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Basic Operations
Let U = [His Uzi - - > Un ] ?N= EN , / → Un]

>

•Dot product a • N •Vector magnitude
= HIM 1- Uavs -1 - - - 1- Un Un Ill /% U? -1424 _ . - 1- Un

≥

= UTU = U • U
= UTN = NTU =

• Tran pose (ABTEBTAT
☒+B)T=AT-B- / • Inverse E- AB are invertible

IAB)
- '
= B-

' A-
'

Ee : express 11A ✗ - BIP in a matrix product form

11A✗ - b. 112= / Ax -b)
' / A " -b)

×eATA×-b.TAX
= HAM? be) (Ax - b)
= ( ✗TAIBA (Ax -b) = - LAND +bib

= ✗TA> Ax -2 belt ✗ + b'b



Matrix operations mn=[⇒ .

=#
n

① Entry _wise : C
in
= §, Aij Bjir for all ¥ in Emp

② Inner Product: Cik = dot product of row i in A
column j in B

if] [ ] = :[ §
③ Column- wise product : AB = A § , § , - - by)=[A↑ ftp. -

- - 1A,Bk]
Exercise : Write

{
A × , = bi in one matrix matrix product eg .
Axz = bz

Axs =bÉ A [ ¥ ¥ ¥]= (typ! ↓, ]



⑨ Outer Product

A--ftp.tyi.lqn/.B--1--b:--JmxnMP
_ :bin

AB = a , bit as bit - - - + an bnt = aib ,?

map m✗1m!-
Example : [k I 9) [&, } / =

(f) Et -11+[0-1103] + [9)
E- 1 I]

= G ⇒ +18%3+1991--1, -1]



⑨ Outer Product

A-- ftp.tyilqn/.B--f--k:=]mxn MP
_ :bin

AB = a , bit as bit - - - + an bnt = E aibi
i⇒

The outer product has been ueful in many application !
Examples : projection matrix on space spanned by
orthonormal vectors { v , ,Nai - -, un}

P= N , N? + Navi+ . _ _ +Unni ← We will get to this
later today

=

144. . - -HI
Examples : SVD forms



Vector spaces
V is a vector space lover reals ) if :

① V is dosed under seating : NEV . ✗ c-A⇒ ✗ V EV

② V is dosed under addition: v. we V ⇒ v+ WEV

Examples : span { 131131 } , CIA) , NIA) and many others [E)
Column Space Null Space

•Anita % - - -

N (A) = { ✗ 1 A ✗= 0}
⇒ C. (A) = span {Allan . _ . /an}

CCA ) = {Ax / ✗ c- An}
(A✗=b ⇒ BECCA) )
Ax = /4.) × , -114.7×2+-1%14



Linear Independence :{v1 / Nz , _ . . .vn} are linearly independent
if any linear that results in a zero must betrivial

, N , -112Nat . . _ +In Vn= 0 ⇔ ✗ 1=112 = - - - = In =0

Generators : { N , ,
V2, - -Nn} are generators of V if

span {Nii -
- -sun }=V

Basis : {v, , - - Nn} are basis V if N, , - - i Nn are 1.1 .

din V = # basis and span {Ni , - -sun }=V

Mat # of 1. I. columns = dim ( column space)
rank (A) Max # of 1.1 . rows = dim Crow space)

→= #of pivots in the rref of A

Rank - Nullity Theorem : AE Amin rank A- +dim NCA) = n
* pivots # free variables



How to show cheek if Miu , - - inn are 1.I. ?
some ideas :

① Can we easily write one of them as a linear combination
of the others ? [%] -2-[83+118]

② Is the number of vectors more than their dimension ?
L - D '

⑧ Cheek A- = [ Iya - - - tyn] .

If it's invertible⇒ LI .
otherwise ⇒ L.D.

because A [
'

¥;]-- × ,
+ *+ " +[,↓n7✗n



Inverse of a square matrix

A- c- A
""

is invertible

⇔ NlA) = {09
⇔ rank /A) = n

⇔ CCA) = An
⇔ A has linearly independent columns
⇔ A has n pivots in ref
⇔ detl A)≠ 0

Example : inverse of [{ db] = a¥[ᵈc -ba]
d¥→o



mxn

C. (A) = { Ax / ✗ ER}Solving A✗¥b→1 mm b
"

• If b is hot in the column space of A→ nosolutions

• If b is in CCA) :

If A ✗p=b and A✗h=0 ( i.e. ✗n C- NIA ))
nxl Nxt nxl

Then Al✗pn1=A±p+A✗h=b+0=b

Therefore Xptxh solves A✗=b

In general , any solution for A✗=b can be written

as Xp + ✗n for some Xh C- NLA) Xh / ✗ n'
{ 03 Xp + ✗n

Xp -1 ✗n
'



Solving Ax=b

We can Use Gaussian Elemi nation to solve it

* free variables = d.im/NlA11

* pivots = dim ( CCA))

✗ Y z × y
free

✗ -22+32=4

{✗⇒→ ⇒ ⇒1173 / %:-# ? :| !]0 ③ -6

3 -4 5 7

3×-42+52=8
2 can be

→ a free variable {
✗= 2+5

ref

g--22+2
⇒ [11--17%+2]=1%+411
117--6%+411
Tip¥



Orthogonality
• v and U are orthogonal vectors⇔ 4%7=0--0
•
V and W are orthogonal subspaces of Rtn if

U • W -0 for all UEU and we W

dim V + dimw ≤ n

• V
-

= largest orthogonal subspace
to V

dim V-idimt-n.lv/--V

-



Projection
Projecting a vector on another :

n

^
.

w
'

'

i.
☆

Projwv __µ÷)Q>tneved-orw.tt/rojwVscalar-
When W is a unit vector Projwv = IV. W) W



Projecting a vector on a space
Assume that bi.bz . . - bn are

orthanomal bases of the space W
&

bz

n

projwv =§ projb? =& • bi) bi
'

1=1

= £ bi • bi) =É
,
bills? v1 = ;É (bi bi) V =P V

i-4

let P = Ebi bi=ftp.ty-tgn/E!EE)i--1projwN--Pv



Determinants
The determinant of a square matrix A. c- Rt

""
is

the scaling factor between v01 (s) and Not 181st )

where 01ST = { Ax : ✗ ES}
^ A a

linear

.
/①? Itransformation

>
v u

•det (AT ) = del- (A) • det IAB ) = del- (A) detl B)

Ex
.

If P is a projection matrix, what's det (P) ?

PIP⇒ detl F) =detlp)
⇒ detcp) 1- detlpj ⇒

det /D= 0 or 1



Orthogonal matrices
Q is orthogonal⇔ Q is a square matrix

and QTQ = I

if Q is an orthogonal matrix then
• HQ v11 = 11 V11 → Q preserves length of v

proof : HQ v11 2- ④NY QV = VTQTQN
= ÑIN = NTV = 17 V12

• { QU , QU) = IN U>
→ Q preserves cos of theangle

between UN



Singular Value Decomposition (SVD)
A=UÉⁿVT← orthogonal matrix
mxn mxm q

nxn

orthogonal matrix diagonal matrix
e

A- [ftp..tt/:::---%fF!÷]O - Nn-

left singular singular values right singular rs
1 vectors vectors

A __ GUN?-1021kV? -1 - - - +or Urvrt



We can breakdown the linear map Av=I②VIg
N↳ AN

A- off V
'

unit circle n→AV
→ BTS
Tff

BB? orthogonal
U : orthogonal

'

matrix ☆ matrix

a)
[%)

it & %]
diagonal
[God [g) = [8%8]



The column space and null space of A = UEVT
AM

0=1%4--1%1. - him] . E- ftp.hikr-i-T.tn]--
span column- basis

span null space

space of A span C-(A) for NTA) of A NCA)

CCA)
orthonormal basis
for NIA)

Therefore
,
dim CIA )=r and dim NIA) = n-r

Rank (A)= r = # nonzero singular values



The pseudo - inverse
A- = U[ "

'

%] i⇒A+=V /
%"
:*;)

Or A = G U
.
V7-1oz Uav? + - - - +or Ur VP

⇒ A+ =É'
N

. U? +a-' Na UE-1 - - - +or
_ 'Nrltn

A A+ is the projection matrix onto CIA)
A-
+
A is the projection matrix onto NCAP



Matrix Norm

11 Allp = Max 1AM

Properties :
✗ such that 1×1--1

① 11 Allp= largest singular value of A
② 1A ✗ I ≤ 11AMplxl

Exercise: HABH ≤ 11 All IBM AB matrices

11 ABI = Max 11 AB ✗ 11 = IAB ✗* 11
11×11--1

HABU =/ A.Puel ≤ HAH tut

U=B✗ ⇒ IUKIBXI ≤ HBH 1×1 ≤ IIBII

⇒ HABU≤ 11AM till ≤ 11A " HBD



Low Rank Approximation

=ÉÉÉ.EE?vi+...+iiiiiii.-matrixA=
o, ≥ a≥

- - -79
rank 680

C , Ca Cs Go

rank 1 rank 2 ranks rank 10

CIG Uivi G-GUN,T+GUaVF Go=GUNT+ - -
- + Gouiovio

rank k approximation Ck=QUM7 - - + orurv?
11A -Call - Get



Eigenvalues and Eigenvectors
AN= eigenvalue
w

eigenvector

① eigenvectors with distinct eigenvalues are linearly independent
② trace (A) = sum of A 's eigenvalues = { Xii⇒

③ def (A) = product of A 's eigenvalues

Diagonalization
A- is diagonalizable if it can be written as

TDT ' where D is diago



① How to find eigenvalues ?
- find the characteristic polynomial pit) = del- ITI - A)
- find all roots of ptl
can have repeated roots leg . ⇔Pit-1

'

it -71
")

algebriac multiplicity of 2 is 3
,
I is 1 , 7 is 4

② How to find eigenvectors ? Av= Xv
V. 24 34-

solve for (A- ✗E) V = O u

- find basis of the null space of
A - H

geometric multiplicity of 4 = dim NIA - XI)

Note : if it has algebriae multiplicity of 1, then you only
need to find one eigenvector for X .

③ How to diagonalize A ?
If algebraic multi . = geometric multi . for all eigenvalues ,
then A is diagonal izable A = T D T

- l

=/↓. ↓, . -411 's .

.

:*} / ↓; - - -¥
'

F-D-q.gg then A

is diagonal,ib
Notes : if geometric multiplicity = algebriac multiplicity> 1 for t then

you have
to choose independent eigenvectors for each eigenvalue ×

Example A- [3 ;] = % [ 3 s] [I
'

% '



3-

_



Positive semi - definite Matrix

Asymmetric matrix A ER
""

is PSD if
square

✗
'A ✗ ≥ 0 for all ✗c-Ñ

Positive definite D) ✗TA × > 0 for all Ño



How to check that A is psd ?

Method : write the expression for ✗Ttx if it can

be expressed as sum of squares [a b) [? 'g) /%)
3 at Zab-15W

= ( a+b)
2
+ 2a74ti

Methods : check if all eigenvalues of A are ≥ 0
if Xi >0 it i→ PD ( non-negative)

Methods : Show that M is a sum of two psds

Method : Show that can be expressed as M= AAT
for some Ae

✗M

Note : for 2×2 matrices check trace (A) ≥o & det (A) ≥0



Convexity
A set C is convex if for all a. b in C ta + 11 - t) be C

is in C for any t c- [0,1]
-

-

In other words, it contains line segment between any two
points in the set convex non-convex

t¥
1.Intersection G.cz are convex set , then G n ca

is convex

2. Maps : If c is convex and 0
is a of affinae.mg?-then ∅ (C) is convex



Example : Show that 5 = { ✗ 1 A ✗ ≤ b } is convex
te lo , I ]Assume that ✗¥→ A✗ ≤ b and Ay ≤ b

C = tx +11 -Hy ES
Ao = A / 1- ✗ +City)= TAI + a-E) Ay

≤ t b +11-t) b¥b
⇒ Ac≤ b ⇒ c is in s

•
Union is not always convex

¥¥%
between a. b but not

in G UCz



Convex Functions

f. ✗→ Rs is convex if for any a. be ✗

f-( ta -111 - t) b) ≤ that -14-1-1 fcb)
^ FIX )

for any 1- C- [011]

Geometrically : the graph ,ta¥÷E%;%b)
is below the chord •

: • i

:É.

' ta -111 -Hb



-
-
-

- -



How to show that a function is convex ?
Methods : Use properties ( sum & change of

word are useful)

hay)= /✗ + g)
2 gC✗

glx , g) = ✗4-14-15 / ✗+y = [i 1) [
✗

y] g(A 13187 )↓
sum of convex
function = gcxty)

=@+9) 2

Method : Take second derivative or Hessian

EI ' flx ) = ✗ 4 →f
' ! 4.3¥ ≥ 0 →

convex

Md-h_od3 : Use definition



Single-arm
Multivariable

1-1×1=2×2+4×1 + My
'm⇔⇔•ʳᵈ÷÷;÷⇔⇔•⇔FIX )= ✗ 4

↓ AH=/¥. É¥ayy
If Hlxiis PSD

f-
"1×1=12×2

f- " (x) ≥o for all ✗

always symmetric



Short - cut for quadratic forms :

IA is symmetric
If flu ) = FAN + bTV, then

f is convex ⇔ A is PSD

No Need To Find Hessian
.

Why ? because Hlx) = 2A

Examples : flx)= 2×2+111+4=5 + 5×-1 10

= [ ✗ 93 [
2

if [ §] -180%1+10¥
HIM 9) = 2×[32,3--148]



QU-adrd-i-d-is.fr/x)--xTAx-bTxTf=2Ax+b/Hlx)--2A
When is f convex ? A psd
If f- is convex

,
how to find minimum ?

MM. : Diagonal ization Approach: :A=V DVT .

Md-h_od2 : solve
for of =0

M¥.

Use gradient desert → approximate
solution



Assume that f-isafundi-nw.tn Hessian H
j

e:X . fay / = ✗ 4- ytcoslx )
If

Let Kika, - - - in H=i| Ñ✗j ]beeigenvaluesoflt .

.

Convex function non - negative ◦≤× ; for it , _ n

eigenvalues
for some

smooth & convex upper bound ⇔i≤≤ constant L
-

smooth& strongly convex upper and lower.≤ LF i

- Jeunet
_

where dis positive



Bounding Eigenvalues of Hessian kik

Examples : If 4=3 , 12--5 ⇒ £ ≤ Hitz ≤Ey
⇒ f- is smooth and strongly convex

Examples : If × ,
=3 - sin ✗ where × , y c- A

✗ z= 2 - sing

⇒ 2 ≤ 3- sin ✗ ≤ 4

I ≤ 2- sing≤3

⇒
1m ≤ , , k ≤ ¥ ⇒ f- is smooth and

strongly convex



Goal : get closer to f-1×+4

• Xo
f /✗a) - f- (✗ *) ≤ E

↓
.

×,
:¥→

~
✗
*



Let f- is a convex function with Hessian H

Let Aida≥ -⇒ in> 0 be eigenvalues of H

general context quadratic f- =iA✗tbT✗
(assume that A-1-0 )

smooth function Xi ≤ t If 058<2×7
step size 8 8=-4

→converges-

Smooth & strongly m≤ Xi ≤ L Best step size F¥
convex

step size 8 F- mt condition num Q=¥L,
condition number Q Q=t convergence rate 119-841

Qo⇒



Convergence Rate • ✗o

•

Goal : minimize
:

fate - fl✗ *) s

¥¥-
"n

r

k = # steps

smooth & convex : flxr) - f/✗*) ≤ ¥j- 11 ✗◦ - ✗
* 112

smooth & strongly convex : fkn) - f#≤tg(⇒" 11%-11*112
converges much faster



Logistic Regression a × .-11,51

-

"+ Y ,=L

goal : classify points ✗+21×4--0-9
× : point , y =

tablet y,
I| ×,

×} -1×3=6,2) )
z=

WT✗+b → scalar

•(2)=#z
✓

if ok) > 0.5→ + want to{ if ok)≤ 0.5→ - find best w -b
XT , xz, - - ixn , Y

, ,
- - iyn are given data points

objective function
L( ✗ if ;W ,b) = - Ey 1091610×+611-111 -g) log / 1-• lwxtbl)

samples
Use Gradient Ascent to find wFb*

one o - ese-wo-erms.is 0



Linear Programs
Canonical form Find a vector ✗ C- An

that maximizes CT ✗ ← scalar

subject to {
A ✗ ≤b

✗ ≥ 0
Examples

Mak Xi -12×2 -✗3

subject to {
×
,
-1×2 ≤ I

✗ ,
- ✗3 ≤ 5

and ✗11×21×370



Zero Sum Games : Bob's jth strategy

Payoffltatrix Alice 's Éf Mij ]If Alice plays strategy i strategy
and Bob plays strategy j

Alice payoff Mij Fayoff matrix Mmxn
⇒ { Bobs payoff -Mij for Alice

Expectedpayoff
When Alice plays with probabilities p-fp.fm/Bob plays with probabilities 9=1:?)9N
Expected payoff for Alice isp-mq.mn
( because PMq= E. ¥ ,

Pichi Mij ) .

Expected payoff for Alice is peng



Bob
Alice

first
first



The following is a problem from recitation

about Projected Gradient Decent



Projected Gradient Descent /Exercise)

1

"

a

5- spank :))
⇒ c- S if and only if 9=0St.ie[0 I ] /

"

g)=/8) ⇔ is -- o

⇒ Let A =[I 0]

stT



Projected Gradient Descent /Exercise)

^

The square
of the distance between (× , y )

•
(Q1 )
-

-

- d

and 10,1) is ✗
2

-11g - 1)
2 e↳•C✗iY

⇒ We want to minimize flx , g) = ✗ 4- ly - 1) 49
uadrdi
function'
,

such that ✗ C- S or eguivelantly [1031×1]--8 party

quadratic optimization :
min ✗ 4- ly - 1)

2

such that [101%1--18]
Note that the optimal ✗

*
is 10,0) →next page



f-( ✗ if / = ✗ 2-1 (Y - 1)
'

= ✗2+12-2 Y -11

Gradient of -_⇒ / Hessian : 11-1×191--1} ]

No
, we don't

. Assume that Haifa) es
ie

. Yr -0 , then ^

f. Co, 1) ←
outsides

£11k-11 / Yrtl)1%-1,1--15:) -4¥:D→H
= [✗u

-28 ✗ k su

0-0+28] not inssince ye = 28--10 .



"ᵈᵗᵈʳʳᵈᵗ

/
"""" "" "* ""^

*

-888k¥ [%) ✗•+F) projection step

^ ? / 110)
•
140)

f
'

"
'

•

✗K |✗¥' ** • ✗↑?, 'i•:¥•✗* ✗An X2 Xi Xo
Xo V

V Constraint optimizationNot constraint !
•g


