Rules of Intuitionistic Natural Deduction

|—lnt is the smallest relation relating sets of sentences to sentences that meets the following
conditions:

Identity IfyeTl,thenT hm Y.

Transitivity IfT hm o for each member 6 of A and A hm @, then I’ hm Q.
“\’-introduction {o,v} }—Im (@ AN wy).

“\-elimination (@A)} hw@and (@AW} v

“V-introduction {@} |—Int (@ V), and {y} }—Im (o V).

Proof by cases T u {p} }—Im Band ' U {y} }—Im 0,then ' U {(p V v)} |‘1m 0.
Modus ponens {0 (@~} Fnv.

Conditional proof IfTu {¢p} }—Im vy, [ |—Int (@~ w).

Ex contradictione quodlibet {1} |—Int A, any y.
Law of contradiction {@, ~p} |—Int 1.

Intuitionistic reductio T u {¢p} }—Im 1,r |‘1m ~ Q.

To get classical logic, take |—Class to be the smallest relation that meets the eleven condiitons
above, together with:

Double negation elimination {~~ @} |—Class ¢.



