )

b , h < hc
→ ∆Mz ∼ |∆h|
• Magnetization in x-dir.: Mx = 〈σx〉 = sinφ

φ = ±
√
−a(h)

b → ∆Mx ∼ |∆h|1/2

• Magnetic susceptibility in x-direction:
From ε(h, φ, hx) = 1

2a(h)φ2 − hxφ+ · · ·
→ Mx = φ = 1

a(h) → χx = 1
a(h) → ∆χx ∼ |∆h|−1

χ
x

hhc

Mx

Mz

εgrnd
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Quantum picture of continuous phase transition

No symmetry breaking in quantum theory according: If [H,U] = 0, then
H and U share a commom set of eigenstates. The ground state
|Ψgrnd〉 of H, is an eigenstate of U: U|Ψgrnd〉 = e iθ|Ψgrnd〉.
No symmetry breaking.
|Ψφ〉 and |Ψ−φ〉 in semi classical approximation are not true ground
states. The true ground state is |Ψgrnd〉 = |Ψφ〉+ |Ψ−φ〉 which do not
break the symmetry.

• Quantum picture: Symmetry-breaking order parameter is zero,
〈Ψgrnd|σxi |Ψgrnd〉 = 0, for the true ground state. But the ground
states, |Ψgrnd〉 = |Ψφ〉+ |Ψ−φ〉 and |Ψ′grnd〉 = |Ψφ〉 − |Ψ−φ〉, have an

exponentially small energy separation ∆ ∼ e−L/ξ.
Symmetry-breaking order parameter is non-zero only for approximate
ground states, |Ψφ〉 and |Ψ−φ〉.
• Detect symmetry breaking from correlation function:

lim|i−j |→∞〈Ψgrnd|σxi σxj |Ψgrnd〉 = const..
Symmetric phase: lim|i−j |→∞〈Ψgrnd|σxi σxj |Ψgrnd〉 = 0
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Collective mode of order parameter φ: guess

• From the energy ε(h, φ) = ε0(h) + 1
2a(h)φ2 + 1

4b(h)φ4 + · · ·
→ Restoring force f = −aφ− bφ3 → EOM ρφ̈ = −aφ− bφ3.

• k 6= 0 mode: ε(h, φ) = 1
2g(∂xφ)2 + 1

2a(h)φ2 + 1
4b(h)φ4 + · · ·

Restoring force f = g∂2
xφ− aφ− bφ3

→ EOM ρφ̈ = g∂2
xφ− aφ− bφ3. Where does ρ come from?

~1/L

K

E

∆ ∆11

22

33

1

1

2 2

3 34
• Collective mode: ωk =

√
gk2+a
ρ

Energy gap: ∆ =
√

a(h)
ρ =

√
a0(h−hc )

ρ .

- At the critical point h = hc :
Gapless = diverging susceptibility
ωk ∼ kz , z = 1. z is the dynamical critical exponent.
z = 1 → Emergence of Lorentz symmetry.

Continuous quantum phase transition between gapped phases =
gap closing phase transition. Continuous quantum phase
transition between gapless phases : more low energy modes at
the critical point.
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Collective mode of order parameter φ: calculate

Consider a transverse field Ising model H = −
∑

i (Jσ
x
i σ

x
i+1 + hσzi ).

Trial wave function |Ψφi 〉 = ⊗i |φi 〉, |φi 〉 = |↑〉+φi |↓〉√
1+|φi |2

(Key: φi complex)

〈σxi 〉 =
φi + φ∗i
1 + |φi |2

, 〈σzi 〉 =
1− |φi |2

1 + |φi |2
.

• Average energy
H̄ = −

∑
i

[
J

(φi + φ∗i )(φi+1 + φ∗i+1)

(1 + |φi |2)(1 + |φi+1|2)
+ h

1− |φi |2

1 + |φi |2
]

Geometric phase term

〈φi |
d

dt
|φi 〉 =

φ∗i φ̇i
1 + |φi |2

+ (1 + |φi |2)1/2 d

dt
(1 + |φi |2)−1/2

=
φ∗i φ̇i

1 + |φi |2
− 1

2

d

dt
log(1 + |φi |2)

Phase space Lagrangian (quadratic approximation: φi = qi + i
2pi small)

L = 〈Φφi | i d
dt − H|Φφi 〉 =

∑
i iφ
∗
i φ̇i + J(φi + φ∗i )(φi+1 + φ∗i+1)− 2h|φi |2

=
∑

i

[
pi q̇i + 4Jqiqi+1 − 2h(q2

i + 1
4p

2
i )
]
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Collective mode of order parameter φ: calculate

EOM:

q̇i =
∂H̄

∂pi
=

h

2
pi , , ṗi = −∂H̄

∂qi
= 4J(qi+1 + qi−1)− 4hqi

in k-space (qi =
∑

k N
−1/2 e ikiaqk , pi =

∑
k N
−1/2 e ikiapk):

q̇k =
h

2
pk , , ṗk = 4(J e ika + J e− ika − h)qk

k label harmonic oscillators with EOM

q̈k = 2h[2 cos(ka)− h]qk → −ω2
k = 2h[2J cos(ka)− h]

The dispersion of the collective mode

ωk =
√

2h[h − 2J cos(ka)]

• For h > 2J, gap =
√

2h(h − 2J).
For h = 2J, gapless mode with velocity v = 2aJ and ωk = v |k|.
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Many-body spectrum at the critical point

• At the critical point, the gapless excitation is described by a real scaler
field φ (or qi ) with EOM:

φ̈ = v2∂2
xφ.

= an oscillator for every k = 2π
L n

= a wave mode with ωk = v |k |
= a boson with ε(p) = v |p|

~1/L

K

E

∆ ∆11

22

33

1

1

2 2

3 34

• Many-body spectrum for right movers:

0 1 2 1+1 3 2+1 1+1+1 1+1+1+14 3+1 2+2 2+1+1

1 1 2 3 5
Do not count for the k = 0 orbital.

• Total energy and total momentum for right movers E = vK .
Magic at critical point: Emergence of Lorentz invariance ε = vk .
Emergence of independent right-moving and left-moving sectors (extra
degeneracy in mony-body spectrum): conformal invariance
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z = 1 and z = 2 critical points

The transverse Ising model, H = −
∑

i (Jσ
x
i σ

x
i+1 + hσzi ),

V

B

0

SF

has z = 1 critical points at h = ±J
The spin-1 XY model,
H =

∑
i (−JSx

i S
x
i+1 − JSy

i S
y
i+1 + V (Sz

i )2 − BSz
i ),

has z = 1 and z = 2 critical points.

• The z = 1 criticial point appears when B = 0 and
the spin-1 XY model has the Sz → −Sz symmetry.

- The phase space Lagrangian of has a form L = Aφ∗φ̇+ Bφ̇∗φ̇− C |∂φ|2
for the collective mode at the criticial point. When B = 0, A = 0,
which leads to the z = 1 critical point. When B 6= 0, A 6= 0, which
leads to the z = 2 critical point.
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The minimal value of dynamical exponent z is 1

• The z = 2 critical point can appear if we have U(1) spin rotation
symmetry in the Sx -Sy plane. In this case, the critical point describe
the transition from a gapped Mott insulator (spin polarized) phase to a
gapless superfluid (XY spin order) phase (U(1) symmetry breaking
phase) with z = 1 (ie ω ∼ k).

- The gapless is the Goldstone mode. Spontaneous breaking of a
continuous symmetry always give rise to a gapless model.

- The critical point always has more low energy excitations then the two
phases it connects.

• The z = 1 critical point can appear if we have Z2 spin rotation
symmetry in the Sx → −Sx . In this case, the critical point describe the
transition from a gapped symmetric phase to a gapped spontaneous
Z2-symmetry breaking phase.

• z < 1, ω ∼ |k |z is not allowed for short range interaction, since the
velocity for any excitations has an upper bound v . a||Hi ,i+a||/~
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The property of k = 0 mode (quadratic approx. valid?)

• Now consider transverse Ising model in d dimensions (g ∼ J, h)

L =
∑
i

∑
µ=x ,y .···

[
pi q̇i + 4Jqiqi+µ

]
−
∑
i

[
2h(q2

i +
1

4
p2
i )− gq4

i

]
The transition point now is at h = 2dJ

• At the critical point h = 2dJ,
the k = 0 mode is described by the Lagrangian

L = Npq̇ − N

2
hp2 − Ngq4

= p̃ ˙̃q − h

2
p̃2 − g

N
q̃4, p̃ =

√
Np, q̃ =

√
Nq.

• The zero-point energy from the k = 0 mode p̃q̃ ∼ 1 → q̃ ∼ N1/6

mininizing:
h

2
p̃2 +

g

N
q̃4 ∼ h

2
q̃−2 +

g

N
q̃4 ∼ JN−1/3

The non-linear term is important for k = 0 mode.
- The zero-point energy from the k mode (ignoring the non-linear term)
Jk ∼ JN−1/d |k∼N−1/d
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The non-linear effect for k mode

• At the critical point h = 2dJ, the k mode is described by the Lagrangian

L = Npq̇ − JNk
2q2 − N

2
hp2 − Ngq4

= p̃ ˙̃q − Jk2q̃2 − h

2
p̃2 − g

N
q̃4, p̃ =

√
Np, q̃ =

√
Nq.

• The zero-point energy from the k mode p̃q̃ ∼ 1 → p̃ ∼ 1/q̃ ∼
√
k

Jk2q̃2 +
h

2
p̃2 +

g

N
q̃4 ∼ Jk +

h

2
k +

g

Nk2

The non-linear term is important if
g

Nk2
> Jk or k <

1

N1/3

- Since the smallest k is 1
N1/d . For d > 3 there is no k satisfying the

above condition (except k = 0). We can ignore the non-linear term.
Our critical theory from quadratic approximation is correct.

- For d ≤ 3, we cannot ignore the non-linear term.
Our critical theory from quadratic approximation is incorrect.
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Quantum fluctuations: relevant/irrelevant perturbations

.EOM of Z2 order parameter for the d + 1D-transverse Ising model
ρφ̈ = g∂2

xφ+ aφ+ bφ3

Is the bφ3 term importent at the transition point a = 0?

• The action S =
∫
dtddx [ 1

2ρ(φ̇)2 − 1
2g(∂xφ)2 − 1

2aφ
2 − 1

4bφ
4]

- Treating the above as a quantum system with quatum fluctuations, the
term 1

4bφ
4 is irrelevant if dropping it does not affect the low energy

properties at critical point a = 0. Otherwise, it is revelvent.
- Rescale t to make ρ = g and rescale φ to make ρ = g = 1.

• Consider the fluctuation at length scale ξ. The action for such
fluctuation is Sξ =

∫
dt [ 1

2ξ
d(φ̇)2 − 1

2ξ
d−2φ2 − 1

4bξ
dφ4]

→ Oscillator with mass M = ξd and spring constant K = ξd−2.
Oscillator frequency ω =

√
K/M = 1/ξ.

Potential energy for quantum fluctuation E = 1
2ω = 1

2ξ
d−2φ2.

Fluctuation φ2 = ξ1−d .

Compare ξd−2φ2 and bξdφ4: bξdφ4

ξd−2φ2 = bξ3−d for ξ →∞, we conclude

the bφ4 term is irrelevant for d > 3. Relevant for d < 3
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Simple rules to test relevant/irrelevant perturbations

• After rescaling t to make ρ = g and rescaling φ to make ρ = g = 1, the
action becomes S =

∫
dtddx [ 1

2 (φ̇)2 − 1
2 (∂xφ)2 − 1

2aφ
2 − 1

4bφ
4]

• Estimate from dimensional analysis:
[S ] = [L]0 (from e− iS). [t] = [L] (from 1

2 (φ̇)2 − 1
2 (∂xφ)2)

[φ] = [L]
1−d

2 , [a] = L−2, [b] = [L]d−3

- Counting dimensions:
[t] = −1, [S ] = 0.
[φ] = d−1

2 , [a] = 2, [b] = 3− d .
• From the scaling dimensions, we can see that the quantum fluctuations

of φ2 are given by φ2 ∼ L1−d , and the dimensionless ratio of Ld 1
L2φ

2

and Ldbφ4 terms is given by bLdφ4

Ld−2φ2 ∼ bL3−d

The bφ4 term is irrelevant if [b] < 0. Relevant if [b] > 0.
The aφ2 term is always relevant since [a] = 2 > 0.
• More precise definition of scaling dimension:

The correlation of φ at the critical point a = b = 0
〈φ(x)φ(y)〉 = 1

|x−y |2hφ
. hφ is the scaling dimension of φ: hφ = d−1

2 .
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Specific heat at the critical point

• Thermal energy density

εT =

∫ +∞

−∞

dk

2π

v |k|
ev |k|/kBT − 1

= 2
k2
BT

2

2πv

∫ +∞

0
dx

x

ex − 1
=

k2
BT

2

v

π

6

where
∫ +∞

0 dx x
ex−1 = π2

6

• Specific heat

cT =
∂εT
∂T

= kB
kBT

v

π

3
=
(π

6
kB

kBT

v

)
R

+
(π

6
kB

kBT

v

)
L

• The above result is incorrect. The correct one is

cT =
(1

2

π

6
kB

kBT

v

)
R

+
(1

2

π

6
kB

kBT

v

)
L

• 1
2 = c is called the central charge = number of modes.

• Many-body spectrum for one right-moving mode (c = 1):
1, 1, 2, 3, 5, 7, 11, · · · = partition number
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Specific heat away from the critical point

Away from the critical point, the
boson dispersion becomes
εk =

√
v2k2 + ∆2 where ∆ is the

many-body spectrum gap on a ring
(the energy to create a single boson).

~1/L

K

E

∆ ∆11

22

33

1

1

2 2

3 34

Many-body spectrum for a ring

many-body spectrum = spectrum of the set of the oscillators
(×2 in the symmetry breaking phases)

Specific heat

c ∼ Tα e
− ∆

kBT

The above result is correct in the symmetric phase, but incorrect in the
symmetry breaking phase. The correct one is

c ∼ Tα e
− ∆/2

kBT

Remark: The gap in many-body spectrum for an open line is ∆/2.
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What really is a quasiparticle? → factor 1/2

The answer is very different for gapped system and gapless systems.
Here, we only consider the definition of quasiparticle for gapped
systems.

Consider a many-body system H0 =
∑

x Hx , with ground state |Ψgrnd〉.
• a point-like excitation above the ground state is a many-body wave

function |Ψξ〉 that has an energy bump at location ξ:
energy density = 〈Ψξ|Hx |Ψξ〉

ground state
excitation

engergy density
engergy density  

ξ

More precisely, point-like excitations at locations ξi are something that
can be trapped by local
traps δHξi : |Ψξi 〉 is the gapped
ground state of H0 +

∑
i δHξi

– the Hamiltonian with traps.
ε −> 0

∆

subspace
ground−state −>finite gap  
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Local and topological excitations

Consider a many-body state |Ψξ1,ξ2,···〉 with several point-like excitations
at locations ξi .

Can the first point-like excitation at ξ1 be created by a local
operator Oξ1 from the ground state: |Ψξ1,ξ2,···〉 = Oξ1 |Ψξ2,···〉?
|Ψξ1,ξ2,···〉 = the ground state of H0 + δHξ1 + δHξ1 + · · ·
|Ψξ2,···〉 = the ground state of H0 + δHξ1 + · · ·

If yes: the point-like excitation at ξ1 is a local excitation
If no: the point-like excitation at ξ1 is a topological excitation

Example: Consider an 1D Ising model H0 = −J
∑

i σ
z
i σ

z
i+1 with

one of the degenerate ground states |Ψ0〉 = | ↑↑↑↑↑↑↑↑↑↑↑↑〉
a state w/ three point-like excitations |Ψξ1ξ2ξ3〉 = | ↑↑↓↑↑↑↓↓↓↑↑↑〉
ξ1 ξ2 ξ3 - The point-like excitation at ξ1 is a spin flip created by σxξ1

– a local excitation.
- The point-like excitations at ξ2, ξ3 are topological excitations that

cannot be created by any local operators.
The pair can be created by a string operator Wξ2ξ3 =

∏ξ3

i=ξ2
σxi .
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Experimental consequence of topological excitations

• The topological topological excitations are fractionalized local
excitations: a spin-flip can be viewed as a bound state of two wall
excitations spin-flip = wall⊗ wall. | ↑↑↑↓↑↑↑↑↑↓↓↓↓↓↑↑↑↑〉
• Energy cost of spin-flip ∆flip = 4J

Energy cost of domain wall ∆wall = 2J.

• The many-body spectrum gap on a ring
∆ = ∆flip = 2∆wall. This gap can be
measured by neutron scattering.

ε −> 0

∆

subspace
ground−state −>finite gap  

• The thermal activation gap measured by specific heat c ∼ Tα e
−∆therm

kBT

is ∆therm = ∆wall.

The difference of the neutron gap ∆ and the thermal activation
gap ∆therm → fractionalization.
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Another example: 1D spin-dimmer state

Consider a SO(3) spin rotation symmetric Hamiltonian H0 whose
ground states are spin-dimmer state formed by spin-singlets, which
break the translation symmetry but not spin rotation symmetry:

(↑↓)(↑↓)(↑↓)(↑↓)(↑↓)(↑↓)(↑↓)(↑↓)
↓)(↑↓)(↑↓)(↑↓)(↑↓)(↑↓)(↑↓)(↑↓)(↑

• Local excitation = spin-1 excitation

(↑↓)(↑↓)(↑↓)↑↑(↑↓)(↑↓)(↑↓)(↑↓)

• Topo. excitation (domain wall) = spin-1/2 excitation (spinon)

(↑↓)(↑↓)↑(↑↓)(↑↓)(↑↓)↑(↑↓)(↑↓)

• Neutron scattering only creates the spin-1 excitation = two spinons. It
measures the two-spinon gap (spin-1 gap).
Thermal activation sees single spinon gap.
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Neutron scattering spectrum
Neutron dump energy-
momentum into the sample
creating a few excitations.

- Without fractionalization, nor trans. symm. breaking
εspin-1(k) = 2.6 + 2 cos(k)

- With fractionalization and trans. sym. breaking
εspin-1/2(k) = 1

2ε(2k)spin-1

one spin-1 + two spin-1 two spin-1/2 + four spin-1/2

0

2

4

6

8

−0.4 −0.2 0 0.2 0.4

k

0

2

4

6

8

−0.4 −0.2 0 0.2 0.4

k
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2D Spin liquid without symmetry breaking (topo. order)

The spin-1 fractionalization into spin-1/2 spinon can happen in 2D spin
liquid without translation and SO(3) spin-rotation symmetry breaking:

- On square lattice:
chiral spin liquid

∑
Ψ(RVB)|RVB〉 → topological order

Kalmeyer-Laughlin PRL 59 2095 (87); Wen-Wilczek-Zee PRB 39 11413 (89)

Z2 spin liquid
∑
|RVB〉 (emergent low energy Z2 gauge theory)

Read-Sachdev PRL 66 1773 (91); Wen PRB 44 2664 (91)

Z2-charge (spin-1/2) = Spinon. Z2-vortex (spin-0) = Vison. Bound
state = fermion (spin-1/2).
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2D Spin liquid without symmetry breaking (topo. order)

- On Kagome lattice: Feng etal arXiv:1702.01658 Cu3Zn(OH)6FBr

J1-J2-J3 model Gong-Zhu-Balents-Sheng arXiv:1412.1571

.

• Uniform spin susceptibilty comes from spin excitations:
χ ∼ e−∆spinon/kBT . In a strong magnetic field, the
activation gap ∆spinon is reduced to ∆spinon − Bgs.
Knowing the g -factor, we can measure the spin s of the spinons.
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Duality between 1D boson/spin and 1D fermion systems

To obtain the correct critical theory for the transverse Ising model, we
need to use the duality between 1D boson/spin systems and 1D fermion
systems.
Duality: Two different theories that describe the same thing.
Two different looking theories that are equivalent.

• If we view down-spin as vacuum and up-spin as a boson, we can view a
hard-core boson system as a spin-1/2 system. Now we view a system of
hard-core bosons hopping on a line/ring of L sites as a spin-1/2 system.
How to write down the spin Hamiltonian to describe such a
boson-hopping system?

σ± = (σx ± iσy )/2: σ−i annihilates (σ+
i creates) a boson at site-i ,

| ↓〉 = |0〉, | ↑〉 = |1〉. Hboson-hc =
∑

i (−tσ
+
i σ
−
i+1 + h.c.) describes a

hard-core bosons hopping model.

• Similarly, we can also view a system of spin-less fermions on a line/ring
of L sites as a spin-1/2 system. How to write down the spin
Hamiltonian for such a fermion-hopping system?
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Jordan-Wigner transformation on a 1D line of L sites

• ci = σ+
i

∏
j<i σ

z
j , σ± = (σx ± iσy )/2. One can check that

{ci , cj} = {c†i , c
†
j } = 0, {ci , c†j } = δij , {A,B} ≡ AB − BA.

c†i , ci create/annihilate a fermion at site-i , | ↓〉 = |0〉, | ↑〉 = |1〉
• Mapping between spin/boson chain and fermion chain:

c†i ci = σ−i σ
+
i = (−σzi + 1)/2 = ni , fermion number operator

c†i ci+1 = σ−i σ
+
i+1σ

z
i = σ−i σ

+
i+1, cici+1 = σ+

i σ
+
i+1σ

z
i = −σ+

i σ
+
i+1

• XY model = fermion model on an open chain
Hfermion =

∑
i (−tc

†
i ci+1 + h.c .)− µni ↔

HXY =
∑

i (−tσ
+
i σ
−
i+1 + h.c .) + µ

σz
i

2 =
∑

i −
t
2 (σxi σ

x
i+1 + σyi σ

y
i+1) + µ

σz
i

2

• A phase transition in XY model: as we tune µ through µc = ±2t, the
ground state energy density εµ has a singularity
→ a phase transition.
How to solve the model exactly to obtain the above result?
The model Hfermion or HXY looks not solvable since H’s are not a sum
of commuting terms.
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Make the Hamiltonian into a sum of commuting terms

• The anti-commutation relation

{ci , cj} = {c†i , c
†
j } = 0, {ci , c†j } = δij

is invariant under the unitary transformation of the fermion operators:

c̃i = Uijcj : {c̃i , c̃j} = {c̃†i , c̃
†
j } = 0, {c̃i , c̃†j } = δij

• Assume the fermions live on a ring. see the homework
Let ψk = 1√

L

∑
i e

ikici (k = 2π
L × integer)

Hfermion =
∑
i

(−tc†i ci+1 + h.c .) + gc†i ci =
∑
k

ε(k)ψ†kψk

ε(k) = −2t cos k − µ, [ψ†kψk , ψ
†
k ′ψk ′ ] = 0, nk ≡ ψ†kψk = ±1.

• From the one-body dispersion, we obtain many-body energy spectrum
E =

∑
k ε(k)nk , K =

∑
k knk mod 2π

a , nk = 0, 1.
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Majorana fermions and critical point of Ising model

• λxi = σxi
∏

j<i σ
z
j , λyi = σyi

∏
j<i σ

z
j . One can check that

(λxi )† = λxi , (λyi )† = λyi ; {λxi , λxj } = {λyi , λ
y
j } = 2δij , {λxi , λ

y
j } = 0.

• Ising model = Majorana-fermion on a open chain of L sites:

λxi λ
y
i = iσzi , λyi λ

x
i+1 = σyi σ

x
i+1σ

z
i = iσxi σ

x
i+1

HIsing =
∑
i

−σxi σxi+1 − hσzi ↔ Hfermion =
∑
i

iλyi λ
x
i+1 + ihλxi λ

y
i

Critical point (gapless point) is at h = 1 (not h = 2 from meanfield
theory): Hcritical

fermion =
∑

I iηIηI+1, η2i+1 = λxi , η2i = λyi .

• In k-space, ψk = 1√
2

∑
I
e i k2 I
√

2L
ηI ,

k
2 = 2π

2Ln ∈ [−π, π]:

0 2πk

ε

ψ†k = ψ−k , {ψ†k , ψk ′} = δk−k ′ (assume on a ring)

Hcritical
fermion =

∑
k∈[−2π,2π]

2 i e i
1
2
kψ−kψk =

∑
k∈[0,2π]

ε(k)ψ†kψk , ε(k) = 4| sin
k

2
|.
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1D Ising critical point: 1/2 mode of right (left) movers

0 2πk

ε• The Majorana fermion contain
a right-moving mode ε = vk and
a left-moving modes. ε = −vk
• Thermal energy density (for a right moving mode):

εT =

∫ +∞

0

dk

2π

vk

evk/kBT + 1
=

k2
BT

2

2πv

∫ +∞

0
dx

x

ex + 1
=

k2
BT

2

v

π

24

where
∫ +∞

0 dx x
ex+1 = π2

12

• Specific heat

cT =
∂εT
∂T

=
1

2
kB

kBT

v

π

6

Central charge c = 1/2 for right (left) movers.

• On a ring of size L and at critical point: the ground state energy has a
form E = εL + 2πv

L (− c
24 ), where c in the “Casimir term” (the 1/L

term) is also the central charge.
Do we have a similar result for an open Line?
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A story about central charge c (conformal field theory)

• Central charge is a property of 1D gapless system with a finite and
unique velocity. c = cL + cR = 0 for gapped systems.
• It has an additive property: A�stacking B = C → cA + cB = cC

• It measures how many low energy excitation are there.
Specific heat (heat capacity per unit length) C = c π6

T
v

- Why ground state energy E = ρεL− c
24

2π
L sees central charge (v = 1)?

Partition function: Z (β, L) = Tr(e−βH) = e−βLρε−
2πβ
L

c
24 |β→∞

• A magic: emergence of O(2) symmetry in space-(imaginary-)time

Z (β, L) = Z (L, β), have used v = 1.

This allows us to find Z (β, L) = e
−βLρε− 2πL

β
c

24 |L→∞
Free energy density f = ρε − 2π

(β)2
c

24

= ρε − 2πT 2 c
24

Specific heat C = −T ∂2F
∂T 2 = T π

6 c

Belavin-Polyakov-Zamolodchikov NPB 241,333(84); Ginsparg hep-th/9108028
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The neutron scattering and spectral function (Ising model)

Assume the neutron spin couples to Ising spin via Sz
i ∼ σzi (no Sz -spin

flip, but scattering flips Sx ,y ). After scattering, the neutron dump
something to the system |Ψ〉 → σzi |Ψ〉. What is the scattering
spectrum? The spectra function of σzi :

I (E ,K ) = 〈Ψ|σzi δ(Ĥ − E )δ(K̂ − K )σzi |Ψ〉

σzi = iη2iη2i+1 =
2 i

L

∑
k1,k2

e ik1i e ik2(i+ 1
2

)ψk1ψk2

I (E ,K ) =
4

L2
〈Ψ|

∑
k1,k2

e ik1i e ik2(i+ 1
2

)ψk1ψk2δ(εk ′1 + εk ′2 − E )

δ(k ′1 + k ′2 − K )
∑
k ′1,k

′
2

e− ik ′1i e− ik ′2(i+ 1
2

)ψ†
k ′2
ψ†
k ′1
|Ψ〉

=
4

L2

∑
k1,k2∈[0,2π]

δ(εk1 + εk2 − E )δ(k1 + k2 − K )(1− e i
1
2

(k1−k2))
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The neutron scattering and spectral function (Ising model)

I (E ,K ) = 4
∫ 2π

0
dk1 dk2
(2π)2 δ(εk1 + εk2 − E )δ(k1 + k2 − K )(1− cos k1−k2

2 )

I0(E ,K ) = 4
∫ 2π

0
dk1 dk2
(2π)2 δ(εk1 + εk2 − E )δ(k1 + k2 − K )

where εk = 4| sin k
2 |.

I (E ,K ) I0(E ,K ): two-fermion density of states

−π K π −π K π
• What is the spectral function for σxi ? for σxi σ

x
j ? Why σxi is hard?
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A general picture of specture function

We can understand the spectral function of an operator Ox by writing it
in terms of quasiparticle creating/annihilation operators

Oi = C1a
†
i + C2a

†
i a
†
i+1 + · · ·

= C1

∫
dk a†k + +C2

∫
dk1dk2 a†k1

a†k2
e− i [k1i+k2(i+1)] + · · ·

Assume one-particle spectrum to be ε(k) = 2.6 + 2 cos(k) →
Two-particle spectrum will be E = ε(k1) + ε(k2), K = k1 + k2

0

2

4

6

8

−0.4 −0.2 0 0.2 0.4

K

continuum
2−particle

1−particle
peak

E

K
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Specture function and time-ordered correlation functions

• Consider a 0d system with ground state |0〉 with energy E0 = 0.
An operator O creates excitations, and have a spectral function

I (ω) = 〈0|O†δ(Ĥ − ω)O|0〉.
• Time-ordered correlation function of O(t) = e i ĤtO e− i Ĥt :

G (t) = i〈0|T [O(t)O(0)]|0〉 = i

{
〈0|O(t)O(0)|0〉, t > 0

〈0|O(0)O(t)|0〉, t < 0

= i

{
〈0|O e− i ĤtO|0〉, t > 0

〈0|O e i ĤtO|0〉, t < 0
= i

{∫ +∞
0 dωe− iωt I (ω), t > 0∫ +∞
0 dωe iωt I (ω), t < 0

G (ω)=

∫
dt G (t)e iωt = i

∫ +∞

0

dt

∫ +∞

0

dω′
(
e− i (ω′−ω− i0+)t I (ω′)− e− i (ω′+ω− i0+)t I (ω′)

)
=

∫ +∞

0

dω′
( I (ω′)

ω′ − ω − i0+
− I (ω′)

ω′ + ω − i0+

)
=

∫ +∞

−∞
dω′

I (|ω′|)
ω′ − ω − i0+ sgnω′

I (ω) =
sgn(ω)

π
ImG (ω). Adding i0+ to regulate the integral

∫ +∞

0

dt

• In higher dimensions: G (t, x)→ G (ω, k)→ I (ω, k) = sgn(ω)
π ImG (ω, k)
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The neutron scattering and spectral function (XY model)

1D XY model (superfuild of bosons) = 1D non-interacting fermions

HXY =
∑

i −
t
2 (σxi σ

x
i+1 + σyi σ

y
i+1)− µσ

z
i

2 ↔ Hf =
∑

i (tc
†
i ci+1 + h.c.)− µni

Let us assume the neutron coupling is Sz
i ∼ σzi (ie neutrons see the

boson density) → Spectral function of operator σzi = c†i ci (adding a
particle-hole pair)

I (E ,K ) = 〈Ψ|c†i ciδ(Ĥ − E )δ(K̂ − K )c†i ci |Ψ〉

=
1

L2
〈Ψ|

∑
k1,k2

e ik1i e ik2iψ†k1
ψk2δ(−εk ′1 + εk ′2 − E )

δ(−k ′1 + k ′2 − K )
∑
k ′1,k

′
2

e− ik ′1i e− ik ′2iψ†
k ′2
ψk ′1
|Ψ〉

=

∫
εk1
<0, εk2

>0

dk1dk2

(2π)2
δ(−εk1 + εk2 − E )δ(−k1 + k2 − K )

where εk = 2t cos k − µ and ci = 1√
L

∑
k e ikiψk
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The neutron scattering and spectral function (XY model)

Spectral function of ni ∼ σzi for the superfluid/XY-model

For µ = 0, 〈σzi 〉 = 0 For µ = −1, 〈σzi 〉 6= 0

−π K π −π K π

Particle-hole spactral function. In additional to the low energy
excitations near k = 0, why are there low energy excitations at large
K± = ±2πn? K± only depend on boson density n! What is the single
particle spectral function of σ+

i ? σ+
i = c†i

∏
j<i (2c†j cj − 1)
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The neutron scattering and spectral function (XY model)

Particle-particle spectral function of σ+
i σ

+
i+1 (adding two bosons)

I (E ,K ) = 〈Ψ|ci+1ciδ(Ĥ − E )δ(K̂ − K )c†i c
†
i+1|Ψ〉

=
1

L2
〈Ψ|

∑
k1,k2

e ik1(i+1) e ik2iψk1ψk2δ(εk ′1 + εk ′2 − E )

δ(k ′1 + k ′2 − K )
∑
k ′1,k

′
2

e− ik ′1(i+1) e− ik ′2iψ†
k ′2
ψ†
k ′1
|Ψ〉

=

∫
εk1

>0

εk2
>0

dk1dk2

(2π)2
δ(εk1 + εk2 − E )δ(k1 + k2 − K )[1− cos(k1 − k2)]

µ = 0 and
µ = −1
2-particle
spectral function
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XY model for superfluid: dynamical variational approach

Compute single-particle spectral function using an approximation

We are going to use the approximated variational approach for XY
model (not bad for superfluid phase. See also prob. 4.2):
H = −

∑
i J(σxi σ

x
i+1 + σyi σ

y
i+1) + hσzi ).

Trial wave function |Ψφi 〉 = ⊗i |φi 〉,
where |φi 〉 = |↑〉+φi |↓〉√

1+|φi |2
, 〈σ+

i 〉 = φi
1+|φi |2

.

• Average energy H̄ = −
∑

i

[
2J

φiφ
∗
i+1+h.c.

(1+|φi |2)(1+|φi+1|2)
+ h 1−|φi |2

1+|φi |2

]
Geometric phase term 〈φi | ddt |φi 〉 =

φ∗i φ̇i
1+|φi |2

+ d
dt #

Phase space Lagrangian in symmetry breaking phase (up to ϕ2
i )

(φi = φ̄+ ϕi for J > 0 or φi = φ̄(−)i + ϕi for J < 0 )

L = 〈Φφi | i d
dt − H|Φφi 〉 =

∑
i iφ
∗
i φ̇i + 2J(φiφ

∗
i+1 + h.c.)− 2h|φi |2 − g |φi |4

=
∑

i iϕ
∗
i ϕ̇i + 2J(ϕiϕ

∗
i+1 + h.c .)− 2hϕiϕ

∗
i − g φ̄2[4ϕiϕ

∗
i + ϕ2

i + (ϕ∗i )2︸ ︷︷ ︸
symm breaking

]

with g φ̄2 = 2|J| − h.
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Quantum XY model

Quantization:

[ϕi , ϕ
†
j ] = δij , ϕi = 1√

L

∑
k e ikiak , [ak , a

†
q] = δkq

H =
∑

i −2J(ϕiϕ
†
i+1 + h.c .) + 2hϕ†i ϕi + (2|J| − h)(4ϕ†i ϕi + ϕiϕi + ϕ†i ϕ

†
i )

=
∑

k(−4J cos k + 8|J| − 2h)a†kak + (2|J| − h)(aka−k + a†ka
†
−k)

=
∑

k∈[0,π]

(
a†k a−k

)(−4J cos k + 8|J| − 2h 2(2|J| − h)
2(2|J| − h) −4J cos k + 8|J| − 2h

)(
ak
a†−k

)
=
∑

k∈[0,π]

(
a†k a−k

)(εk ∆
∆ εk

)(
ak
a†−k

)
,
εk = −4J cos k + 8|J| − 2h,

∆ = 2(2|J| − h).

To diagonalize the above Hamiltonian, let(
ak
a†−k

)
= U

(
bk
b†−k

)
, U =

(
uk −vk
−vk uk

)
, U

(
1 0
0 −1

)
U =

(
1 0
0 −1

)
where u2

k − v2
k = 1
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Quantum XY model

H =
∑

k∈[0,π]

(
a†k a−k

)(εk ∆
∆ εk

)(
ak
a†−k

)
.

U

(
εk ∆
∆ εk

)
U =

(
(u2 + v2)εk − 2uv∆ (u2 + v2)∆− 2uvεk
(u2 + v2)∆− 2uvεk (u2 + v2)εk − 2uv∆

)
=

(
Ek 0
0 Ek

)
, Ek =

√
ε2
k −∆2

.

u2 + v2 =
εk
Ek
, 2uv =

∆

Ek
,

u =

√
εk
Ek

+ 1

2
, v =

√
εk
Ek
− 1

2

H =
∑
k

b†k

√
(−4J cos k + 8|J| − 2h)2 − (4|J| − 2h)2︸ ︷︷ ︸√

ε2
k−∆2=Ek→0|k→0, spin-wave dispersion

bk
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The spectral function – XY model (only for 〈σ+〉 = φ̄)

.

• Spectral function for σ+ ∼ φ̄+ ϕ†i ,

and (σ+)2 ∼ φ̄2 + 2φ̄ϕ†i + (ϕ†i )2

ϕ†i =
1√
L

∑
k

e− ikia†k

=
1√
L

∑
k

e− iki (ukb
†
k − vkb−k)

I (E ,K ) ∼ u2
Kδ(EK − E ) =

εk
Ek

+ 1

2
δ(EK − E )→∞|k→0

.

• Spectral function for ni =
σz
i −1
2 ∼ σxi ∼ ϕi + ϕ†i

ϕi + ϕ†i =
1√
L

∑
k

e− iki (a−k + a†k)

=
1√
L

∑
k

e− iki (ukb−k − vkb
†
k + ukb

†
k − vkb−k)

I (E ,K ) ∼ (uK − vK )2δ(EK − E ) =
Ek

εk + ∆
δ(EK − E )→ 0|k→0
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The spectral function – XY model (only for 〈σ+〉 = φ̄)

The following picture work in higher dimension since 〈σ+
i 〉 = φ̄

(symmetry breaking) 〈σ+
i σ
−
j 〉 ∼ const. for large |i − j |

0

2

4

6

8

−0.4 −0.2 0 0.2 0.4

K

continuum
2−particle

1−particle
peak

E

K

But does not quite work in 1 dimension (or 1+1 dimensions) since
〈σ+

i 〉 = 0 (no symmetry breaking).
We only have a nearly symmetry breaking

〈σ+
i σ
−
j 〉 ∼

1

|i − j |α
for large |i − j |
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Neutron scattering spectrum for 2-dimensional α-RuCl3

Banerjee etal arXiv:1706.07003

• Spin-1/2 on
honeycomb
lattice
with strong
spin-orbital
coupling.
• Spin ordered

phase below
8T, spin liquid
above 8T
• Magnetic field:

(a-e) B : 0, 2, 4, 6, 8T
(a-e) T = 2K
(f) T = 2K ,B = 0T
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1d field theory to study no U(1) symmetry breaking in 1D

Phase space Lagrangian in “symmetry breaking phase” of 1D XY
model: φi = (φ̄+ qi )e

− iθi , φ̄2 = 2J−h
g , near the transition φ̄ ∼ 0

L =
∑
i

iφ∗i φ̇i + 2J(φiφ
∗
i+1 + h.c .)− 2h|φi |2 − g |φi |4

≈
∑
i

(φ̄+ qi )
2θ̇i +

1

2
∂t(φ̄+ qi )

2

+ 2J|φ̄|2(e i (θi−θi+1) + h.c.)− 4(2J − h)q2
i ,

where we kept up to q2
i terms. The total derivative term 1

2∂t(φ̄+ qi )
2

can be dropped. The total “derivative” term φ̄2θ̇i cannot be dropped
since it is not a total derivative φ̄2θ̇i = i φ̄2 e iθ∂t e

− iθ.
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1d field theory to study no U(1) symmetry breaking in 1D

After dropping q2
i θ̇i term, we obtain

L =
∑
i

(φ̄2 + 2φ̄qi )θ̇i − 2J|φ̄|2(θi − θi+1)2 − 4(2J − h)q2
i

=

∫
dx [φ̄2 +

2φ̄

a
q(x)︸ ︷︷ ︸

∂xϕ/2π

]θ̇(x)− 2J|φ̄|2a[∂xθ(x)]2 − 4(2J − h)

a
q2(x)

=

∫
dx

1

2π
∂xϕ∂tθ −

1

4π
V1(∂xθ)2 − 1

4π
V2(∂xϕ)2 +

φ̄2

a
∂tθ

where V1 = 8πJ(2J−h)a
g , V2 = ga

π .

- Momentum of uniform θ(x):
∫
dx ∂xϕ2π = ∆ϕ

2π = int. → ϕ also live on S1:
ϕ ∼ ϕ+ 2π

Both θ and ϕ are compact angular fields living on S1.
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1d field theory with two angular fields

• Let ϕ1 = θ and ϕ2 = ϕ, we can rewrite that above as phase space
Lagrangian as

L =

∫
dx

2

4π
∂xϕ2∂tϕ1 −

1

4π
V1(∂xϕ1)2 − 1

4π
V2(∂xϕ2)2 +

ϕ̄2

a
∂tϕ1,

which has the following general form

L =

∫
dx

KIJ

4π
∂xϕI∂tϕJ −

VIJ

4π
∂xϕI∂xϕJ , ϕI ∼ ϕI + 2π,K =

(
0 1
1 0

)
• A very generic 1+1D bosonic model: Compact fields φI ∼ φI + 2π.
V is symmetric and positive definite. K is a symmetric integer matrix.

- Positive eigenvalues of K → left movers.
Negative eigenvalues of K → right movers. (See next page)

- The model is chiral if the right and left movers are not symmetric.
- For bosonic system, the diagonal of K are all even. For fermionic

system, some diagonal of K are odd even.
- The field theory is not realizable by lattice model if K 6∼=

(
0 1
1 0

)
,

ie has gravitational anomalies.
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1d field theory: right movers and left movers

• Introduce

(
θ
ϕ

)
= U

(
φ1

φ2

)
, we can diagonaliz K ,V simultaneously:

K → U>KU, V → U>VU. Let U = U1U2.
- We first use U1 to transform V → U>1 VU1 = id. K → U>1 KU1.
- We then use orthorgonal U2 to transform
U>1 KU1 → U>2 U>1 KU1U2 = Diagonal(κ1,−κ2, · · · ) and
U>1 VU1 = id→ U>2 U>1 VU1U2 = id.

• For our case of K =

(
0 1
1 0

)
, we find U =

(
(2V1)−1/2 (2V1)−1/2

(2V2)−1/2 −(2V2)−1/2

)
.

K →
(
κ 0
0 −κ

)
, κ = (V1V2)−1/2, V → id, and

L =

∫
dx

1

2π
∂xϕ∂tθ −

1

4π
V1(∂xθ)2 − 1

4π
V2(∂xϕ)2 +

φ̄2

a
∂tθ︸ ︷︷ ︸

dropped

=

∫
dx

1

4π
(κ∂xφ1∂tφ1 − ∂xφ1∂xφ1) +

1

4π
(−κ∂xφ2∂tφ2 − ∂xφ2∂xφ2)

- φ1 and φ2 are not really decoupled, since their compactness are mixed.
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1d field theory – chiral boson model

L =

∫
dx

κ

4π
∂xφ1(∂tφ1 − v∂xφ1)− κ

4π
∂xφ2(∂tφ2 + v∂xφ2)

EOM: ∂tφ1 − v∂xφ1 = 0 and ∂tφ2 + v∂xφ2 = 0 (v = 1/κ)
→ φ1(x + vt) is left-mover. φ2(x − vt) is right-mover.

• Consider only right-movers (φ(x) =
∑

n e− ikxφn, k = k0n, k0 = 2π
L )

L = −
∫

dx
κ

4π
∂xφ(∂tφ+ v∂xφ) (consider only n 6= 0 terms)

=
∑
n 6=0

−κL
4π

(− ik)φn(φ̇−n + ivkφ−n) =
∑
n>0

inκφn(φ̇−n + ivkφ−n)

Quantize [x , p] = i : [φ−n, inκφn] = i ,H =
∑

n>0 vknκφnφ−n

Let a†n =
√
nκφn → an =

√
nκφ−n

[an, a
†
n] = 1, H =

∑
n>0

vk
a†nan + ana

†
n

2
=
∑
n>0

vk(a†nan +
1

2
).
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Time-ordered correlation function

• Equal time correlation 〈0|O(x)O(y)|0〉 ≡ 〈O(x)O(y)〉
• Time dependent operator O(t) = e iHtO e− iHt so that

〈Φ′|O(t)|Φ〉 = 〈Φ′(t)|O|Φ(t)〉,

where |Φ(t)〉 = e− iHt |Φ〉, |Φ′(t)〉 = e− iHt |Φ′〉. We find

a†n(t) = e ivkta†n, φn(t) = e ivktφn,

φ(x , t) =
∑
n

e− ik(x−vt)φn, k =
2π

L
n.

• Time-ordered correlation

− iG (x − y , t) = 〈T [φ(x , t)φ(y , 0)]〉 =

{
〈φ(x , t)φ(y , 0)〉, t > 0

〈φ(y , 0)φ(x , t)〉, t < 0

For anti-commuting operators (to make G (x , t) a continuous function
of x , t away from (x , t) = (0, 0))

− iG (x − y , t) = 〈T [ψ(x , t)ψ̃(y , 0)]〉 =

{
〈ψ(x , t)ψ̃(y , 0)〉, t > 0

−〈ψ̃(y , 0)ψ(x , t)〉, t < 0
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Time ordered correlation function of chiral field φ(x , t)

• For t > 0 (k = nk0, k0 = 2π
L )

〈φ(x , t)φ(0, 0)〉 =
∑
n1,n2

e− ik1(x−vt)〈φn1φn2〉 =
∑
n2>0

e ik2(x−vt) 〈φ−n2φn2〉︸ ︷︷ ︸
an2√
n2κ

a
†
n2√
n2κ

=
∞∑
n=1

e i2π
x−vt
L

n 1

nκ
= −1

κ
log(1− e i2π

x−vt
L )

since
∑∞

n=1 eαn 1
n = − log(1− eα), Re(α) < 0.

• For t < 0

〈φ(0, 0)φ(x , t)〉 =
∑
n1,n2

e− ik1(x−vt)〈φn2φn1〉 =
∑
n1>0

e− ik1(x−vt)〈φ−n1φn1〉

=
∞∑
n=1

e− i2π x−vt
L

n 1

nκ
= −1

κ
log(1− e− i2π x−vt

L )
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Correlation function of vertex operator e iαφ

• Normal ordering (eA eB = e
1
2

[A,B] eA+B) [φn, φ−n] = 1
κn , n > 0

: e iαφ(x ,t) := e iα
∑

n>0 e i k(x−vt)φn︸ ︷︷ ︸
creation

e iα
∑

n<0 e i k(x−vt)φn︸ ︷︷ ︸
annihilation

= e−
α2

2
[
∑

n>0 e i k(x−vt)φn,
∑

n<0 e i k(x−vt)φn] e iφ(x ,t) = e
α2

2κ

∑
n

1
n︸ ︷︷ ︸

∼( L
a

)
α2
2κ

e iφ(x ,t)

• Correlation function (eA eB = e[A,B] eB eA)

〈: e iαφ(x ,t) :: e− iαφ(0,0) :〉 = 〈e iαφ>(x ,t) e iαφ<(x ,t) e− iαφ>(0,0) e− iαφ<(0,0)〉
= 〈e iαφ<(x ,t) e− iαφ>(0,0)〉 = e[αφ<(x ,t),αφ>(0,0)]︸ ︷︷ ︸

=eα
2〈φ(x,t)φ(0,0)〉

〈e− iαφ>(0,0) e iαφ<(x ,t)〉︸ ︷︷ ︸
=1

=

(1− e i2π
x−vt+ i 0+

L )−α
2/κ, t > 0

(1− e− i2π x−vt− i 0+

L )−α
2/κ, t < 0

≈ (L/2π)α
2/κ

[− i(x − vt)sgn(t) + 0+]α2/κ
=

(L/2π)1/κ e i
1
κ
π
2
sgn((x−vt)t)

|x − vt|α2/κ

The value of the mutivalued function is in the branch of 0+ → +∞.
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Correlation function of e iθ and no symmtery breaking

〈T [: e iθ(x ,t) :: e− iθ(0,0) :]〉 e iθ = e i (αφ1+αφ2), α = (2V1)−1/2

= 〈T [: e
α
2
iφ1(x ,t) :: e−

α
2
iφ1(0,0) :]〉〈T [: e

α
2
iφ2(x ,t) :: e−

α
2
iφ2(0,0) :]〉

=

(1− e i2π
−x−vt+ i 0+

L )−α
2/4κ(1− e i2π

x−vt+ i 0+

L )−α
2/4κ, t > 0

(1− e− i2π−x−vt− i 0+

L )−α/4κ(1− e− i2π x−vt− i 0+

L )−α/4κ, t < 0

=
(L/2π)α

2/2κ

[− i(x − vt)sgn(t) + 0+]α2/4κ[− i(−x − vt)sgn(t) + 0+]α/4κ

=
(L/2π)2γ

(x2 − v2t2 + i2vtsgn(t)0+ + (0+)2)γ
=

(L/2π)2γ

(x2 − v2t2 + i0+)γ

γ = λ2/4κ =
√
V1V2/2V1 (choose the positive branch for x →∞).

- Imaginary-time (τ = it) correlation is simplified (L/2π)2γ

(zz̄)γ , z = x + ivτ

• 1d supperfluid (boson condensation or U(1) symm. breaking) only has
an algebraic long range order, not real long range order (since
〈: e iθ(x ,0) :: e− iθ(0,0) :〉|x→∞ 6→ const.) Conitinous symmetry cannot
spontaneously broken in 1D. It can only “nearly broken”
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Correlation function and spectral function of e iθ ∼ σ+

G (x , t) = i〈T [: e iθ(x ,t) :: e− iθ(0,0) :]〉

= i(1− e i2π
x−vt
L

sgn(t))−γ(1− e i2π
−x−vt

L
sgn(t))−γ

=
∑
n

Cm,n i e
i (m 2π

L
x−n 2πv

L
t)sgn(t) =

∑
n

Cm,n i e
i (κmx−Ent)sgn(t)

I (k, ω) =
∑
n

Cm,n[δ(k − κm)δ(ω − En) + δ(k + κm)δ(ω + En)]

Fourier transformation of G (x , t):∫ L

0
dx

∫ ∞
−∞

dt e− i (kx−ωt) i e i (κmx−Ent)sgn(t)

=

∫ L

0
dx

∫ ∞
0

dt e− i [kx−(ω+ i0+)t] i e i (κmx−Ent) + (t < 0)

= δ(k − κm)︸ ︷︷ ︸
Lδk,κm

i

− i(ω − En + i0+)
= δ(k − κm)︸ ︷︷ ︸

Lδk,κm

[
−1

ω − En
+ iπδ(ω − En)]

I (k, ω) = ImG (k , ω)/π
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Correlation function and spectral function of e iθ ∼ σ+

Correlation function of e iθ ∼ σ+

G (x .t) =
i(L/2π)2γ

(x2 − v2t2 + i0+)γ
=

i(L/2π)2γ

(y1y2 + i0+)γ

where y1 = x + vt, y2 = x − vt. We find

G (k, ω) =

∫
dx dt e− i (kx−ωt) i(L/2π)2γ

(x2 − v2t2 + i0+)γ

=

∫
dx dt e− i 1

2
[k(y1+y2)−v−1ω(y1−y2)] i(L/2π)2γ

(y1y2 + i0+)γ

∼
∫

dy1dy2
i e− i 1

2
[(k−ω

v
)y1+(k+ω

v
)y2]

(y1y2 + i0+)γ

up to a positive factor.

When taking the fractional power γ, choose the possitive brach for
y1y2 > 0. For y1y2 > 0, choose branch that connect to the possitive
brach for y1y2 > 0. Now the term i0+ becomes important.
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Correlation function and spectral function of e iθ ∼ σ+

- y1 > 0, y2 > 0: Using
∫∞

0 dx e−ax

xα = Γ(1− α)aα−1, Re(a) > 0 and
inserting 0+ to make sure Re(a) > 0, we find

G++(k , ω) = i

∫ ∞
0

dy1

∫ ∞
0

dy2
e− i 1

2
(k−ω

v
− i0+)y1 e− i 1

2
(k+ω

v
− i0+)y2

(y1y2 + i0+)γ

= i
( i(k − ω

v ) + 0+

2

)γ−1
Γ(1− γ)

( i(k + ω
v ) + 0+

2

)γ−1
Γ(1− γ)

= i e i
π
2

(γ−1)[sgn(vk−ω)+sgn(vk+ω)]( |vk − ω|
2v

)γ−1( |vk + ω|
2v

)γ−1
Γ2(1− γ)
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Correlation function and spectral function of e iθ ∼ σ+

- y1 > 0, y2 < 0: Using
∫∞

0 dx e−ax

xα = Γ(1− α)aα−1, Re(a) > 0 and
inserting 0+ to make sure Re(a) > 0, we find

G+−(k , ω) = i

∫ ∞
0

dy1

∫ 0

−∞
dy2

e− i 1
2

(k−ω
v
− i0+)y1 e− i 1

2
(k+ω

v
+ i0+)y2

(y1y2 + i0+)γ

= i

∫ ∞
0

dy1

∫ ∞
0

dy2
e− i 1

2
(k−ω

v
− i0+)y1 e i

1
2

(k+ω
v

+ i0+)y2

(−y1y2 + i0+)γ

= i
( i(k − ω

v ) + 0+

2

)γ−1(− i(k + ω
v ) + 0+

2

)γ−1
e− iπγΓ2(1− γ)

= i e− iπγ e i
π
2

(γ−1)[sgn(vk−ω)−sgn(vk+ω)]( |vk − ω|
2v

)γ−1( |vk + ω|
2v

)γ−1
Γ2(1− γ)
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Correlation function and spectral function of e iθ ∼ σ+

- y1 < 0, y2 > 0: Using
∫∞

0 dx e−ax

xα = Γ(1− α)aα−1, Re(a) > 0 and
inserting 0+ to make sure Re(a) > 0, we find

G−+(k , ω) = i

∫ 0

−∞
dy1

∫ ∞
0

dy2
e− i 1

2
(k−ω

v
+ i0+)y1 e− i 1

2
(k+ω

v
− i0+)y2

(y1y2 + i0+)γ

= i

∫ ∞
0

dy1

∫ ∞
0

dy2
e i

1
2

(k−ω
v

+ i0+)y1 e− i 1
2

(k+ω
v
− i0+)y2

(−y1y2 + i0+)γ

= i
(− i(k − ω

v ) + 0+

2

)γ−1( i(k + ω
v ) + 0+

2

)γ−1
e− iπγΓ2(1− γ)

= i e− iπγ e i
π
2

(γ−1)[−sgn(vk−ω)+sgn(vk+ω)]( |vk − ω|
2v

)γ−1( |vk + ω|
2v

)γ−1
Γ2(1− γ)
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Correlation function and spectral function of e iθ ∼ σ+

- y1 < 0, y2 < 0: Using
∫∞

0 dx e−ax

xα = Γ(1− α)aα−1, Re(a) > 0 and
inserting 0+ to make sure Re(a) > 0, we find

G−−(k , ω) = i

∫ 0

−∞
dy1

∫ 0

−∞
dy2

e− i 1
2

(k−ω
v

+ i0+)y1 e− i 1
2

(k+ω
v

+ i0+)y2

(y1y2 + i0+)γ

= i

∫ ∞
0

dy1

∫ ∞
0

dy2
e i

1
2

(k−ω
v

+ i0+)y1 e i
1
2

(k+ω
v

+ i0+)y2

(y1y2 + i0+)γ

= i
(− i(k − ω

v ) + 0+

2

)γ−1(− i(k + ω
v ) + 0+

2

)γ−1
Γ2(1− γ)

= i e i
π
2

(γ−1)[−sgn(vk−ω)−sgn(vk+ω)]( |vk − ω|
2v

)γ−1( |vk + ω|
2v

)γ−1
Γ2(1− γ)
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Correlation function and spectral function of e iθ ∼ σ+

G (k , ω) ∼ i
( |vk − ω|

2v

)γ−1( |vk + ω|
2v

)γ−1
Γ2(1− γ)×(

e i
π
2

(γ−1)[sgn(vk−ω)+sgn(vk+ω)] + e− iπγ e i
π
2

(γ−1)[sgn(vk−ω)−sgn(vk+ω)]

.+ e− iπγ e i
π
2

(γ−1)[−sgn(vk−ω)+sgn(vk+ω)] + e i
π
2

(γ−1)[−sgn(vk−ω)−sgn(vk+ω)]
)

= i
( |vk − ω|

2v

)γ−1( |vk + ω|
2v

)γ−1
Γ2(1− γ)×

.


−e iπγ + e− iπγ + e− iπγ − e− iπγ = −2 i sin(πγ), vk − ω > 0, vk + ω > 0

−e− iπγ + e− iπγ + e− iπγ − e iπγ = −2 i sin(πγ), vk − ω < 0, vk + ω < 0

1− 1− e− i2πγ + 1 = 1− e− i2πγ , vk − ω > 0, vk + ω < 0

1− e− i2πγ − 1 + 1 = 1− e− i2πγ , vk − ω < 0, vk + ω > 0

.Spectral function: I (k , ω) =
( |vk − ω|

2v

)γ−1( |vk + ω|
2v

)γ−1
Γ2(1− γ)×{

0, (ω − vk)(ω + vk) < 0

1− cos(2πγ), (ω − vk)(ω + vk) > 0
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k = 0 modes, and large momentum sectors

- Our theory so far contain only exications desbribed
by oscilators ak , k = 2π

L × int..
- Our theory so far can produce exication near k = 0,

but not near k = kb = 2πN
L .

- The correlation 〈T [: e iθ(x ,t) :: e iθ(0,0) :]〉
∼ (x2 − v2t2)−1/4κ + 0e ikbx contains nothing near kb.
• To inlcude the low energy sectors with large momentum, we need to

include k = 0 modes:
Low energy excitations = (k 6= 0 modes) ⊗ (k = 0 modes)

• Consider θ, ϕ non-linear σ-model:

L =

∫
dx (

1

2π
∂xϕ+

φ̄2

a
)∂tθ −

v

4π
(∂xθ)2 − v

4π
(∂xϕ)2

• The k = 0 sectors are labeled by wθ,wϕ ∈ Z (Only q = ∂ϕ is physical):
θ(x) = wθ

2π
L x + θ0 + (k 6= 0 modes), ϕ(x) = wϕ

2π
L x + (k 6= 0 modes).

L = (wϕ + φ̄2L
a )θ̇0 − 1

2
2π
L v(w2

θ + w2
ϕ) → E = 1

2
2π
L v(w2

θ + w2
ϕ)
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The physical meanings of winding numbers wθ, wϕ
from the connection to the lattice model

• What is the meaning of wϕ (angular momentum of θ0)?
We note that 2φ̄a−1q = κ∂xϕ/π = ∂xϕ/2π = wϕ/L.
So wϕ =

∫
dx 2φ̄a−1q =

∑
i 2φ̄qi Spectral function of ni

But what is
∑

i 2φ̄qi? Remember that φi = φ̄+ qi

and |φi 〉 = |↑〉+φi |↓〉√
1+|φi |2

= |0〉+φi |1〉√
1+|φi |2

.

So 〈ni 〉 = |φi |2
1+|φi |2

≈ |φi |2 ≈ φ̄2 + 2φ̄qi
Thus the canonical momentum of θ0,
φ̄2L
a + wϕ =

∑
i (φ̄

2 + 2φ̄qi ) =
∑

i ni = N, is the total
number of the bosons. This should be an exact result, since
θ0 ∼ θ0 + 2π and its anluar momenta are quantized as integers.

• What is the meaning of wθ?

A non-zero wθ gives rise φi = φ̄e iwθx
2π
L . Each boson carries momentum

wθ
2π
L . The total momentum is wθ

2πN0
L = wθkb.
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Obtain the meanings of wθ, wϕ within the field theory

L =

∫
dx (

1

2π
∂xϕ+

φ̄2

a
)∂tθ −

v

4π
(∂xθ)2 − v

4π
(∂xϕ)2

• The U(1) symmetry transformation is given by θ → θ + θ0. The
angular momentum of θ0 is the total number of the U(1) charges
(ie the number of bosons). From the corrsponding Lagrangian

L = (wφ + φ̄2L
a )θ̇0 + · · · , we see the U(1) charge is Q = wφ − φ̄2L

a
• The translation symmetry transformation is given by
θ(x)→ θ(x − x0), ϕ(x)→ ϕ(x − x0). The cannonical momentum of
x0 is the total momentum.

- We consider the field of form θ(x − x0), ϕ(x − x0) and only x0 is
dynamical, ie time denpendent (the k 6= 0 mode can be dropped):

θ(x , t) = wθ
2π

L
(x + x0(t)) + θ0 + (k 6= 0 modes),

ϕ(x , t) = wϕ
2π

L
(x + x0(t)) + (k 6= 0 modes).

From the corresponding Lagrangian L = (wφ + φ̄2L
a ) 2π

L wθẋ0 + · · · , we
see the total momentum is K = N 2π

L wθ = kbwθ.
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Winding-number changing operators

L =

∫
dx (

1

2π
∂xϕ+

φ̄2L

a
)∂tθ −

v

4π
(∂xθ)2 − v

4π
(∂xϕ)2

• The local operator e iθ = e iα(φ1+φ2) changes
the particle number N by −1, ie change the
winding number of ϕ, wϕ, by −1.

• To see this explicitly
[θ(x), 1

2π∂yϕ(y)] = iδ(x − y)
We find [θ(x),∆ϕ] = i2π where ∆ϕ = ϕ(+∞)− ϕ(−∞).

Thus θ(x) = i2π d
d∆ϕ + commutants of ∆ϕ, and e iθ(x) = e

−2π d
d∆ϕ

+···

is an operator that changes ∆ϕ by −2π, or wϕ by −1, or particle
number by −1

• Similarly, we have [θ(x), ϕ(y)] = − i2πΘ(x − y)
→ [∂xθ(x), ϕ(y)] = − i2πδ(x − y)
We find [∆θ, ϕ(y)] = − i2π where ∆θ = θ(+∞)− θ(−∞).

Thus ϕ(y) = i2π d
d∆θ , and e iϕ(x) = e−2π d

d∆θ is an operator that
changes ∆θ by −2π, or change wθ by −1 (ie total momentum by −kb).
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Local operators in 1D XY-model (superfluid)

• Lattice operators

σzi = (#∂xθ + #∂xϕ) + #e− ikbx e iϕ(x) + · · ·
σ+
i = (# + #∂xθ + #∂xϕ)e− iθ(x) + #e− ikbx e− iθ(x) e iϕ(x) + · · ·

• Set of local operators: ∂xθ, ∂xϕ, e i (mθθ+mϕϕ)︸ ︷︷ ︸
change sectors

or (from θ = α(φ1 + φ2), ϕ = β(φ1 − φ2))

∂xφ1, ∂xφ2, e i (m1φ1+m2φ2)︸ ︷︷ ︸
change sectors

where m1 = αmθ + βmϕ, m2 = αmθ − βmϕ.

• Fractionalization in XY-model (superfluid)

A boson creation operator σ+ ∼ e iθ (spin flip operator ∆Sz = 1)

e iθ = e iα(φ1+φ2), φ1 left-mover, φ2 right-mover

e iαφ2 creats half boson (spin-1/2) in right-moving sector
e iαφ1 creats half boson (spin-1/2) in left-moving sector
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Lattice translation and U(1) symm. are not independent

• For a 1d superfluid of per-site-density nb the ground state is described
by a field φ(x) = φ̄e− iθ(x), θ(x) = 0. The total momentum of the
ground state is K = 0.

• We do a U(1) symmetry twist: θ(L) = θ(0)→ θ(L) = θ(0) + ∆θ. The
twisted state is described by a field θ(x) = ∆θ

L x . The total momentum

of the twisted state is K = kb
∆θ
2π = N + ∆k = N ∆θ

L .

- U(1) symmetry twist = momentum bost ki → ki + ∆θ
L .

Doing a symmetry twist operation in a symmetry can change the
quantum number of another symmetry → mixed anomaly

- A 2π U(1) symmetry twist can change the total crystal momentum by
kb = 2πnb. Since 2π-crystal-momentum = 0-crystal-momentum, our
bosonic system have an mixed translation-U(1) anomaly when boson
number per site nb 6∈ Z. → There is no translation and U(1)
symmetric product state.

• We do a translation symmetry twist operation by adding ∆L sites →
change the total boson numbers (the U(1) charges) of system by nb∆L.
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1d field theory – non-linear σ-model

• “Coordinate space” Lagrangian (rotor model): subsitute one of the
EOM 1

2π∂tθ = 1
2πV2∂xϕ into the phase space Lagrangian

.

L =
∫
dx

V−1
2

4π (∂tθ)2 − V1
4π (∂xθ)2 +

φ̄2

a
∂tθ︸ ︷︷ ︸

a topo. term

=
∫
dx

V−1
2

4π ( iu∗∂tu)2 − V1
4π ( iu∗∂xu)2 − i φ̄

2

a u
∗∂tu

- The field is really u = e iθ, not θ. The above is the so called non-linear
σ-model, where the field is a map from space-time manifold to the
target space S1: Md+1

space-time → U(1).
- In general, the target space is the symmetric space Gsymm/Gunbroken (the

minima of the symmetry breaking potential).

- The topological term i φ̄
2

a u
∗∂tu cannot be dropped (since it is not a

total derivative). When φ̄2 = n /∈ Z, the topological term makes it
impossible for the non-linear σ-model to have a gapped phase (an effect
of mixed anomaly between U(1) symmetry and tranlation symmetry).
• The above is a low energy effective theory for U(1) symm breaking
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Symmetry, gauging, and conservation

• Consider a system described by a complex field u

S =

∫
dtdxL(u)

with U(1) symmetry: L(e iλu) = L(u). We like to show that the
system has an conserved current jµ, µ = t, x : ∂t j

t + ∂x j
x = ∂µj

µ = 0.

• Gauge the U(1) symmetry:
- u(x)→ e iλI (x)u(x) gives rise to u∗I ∂µuI → u∗I (∂µ + i∂µλI )uI , µ = t, x .
- Replacing ∂µλI by a vector potential AI

µ: u∗I (∂µ + iAI
µ)uI gives rise to a

gauged theory L → L(u,Aµ). Here Aµ is viewed as non-dynamical
background field. We have

L(u,Aµ) = L(e iλu,Aµ − ∂µλ)

• The U(1) current of the gauged theory (setting Aµ = 0 gives rise to the
U(1) current of the original theory)

δS =

∫
dtdx jµδAµ, jµ =

δL(u,Aµ)

δAµ
.
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Symmetry, gauging, and conservation

• The current conservation:

δS =

∫
d2xµ L(e iλu,Aµ)− L(u,Aµ)

=

∫
d2xµ L(u,Aµ + ∂µλ)− L(u,Aµ) =

∫
d2xµ jµ∂µλ = −

∫
d2xµ λ∂µj

µ

If u(x , t) satisfies the equation of motion, then the cooresponding
δS = 0. This allows us to show the existance of a conserved current

∂µj
µ(u) = 0.

• Example: ∂µθ = − iu∗∂µu → ∂µθ + Aµ = − iu∗(∂µ + iAµ)u

L =
V−1

2

4π
(∂tθ)2 − V1

4π
(∂xθ)2 +

φ̄2

a
∂tθ

→ L =
V−1

2

4π
(∂tθ + At)

2 − V1

4π
(∂xθ + Ax)2 +

φ̄2

a
(∂tθ + At)

→ jµ =
δL
δAµ

, j t =
V−1

2

2π
(∂tθ + At), j

x = −V1

2π
(∂xθ + Ax).
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Another example of gauging symmetry

Consider the following effective theory for 1d bosonic superfluid

L =

∫
dx

KIJ

4π
∂xϕI∂tϕJ −

VIJ

4π
∂xϕI∂xϕJ + qI∂φI

=

∫
dx

KIJ

4π
∂xu

∗
I ∂tuJ −

VIJ

4π
∂xu

∗
I ∂xuJ − iqIu

∗
I ∂tuI

I , J = 1, 2, ϕI ∼ ϕI + 2π, uI = e iϕI , K =

(
0 1
1 0

)
, q =

(
φ̄2

a
0

)
.

• The effective field theory has two U(1) symmetries:
- ϕ1 → ϕ1 + λ1 for boson number conservation

Conjuate of λ1 is
∫
dx 1

2π∂xϕ2 = wϕ = N.
- ϕ2 → ϕ2 + λ2 for momentum conservation.

Conjuate of λ2 is
∫
dx 1

2π∂xϕ1 = wθ = K/kb.
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Another example of gauging symmetry

• Gauging the two U(1) symmetries:
- uI (x)→ e iλI (x)uI (x) gives rise to u∗I ∂µuI → u∗I (∂µ + i∂µλI )uI , µ = t, x .

- Replacing ∂µλI by a vector potential AI
µ gives rise to a gauged theory

L =
KIJ

4π
(∂x − iAI

x)u∗I (∂t + iAJ
t )uJ −

VIJ

4π
(∂x − iAI

x)u∗I (∂x + iAJ
x)uJ

− iqIu
∗
I (∂t + iAI

t)uI

=
KIJ

4π
(∂xϕI + AI

x)(∂tϕJ + AJ
t )− VIJ

4π
(∂xϕI + AI

x)(∂xϕJ + AJ
x) + qI (∂tϕI + AI

t)

• Conserved current

j tI =
KIJ

4π
(∂xϕJ + AJ

x) + qI , jxI =
KIJ

4π
(∂tϕJ + AJ

t )− VIJ

2π
(∂xϕJ + AJ

x)

• Equaton of motion → conservation

− KIJ

4π
∂x(∂tϕJ + AJ

t )− KIJ

4π
∂t(∂xϕJ + AJ

x) +
VIJ

2π
∂x(∂xϕJ + AJ

x) = 0

→ − ∂t j tI − ∂x jxI = 0
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Symmetry twist, pumping, and anomaly

• But for certain background field AI
µ(x , t), the equation of motion

cannot be satisfied → non-conservation. Symmetry twist → Pumping
Background field AI

µ(x , t) = symmetry twist.
Non-conservation = pumping

- Consider AI
t = 0, AI

x independent of x , but dependent on t. Equation of
motion becomes

− KIJ

2π
∂x∂tϕJ +

VIJ

2π
∂2
xϕJ =

KIJ

4π
∂tA

J
x

It has no solution since, on a ring of size L,

0 =

∫ L

0
dx
[
− KIJ

2π
∂x∂tϕJ +

VIJ

2π
∂2
xϕJ

]
=

∫ L

0
dx

KIJ

4π
∂tA

J
x 6= 0

• The non-zero pumped U(1) charge → U(1) anomaly

Q̇I =

∫ L

0
dx ∂t j

t
I =

∫ L

0
dx ∂t

[KIJ

4π
(∂xϕJ + AJ

x) + qI

]
=

∫ L

0
dx ∂t

KIJ

4π
AJ
x
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Anomaly and mixed anomaly

Consider chiral boson theory

L =

∫
dx

KIJ

4π
∂xϕI∂tϕJ −

VIJ

4π
∂xϕI∂xϕJ + qI∂φI

Q̇I =

∫ L

0
dx ∂t j

t
I =

∫ L

0
dx ∂t

KIJ

4π
AJ
x

• K = (1), the theory is actually fermionic and describes a chiral fermion.
- The U(1) symmetry twist pumps the U(1) charge → U(1) amonaly

• K =

(
0 1
1 0

)
, the theory is non-chiral describing 1d bosonic superfluid.

- The first U(1) symmetry twist does not pump the first U(1) charge.
The first U(1) is not anomalous.

- The second U(1) symmetry twist does not pump the second U(1)
charge. The second U(1) is not anomalous.

- The first U(1) symmetry twist pumps the second U(1) charge. The
U(1)× U(1) symmetry has a mixed anomaly.
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Anomaly and mixed anomaly

• K =

(
1 0
0 −1

)
, the theory is non-chiral describing 1d Fermi liquid.

- The first U(1) symmetry twist pumps the first U(1) charge. The first
U(1) is anomalous.

- The second U(1) symmetry twist pumps the second U(1) charge. The
second U(1) is anomalous.

The “+” U(1): ϕ1 → ϕ1 + λ+, ϕ2 → ϕ2 + λ+ → the fermion number
The “−” U(1): ϕ1 → ϕ1 + λ−, ϕ2 → ϕ2 − λ− → the total momentum
provided that the fermion density is not zero.

- The “+” U(1) symmetry twist does not pump the “+” U(1) charge.
The “+” U(1) is not anomalous.

- The “−” U(1) symmetry twist does not pump the “−” U(1) charge.
The “−” U(1) is not anomalous.

- The “+” U(1) symmetry twist does not pump the “−” U(1) charge.
There is a mixed anomaly between “+” U(1) and “−” U(1)
symmetries. The U2(1) symmetric state must be gapless.
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Why K = (1) chiral boson theory describes chiral fermions

K = (1) chiral boson field theory:

L =

∫
dx

1

4π
∂xϕ∂tϕ−

V

4π
∂xϕ∂xϕ

=
+∞∑

k=−∞

− i
4π

kϕ−k ϕ̇k −
V

4π
k2ϕ−kϕk , ϕ(x) =

+∞∑
k=−∞

e ikx√
L
ϕk

=
∑
k>0

− i
2π

kϕ−k ϕ̇k −
V

2π
k2ϕ−kϕk

The canonical conjugate of ϕ is 1
4π∂yϕ(y) or 1

2π∂yϕ(y)

[ϕk ,
− ik ′

2π
ϕ−k ′ ] = iδk−k ′ ,

[ϕ(x),
1

2π
∂yϕ(y)] = i

∑
k

L−1 e ik(x−y) = i

∫
dk

2π
e ik(x−y)

[ϕ(x),
1

2π
∂yϕ(y)] = iδ(x − y), [ϕ(x), ϕ(y)] = iπsgn(x − y).

Xiao-Gang Wen Modern quantum many-body physics – Interacting bosons 87 / 91



Why K = (1) chiral boson theory describes chiral fermions

• ϕ(x) is a compcat field ϕ(x) ∼ ϕ(x) + 2π. Thus ϕ(x) is not an allowed
operator. e± iϕ(x) are allowed operators, all other allowed operators are
generated by e± iϕ(x).

• The allowed operators are non-local and should be forbiden:

e iϕ(x) e iϕ(y) = e[ iϕ(x), iϕ(y)] e iϕ(y) e iϕ(x)

= e iπsgn(x−y) e iϕ(y) e iϕ(x) = −e iϕ(y) e iϕ(x)

• Or we regard the non-local operators e± iϕ(x) as local fermion operator,
and regard the chiral boson theory as a theroy for fermions.

- The imaginary-time (time-ordered) correlation function for e± iϕ(x):

〈e− iϕ(x ,τ) e iϕ(0)〉 ∼ 1

x + ivτ
=

1

z

which is identical to the correlation function of free chiral fermion
c(x , t), and allows us to identify c(x , t) ∼ e iϕ(x ,t).
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K =

(
1 0
0 −1

)
boson theory describes 1d Fermi liquid

• Bosonization:

L =

∫
dx

1

4π
∂xϕR∂tϕR −

vF
4π
∂xϕR∂xϕR −

1

4π
∂xϕL∂tϕL −

vF
4π
∂xϕL∂xϕL

+ q∂t(ϕR + ϕL)

describes 1d non-interacting fermions with Fermi velocity kF .

- The fermion number U(1) symmetry: ϕR → ϕR + θ, ϕL → ϕL + θ.
The canonical conjugate of θ is the fermion number → Fermion number
density is given by nF = 1

2π (∂xϕR − ∂xϕL).
• Interacting 1d fermions via bosonization:

L =

∫
dx

1

4π
∂xϕR∂tϕR −

vF
4π
∂xϕR∂xϕR −

1

4π
∂xϕL∂tϕL −

vF
4π
∂xϕL∂xϕL

+
V

(2π)2
(∂xϕR − ∂xϕL)2 + q∂t(ϕR + ϕL)

describes 1d interacting fermions, which allow us to compute fermion
correlation 〈c(x , t)c†(0)〉, etc .
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Fractionalization in general 1d chiral boson theory

L =

∫
dx

KIJ

4π
∂xϕI∂tϕJ −

VIJ

4π
∂xϕI∂xϕJ , ϕI ∼ ϕI + 2π,

with KII even. The canonical conjugate of ϕI is KIJ
2π ∂xϕJ →

[ϕI (x), ϕJ(y)] = iπ(K−1)IJsgn(x − y)

• All the allowed operators have the form e i lIϕI (x) where lI ∈ Z. The
commutation of allowed operators

e i lIϕI (x) e i l̃JϕJ(y) = e iπl̃K
−1l e i l̃JϕJ(y) e i lIϕI (x)

- Moving operator e i lIϕI (x) around e i l̃JϕJ(y) induce a phase e i2πl̃K
−1l →

mutual statistics. The imaginary-time correlation between e i lIϕI (x)

and e i l̃JϕJ(y) has a form

〈· · · e i lIϕI (z1) e i l̃JϕJ(z2) · · ·〉 ∼ 1

(z1 − z2)γ(z̄1 − z̄2)γ̄
, γ − γ̄ = l̃K−1l .
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Fractionalization in general 1d chiral boson theory

Most of the allowed operators e i lIϕI (x) are not local (ie far away
operators do not commute)

• Local operators: the operators e i l
loc
I ϕI (x) that commute with all

allowed operator that are far way:

l locK−1l = even int. ∀l ∈ Z → l locI = KIJnJ .

e i l
loc
I ϕI (x) corresponds to lattice boson operators.

• The allowed non-local operator e i lIϕI (x) create quasi particle with
fractional statistics given by e iπlK

−1l .

• In fact, the chiral boson model for most K is anomalous, ie can not be
realized by 1d lattice boson model. But it can be realized by the
boundary of 2d FQH Hall state. So the chiral boson model is a edge
theory of 2d 2d FQH Hall state.
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