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Eigenvalies and Eigenyectors
N /= ) cigen Valie.
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e Application to Linear Dynamical Systems

— Consider a linear system xj,,; = Axj, where A is diagonalizable A = T DT !,
Want to study its long-term behavior, i.e. what is x; as k — oo?

— Unrolling the recursion, we have

z, = A¥zyg = TD*T 12y =T

— The only dependency on £ is the eigenvalues Ay, ..., \,.
— If [\;| > 1, then AF — oo.
— If |[\i| < 1, then \F — 0.

T — )
—If [\ < 1foralli=1,...,n, then D¥ — 0 as k — oo, and hence x; — 0
regardless of the initial condition xy. We say this is a tstable system.
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Example: Show had S=3I X | Ax{ b is conrex

Assume tat xuesS, £elorll
Ty Ax<b and A‘a{éb

C= 41X 4_(1-%33 ES

Ae = A(%m({—%)g); £D% + -9
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Convex Funchions
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. Sum: If fi(x) and fy(x) are convex functions, then for ¢i,co > 0, ¢ f1(z) + cofo(x)
is also a convex function.

. Pointwise maximum: If f1, ..., f,, are convex functions, then f(z) = max{ fi(x), ..., fu(x)}
is also convex.

. Linear change of coordinates: If f is a convex function, A € R™*", b € R™, then

Q— —

g(z) = f(Az +b) is also convex.

. Sublevel sets:

S,={xeR": f(z) <~}
If f(z) is convex, then S, is a convex set.

. Epigraph of a function:

epif ={(z,y):xeR"yeR: f(x)<y}.

If f is a convex function, then epif is a convex set.
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Assume thad £ is a Funclion wih Hessian %
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Algorithm 1: Gradient Descent

Input: initial guess x, step size v > 0;
while Vf(z;) # 0 do
| Thp1 = — YV f(11)
end
return z;;

Goal qel closer o Plcx)

fl% ) - ;(X*)é T
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Linear Pm%mvvﬁ
Canomcal form F md 0 Vf&pmf X © UPD
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Zero Sum Games : Bob's JME*’"“k‘éiﬁ

Payobf Matriv Niee's Al -

_aég A‘h‘cg P\CujS %JrVaJ'eOd\j I S*m}e%g M FK
and Bob  plays %)mz@%g& | B
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1.3 Duality and Von Neumann’s Theorem

Von Neumann’s Teorem states that the solution to the above LP is equivalent to the
solution for the following LP, which models the game if Bob were forced to reveal his

strategy first:
max-y min \
A\‘lce s.t. pl A > WT s.t. A\ > Ag @)O
ﬁr%t 0<p<TI G<qg<T 7&1”54’
(I)"p=1 (HTg=1

Then, the optimal objective function value for these LPs is precisely equal to the game

value.
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brojected Gradionk Descend [Zvercise)

6. (Projected Gradient Descent). In this problem we explore gradient descent with
convex constraints.

(a) Let S = Span({(1,0)}). Write down a matrix A such that S is the nullspace
of A.

S: SPW)Q({)})
5[es i ol oyu(!j SR

£ -
[0 ;][ H‘db Lo

V%



brojectee Gradiont Descond (Svercise)

(b) Write down a quadratic optimization with linear constraints for finding the
closest point in S to the point (0,1). That is come up with a function f(x,y)
such that

min /(@) "
Write down the Hessian of this optimization. . (0 l
The squore 2 4o, diskanee behieen (x,y) ) )
CX)‘j)
anal (01) s %+ (Y ) —t

=) We Wan/‘— Lo minimize ﬁ{x w X+(5"1)2[%Aﬁt

cuch Pk x€ S or eapivehudy Ti 6] '] g

dmlic. oprmization: min ¥+ (4-1)"
éiua C PIVYU 4 ) H/m:’_ . O][j] [

Note that e optimal x* i< (0,0)

Next+ “paue 7
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(c¢) If we move in the direction of the negative gradient V f(z,y) do we stay in S?
Nojwe don't. Assue Mhat (ke,9,)€S
ie. 4 =0, they 1 .
81‘ | (0, |) > ouftside S
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(d) The projected gradient descent algorithm takes a step in the direction of the

negative gradient zy, , = xy

— vV f(x;) and then sets ;.1 to be the projection

of x7,, onto the subspace S. Write down the projected gradient descent update

using A from part (a

Gradient- Descefml-

while V f(x;) # 0 do

| Zrr = 2 — YV f(71)
end
return z;;

A

| ['/C))

AN\

Pojectad Grodiewd Descenk

while V f(z;) # 0 do

’ Lk+1 — T — ’YVf xk
Ky = [ ] Xy H Prodech on ‘JQP

return x;;
A
| ['/CJ)
X X* %
R I 4
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XX, %o Xy Xo
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