
6.036/6.862: Introduction to 
Machine Learning

Lecture: starts Tuesdays 9:35am (Boston time zone) 
Course website: introml.odl.mit.edu 
Who’s talking? Leslie Kaelbling 
Questions? On Piazza (“Lecture 3” topic) 
Materials: Will all be available at course website
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Last Time(s)
I. Linear classifiers 
II. Perceptron algorithm 
III. A more-complete ML 

analysis

Today’s Plan
I. Linear logistic 

classification 
II. Linear regression 
III. Gradient descent

http://introml.odl.mit.edu


Supply 
• Hypothesis space  
• Loss function 
• Data 

Define objective function 

Optimization problem:   
    

2

Reducing machine learning to optimization

H

<latexit sha1_base64="oYhv6ScZyUxRyTAPyqiZC2s1B+I=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjNSUHdFN11WsA+YDiWTZtrQTDIkd4Qy9DPcuFDErV/jzr8x085CWw8EDufcS849YSK4Adf9dkobm1vbO+Xdyt7+weFR9fika1SqKetQJZTuh8QwwSXrAAfB+olmJA4F64XT+9zvPTFtuJKPMEtYEJOx5BGnBKzkD2ICE0pE1poPqzW37i6A14lXkBoq0B5WvwYjRdOYSaCCGON7bgJBRjRwKti8MkgNSwidkjHzLZUkZibIFpHn+MIqIxwpbZ8EvFB/b2QkNmYWh3Yyj2hWvVz8z/NTiG6CjMskBSbp8qMoFRgUzu/HI64ZBTGzhFDNbVZMJ0QTCralii3BWz15nXSv6l6jfvvQqDXvijrK6Aydo0vkoWvURC3URh1EkULP6BW9OeC8OO/Ox3K05BQ7p+gPnM8fftGRag==</latexit>

L(g, a)

<latexit sha1_base64="pRoPrYTcPfAsF74TXT/JbgQpf5k=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAiSNiVgHoLevHgIYJ5QLKE2UlvMmR2dpmZFULIR3jxoIhXv8ebf+Mk2YMmFjQUVd10dwWJ4Nq47rezsrq2vrGZ28pv7+zu7RcODhs6ThXDOotFrFoB1Si4xLrhRmArUUijQGAzGN5O/eYTKs1j+WhGCfoR7UseckaNlZr3pf45oWfdQtEtuzOQZeJlpAgZat3CV6cXszRCaZigWrc9NzH+mCrDmcBJvpNqTCgb0j62LZU0Qu2PZ+dOyKlVeiSMlS1pyEz9PTGmkdajKLCdETUDvehNxf+8dmrCK3/MZZIalGy+KEwFMTGZ/k56XCEzYmQJZYrbWwkbUEWZsQnlbQje4svLpHFR9irl64dKsXqTxZGDYziBEnhwCVW4gxrUgcEQnuEV3pzEeXHenY9564qTzRzBHzifP6dxjn0=</latexit>

En(h) =
1

n

nX

i=1

L(h(x(i)), y(i))

<latexit sha1_base64="3zNoi/fy75VtUErOFgvHrzVzVq8="></latexit>

Dn

<latexit sha1_base64="7Uc1mRxWy2VAobYcZ46dW/jF8w8=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWakoO6KunBZwT6gHUomzbShmcyYZApl6He4caGIWz/GnX9jpp2Fth4IHM65l3ty/FhwbRznGxXW1jc2t4rbpZ3dvf2D8uFRS0eJoqxJIxGpjk80E1yypuFGsE6sGAl9wdr++Dbz2xOmNI/ko5nGzAvJUPKAU2Ks5PVCYkaUiPRu1pf9csWpOnPgVeLmpAI5Gv3yV28Q0SRk0lBBtO66Tmy8lCjDqWCzUi/RLCZ0TIasa6kkIdNeOg89w2dWGeAgUvZJg+fq742UhFpPQ99OZiH1speJ/3ndxARXXsplnBgm6eJQkAhsIpw1gAdcMWrE1BJCFbdZMR0RRaixPZVsCe7yl1dJ66Lq1qrXD7VK/SavowgncArn4MIl1OEeGtAECk/wDK/whiboBb2jj8VoAeU7x/AH6PMHAsSSRw==</latexit>

find h that minimizes the objective



• Hypothesis space : linear models 
• Loss functions : 

• classification: confidence in correct answer 
• regression: squared error 

• Objective function: 
• training error 
• with added “complexity” penalty 

• Optimization algorithms 
• gradient descent 
• stochastic gradient descent 
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Reducing machine learning to optimization
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data that’s not linearly 
separable
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• How to make this shape? 
• Sigmoid/logistic function

�(z) =
1

1 + exp(�z)

<latexit sha1_base64="jpeu/Y1hnWCPbjg6puiMmoG5DmA=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vQIpZECupCKLpxWcE+oAllMp20Q2eSMDMR25C9G3/FjQtF3PoD7vwbp20WWj1w4XDOvdx7jxcxKpVlfRm5peWV1bX8emFjc2t7x9zda8kwFpg0cchC0fGQJIwGpKmoYqQTCYK4x0jbG11N/fYdEZKGwa0aR8TlaBBQn2KktNQzi46kA47Kkwq8gI4vEE7sNLHhEXTIfVQ+nlTSnlmyqtYM8C+xM1ICGRo989PphzjmJFCYISm7thUpN0FCUcxIWnBiSSKER2hAupoGiBPpJrNfUniolT70Q6ErUHCm/pxIEJdyzD3dyZEaykVvKv7ndWPln7kJDaJYkQDPF/kxgyqE02BgnwqCFRtrgrCg+laIh0gHonR8BR2CvfjyX9I6qdq16vlNrVS/zOLIgwNQBGVgg1NQB9egAZoAgwfwBF7Aq/FoPBtvxvu8NWdkM/vgF4yPb+vrmRY=</latexit>

0 3-3 z

<latexit sha1_base64="Wud7Tk1lAE0TofbfdXT/CfC5Fa0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMwKMeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+0hjQo=</latexit>

�(z)

<latexit sha1_base64="Wk9F8NHZoFZOKpTPgQHKVHoDipY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquFKq3ohePFeyHtEvJptk2NMkuSVaoS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8ScaeO6305ubX1jcyu/XdjZ3ds/KB4etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjczv/1IlWaRvDeTmPoCDyULGcHGSg89zYYCl5/O+8WSW3HnQKvEy0gJMjT6xa/eICKJoNIQjrXuem5s/BQrwwin00Iv0TTGZIyHtGupxIJqP50fPEVnVhmgMFK2pEFz9fdEioXWExHYToHNSC97M/E/r5uY8NJPmYwTQyVZLAoTjkyEZt+jAVOUGD6xBBPF7K2IjLDCxNiMCjYEb/nlVdK6qHjVytVdtVS/zuLIwwmcQhk8qEEdbqEBTSAg4Ble4c1Rzovz7nwsWnNONnMMf+B8/gBK6pAY</latexit>

1

0.5



–

+

3

Capturing uncertainty

Temperature (C)

Pr
ob

ab
ilit

y 
of

 
w

ea
rin

g 
a 

co
at

0

1

0.5

Temperature (C)

+ + + +

– – – –

+

Temperature (C)
0

1

0.5

Temperature (C)

+ + +

– – –

+

–

++

– – –La
be

l: 
am

 I 
w

ea
rin

g 
a 

co
at

?

• How to make this shape? 
• Sigmoid/logistic function
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<latexit sha1_base64="jpeu/Y1hnWCPbjg6puiMmoG5DmA=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vQIpZECupCKLpxWcE+oAllMp20Q2eSMDMR25C9G3/FjQtF3PoD7vwbp20WWj1w4XDOvdx7jxcxKpVlfRm5peWV1bX8emFjc2t7x9zda8kwFpg0cchC0fGQJIwGpKmoYqQTCYK4x0jbG11N/fYdEZKGwa0aR8TlaBBQn2KktNQzi46kA47Kkwq8gI4vEE7sNLHhEXTIfVQ+nlTSnlmyqtYM8C+xM1ICGRo989PphzjmJFCYISm7thUpN0FCUcxIWnBiSSKER2hAupoGiBPpJrNfUniolT70Q6ErUHCm/pxIEJdyzD3dyZEaykVvKv7ndWPln7kJDaJYkQDPF/kxgyqE02BgnwqCFRtrgrCg+laIh0gHonR8BR2CvfjyX9I6qdq16vlNrVS/zOLIgwNQBGVgg1NQB9egAZoAgwfwBF7Aq/FoPBtvxvu8NWdkM/vgF4yPb+vrmRY=</latexit>

z

<latexit sha1_base64="Wud7Tk1lAE0TofbfdXT/CfC5Fa0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMwKMeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+0hjQo=</latexit>

1

0.5

�(✓z + ✓0)

<latexit sha1_base64="hhBBAxAmJW1Ska/tYM7KwHoevfM=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiVISSSEHdFd24rGAv0IQwmU7aoZMLMydCDV248VXcuFDErQ/hzrdx2mahrT8MfPznHM6c308EV2BZ30ZhZXVtfaO4Wdra3tndM/cP2ipOJWUtGotYdn2imOARawEHwbqJZCT0Bev4o+tpvXPPpOJxdAfjhLkhGUQ84JSAtjyz7Cg+CEnVgSEDgh/wKZ6jZ514ZsWqWTPhZbBzqKBcTc/8cvoxTUMWARVEqZ5tJeBmRAKngk1KTqpYQuiIDFhPY0RCptxsdsQEH2unj4NY6hcBnrm/JzISKjUOfd0ZEhiqxdrU/K/WSyG4cDMeJSmwiM4XBanAEONpIrjPJaMgxhoIlVz/FdMhkYSCzq2kQ7AXT16G9lnNrtcub+uVxlUeRxGV0RGqIhudowa6QU3UQhQ9omf0it6MJ+PFeDc+5q0FI585RH9kfP4A5EOW+w==</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

g(x)

<latexit sha1_base64="aL4bV+qTTBcwmWOzeqHIIQiRhFU=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCm5baJeSTbNtaDZZkqxYlv4GLx4U8eoP8ua/MW33oK0PBh7vzTAzL0w408Z1v53C2vrG5lZxu7Szu7d/UD48ammZKkJ9IrlUnRBrypmgvmGG006iKI5DTtvh+Hbmtx+p0kyKBzNJaBDjoWARI9hYyR9Wn85Rv1xxa+4caJV4OalAjma//NUbSJLGVBjCsdZdz01MkGFlGOF0WuqlmiaYjPGQdi0VOKY6yObHTtGZVQYoksqWMGiu/p7IcKz1JA5tZ4zNSC97M/E/r5ua6CrImEhSQwVZLIpSjoxEs8/RgClKDJ9Ygoli9lZERlhhYmw+JRuCt/zyKmld1Lx67fq+Xmnc5HEU4QROoQoeXEID7qAJPhBg8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDIYI4I</latexit>

�(✓x+ ✓0)

<latexit sha1_base64="dd5L3GQFSNnffL1LXJA9lmhl4Ao=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqAglkYK6K7pxWcFeoAlhMp20QycXZk7EErpx46u4caGIW9/BnW/jtM1CW38Y+PjPOZw5v58IrsCyvo3C0vLK6lpxvbSxubW9Y+7utVScSsqaNBax7PhEMcEj1gQOgnUSyUjoC9b2h9eTevueScXj6A5GCXND0o94wCkBbXnmoaN4PyQVBwYMCH7Ap3iGnnWCPbNsVa2p8CLYOZRRroZnfjm9mKYhi4AKolTXthJwMyKBU8HGJSdVLCF0SPqsqzEiIVNuNr1ijI+108NBLPWLAE/d3xMZCZUahb7uDAkM1HxtYv5X66YQXLgZj5IUWERni4JUYIjxJBLc45JRECMNhEqu/4rpgEhCQQdX0iHY8ycvQuusateql7e1cv0qj6OIDtARqiAbnaM6ukEN1EQUPaJn9IrejCfjxXg3PmatBSOf2Ud/ZHz+AEAdlyM=</latexit>

g(x) =

<latexit sha1_base64="r18sE54/4YZISpi6s9kB1WuT1IM=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJexKQD0IQS8eI5gHJEuYncwmQ2Znl5leMYR8hBcPinj1e7z5N06SPWhiQUNR1U13V5BIYdB1v52V1bX1jc3cVn57Z3dvv3Bw2DBxqhmvs1jGuhVQw6VQvI4CJW8lmtMokLwZDG+nfvORayNi9YCjhPsR7SsRCkbRSs1+6emMXJNuoeiW3RnIMvEyUoQMtW7hq9OLWRpxhUxSY9qem6 A/phoFk3yS76SGJ5QNaZ+3LVU04sYfz86dkFOr9EgYa1sKyUz9PTGmkTGjKLCdEcWBWfSm4n9eO8Xw0h8LlaTIFZsvClNJMCbT30lPaM5QjiyhTAt7K2EDqilDm1DehuAtvrxMGudlr1K+uq8UqzdZHDk4hhMogQcXUIU7qEEdGAzhGV7hzUmcF+fd+Zi3rjjZzBH8gfP5A6Iajnk=</latexit>
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• How to make this shape? 

• Sigmoid/logistic function

0 3-3
�(z) =

1

1 + exp(�z)

<latexit sha1_base64="jpeu/Y1hnWCPbjg6puiMmoG5DmA=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vQIpZECupCKLpxWcE+oAllMp20Q2eSMDMR25C9G3/FjQtF3PoD7vwbp20WWj1w4XDOvdx7jxcxKpVlfRm5peWV1bX8emFjc2t7x9zda8kwFpg0cchC0fGQJIwGpKmoYqQTCYK4x0jbG11N/fYdEZKGwa0aR8TlaBBQn2KktNQzi46kA47Kkwq8gI4vEE7sNLHhEXTIfVQ+nlTSnlmyqtYM8C+xM1ICGRo989PphzjmJFCYISm7thUpN0FCUcxIWnBiSSKER2hAupoGiBPpJrNfUniolT70Q6ErUHCm/pxIEJdyzD3dyZEaykVvKv7ndWPln7kJDaJYkQDPF/kxgyqE02BgnwqCFRtrgrCg+laIh0gHonR8BR2CvfjyX9I6qdq16vlNrVS/zOLIgwNQBGVgg1NQB9egAZoAgwfwBF7Aq/FoPBtvxvu8NWdkM/vgF4yPb+vrmRY=</latexit>

z

<latexit sha1_base64="Wud7Tk1lAE0TofbfdXT/CfC5Fa0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMwKMeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+0hjQo=</latexit>

1

0.5

�(✓z + ✓0)

<latexit sha1_base64="hhBBAxAmJW1Ska/tYM7KwHoevfM=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiVISSSEHdFd24rGAv0IQwmU7aoZMLMydCDV248VXcuFDErQ/hzrdx2mahrT8MfPznHM6c308EV2BZ30ZhZXVtfaO4Wdra3tndM/cP2ipOJWUtGotYdn2imOARawEHwbqJZCT0Bev4o+tpvXPPpOJxdAfjhLkhGUQ84JSAtjyz7Cg+CEnVgSEDgh/wKZ6jZ514ZsWqWTPhZbBzqKBcTc/8cvoxTUMWARVEqZ5tJeBmRAKngk1KTqpYQuiIDFhPY0RCptxsdsQEH2unj4NY6hcBnrm/JzISKjUOfd0ZEhiqxdrU/K/WSyG4cDMeJSmwiM4XBanAEONpIrjPJaMgxhoIlVz/FdMhkYSCzq2kQ7AXT16G9lnNrtcub+uVxlUeRxGV0RGqIhudowa6QU3UQhQ9omf0it6MJ+PFeDc+5q0FI585RH9kfP4A5EOW+w==</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

g(x)

<latexit sha1_base64="aL4bV+qTTBcwmWOzeqHIIQiRhFU=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCm5baJeSTbNtaDZZkqxYlv4GLx4U8eoP8ua/MW33oK0PBh7vzTAzL0w408Z1v53C2vrG5lZxu7Szu7d/UD48ammZKkJ9IrlUnRBrypmgvmGG006iKI5DTtvh+Hbmtx+p0kyKBzNJaBDjoWARI9hYyR9Wn85Rv1xxa+4caJV4OalAjma//NUbSJLGVBjCsdZdz01MkGFlGOF0WuqlmiaYjPGQdi0VOKY6yObHTtGZVQYoksqWMGiu/p7IcKz1JA5tZ4zNSC97M/E/r5ua6CrImEhSQwVZLIpSjoxEs8/RgClKDJ9Ygoli9lZERlhhYmw+JRuCt/zyKmld1Lx67fq+Xmnc5HEU4QROoQoeXEID7qAJPhBg8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDIYI4I</latexit>

�(✓x+ ✓0)

<latexit sha1_base64="dd5L3GQFSNnffL1LXJA9lmhl4Ao=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqAglkYK6K7pxWcFeoAlhMp20QycXZk7EErpx46u4caGIW9/BnW/jtM1CW38Y+PjPOZw5v58IrsCyvo3C0vLK6lpxvbSxubW9Y+7utVScSsqaNBax7PhEMcEj1gQOgnUSyUjoC9b2h9eTevueScXj6A5GCXND0o94wCkBbXnmoaN4PyQVBwYMCH7Ap3iGnnWCPbNsVa2p8CLYOZRRroZnfjm9mKYhi4AKolTXthJwMyKBU8HGJSdVLCF0SPqsqzEiIVNuNr1ijI+108NBLPWLAE/d3xMZCZUahb7uDAkM1HxtYv5X66YQXLgZj5IUWERni4JUYIjxJBLc45JRECMNhEqu/4rpgEhCQQdX0iHY8ycvQuusateql7e1cv0qj6OIDtARqiAbnaM6ukEN1EQUPaJn9IrejCfjxXg3PmatBSOf2Ud/ZHz+AEAdlyM=</latexit>

g(x) =

<latexit sha1_base64="r18sE54/4YZISpi6s9kB1WuT1IM=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJexKQD0IQS8eI5gHJEuYncwmQ2Znl5leMYR8hBcPinj1e7z5N06SPWhiQUNR1U13V5BIYdB1v52V1bX1jc3cVn57Z3dvv3Bw2DBxqhmvs1jGuhVQw6VQvI4CJW8lmtMokLwZDG+nfvORayNi9YCjhPsR7SsRCkbRSs1+6emMXJNuoeiW3RnIMvEyUoQMtW7hq9OLWRpxhUxSY9qem6 A/phoFk3yS76SGJ5QNaZ+3LVU04sYfz86dkFOr9EgYa1sKyUz9PTGmkTGjKLCdEcWBWfSm4n9eO8Xw0h8LlaTIFZsvClNJMCbT30lPaM5QjiyhTAt7K2EDqilDm1DehuAtvrxMGudlr1K+uq8UqzdZHDk4hhMogQcXUIU7qEEdGAzhGV7hzUmcF+fd+Zi3rjjZzBH8gfP5A6Iajnk=</latexit>

=
1

1 + exp {�(✓x+ ✓0)}

<latexit sha1_base64="93La7oDajAXXaPlFLEabTpR3rsQ="></latexit>
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Capturing uncertainty
1 feature:



5

Capturing uncertainty

=
1

1 + exp {�(✓x+ ✓0)}

<latexit sha1_base64="93La7oDajAXXaPlFLEabTpR3rsQ="></latexit>

�(✓x+ ✓0)

<latexit sha1_base64="dd5L3GQFSNnffL1LXJA9lmhl4Ao=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqAglkYK6K7pxWcFeoAlhMp20QycXZk7EErpx46u4caGIW9/BnW/jtM1CW38Y+PjPOZw5v58IrsCyvo3C0vLK6lpxvbSxubW9Y+7utVScSsqaNBax7PhEMcEj1gQOgnUSyUjoC9b2h9eTevueScXj6A5GCXND0o94wCkBbXnmoaN4PyQVBwYMCH7Ap3iGnnWCPbNsVa2p8CLYOZRRroZnfjm9mKYhi4AKolTXthJwMyKBU8HGJSdVLCF0SPqsqzEiIVNuNr1ijI+108NBLPWLAE/d3xMZCZUahb7uDAkM1HxtYv5X66YQXLgZj5IUWERni4JUYIjxJBLc45JRECMNhEqu/4rpgEhCQQdX0iHY8ycvQuusateql7e1cv0qj6OIDtARqiAbnaM6ukEN1EQUPaJn9IrejCfjxXg3PmatBSOf2Ud/ZHz+AEAdlyM=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

1 feature:



5

Temperature (C)
0

1

0.5

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

Capturing uncertainty

=
1

1 + exp {�(✓x+ ✓0)}

<latexit sha1_base64="93La7oDajAXXaPlFLEabTpR3rsQ="></latexit>

�(✓x+ ✓0)

<latexit sha1_base64="dd5L3GQFSNnffL1LXJA9lmhl4Ao=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqAglkYK6K7pxWcFeoAlhMp20QycXZk7EErpx46u4caGIW9/BnW/jtM1CW38Y+PjPOZw5v58IrsCyvo3C0vLK6lpxvbSxubW9Y+7utVScSsqaNBax7PhEMcEj1gQOgnUSyUjoC9b2h9eTevueScXj6A5GCXND0o94wCkBbXnmoaN4PyQVBwYMCH7Ap3iGnnWCPbNsVa2p8CLYOZRRroZnfjm9mKYhi4AKolTXthJwMyKBU8HGJSdVLCF0SPqsqzEiIVNuNr1ijI+108NBLPWLAE/d3xMZCZUahb7uDAkM1HxtYv5X66YQXLgZj5IUWERni4JUYIjxJBLc45JRECMNhEqu/4rpgEhCQQdX0iHY8ycvQuusateql7e1cv0qj6OIDtARqiAbnaM6ukEN1EQUPaJn9IrejCfjxXg3PmatBSOf2Ud/ZHz+AEAdlyM=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

1 feature:
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g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

Capturing uncertainty

=
1

1 + exp {�(✓x+ ✓0)}

<latexit sha1_base64="93La7oDajAXXaPlFLEabTpR3rsQ="></latexit>

�(✓x+ ✓0)

<latexit sha1_base64="dd5L3GQFSNnffL1LXJA9lmhl4Ao=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqAglkYK6K7pxWcFeoAlhMp20QycXZk7EErpx46u4caGIW9/BnW/jtM1CW38Y+PjPOZw5v58IrsCyvo3C0vLK6lpxvbSxubW9Y+7utVScSsqaNBax7PhEMcEj1gQOgnUSyUjoC9b2h9eTevueScXj6A5GCXND0o94wCkBbXnmoaN4PyQVBwYMCH7Ap3iGnnWCPbNsVa2p8CLYOZRRroZnfjm9mKYhi4AKolTXthJwMyKBU8HGJSdVLCF0SPqsqzEiIVNuNr1ijI+108NBLPWLAE/d3xMZCZUahb7uDAkM1HxtYv5X66YQXLgZj5IUWERni4JUYIjxJBLc45JRECMNhEqu/4rpgEhCQQdX0iHY8ycvQuusateql7e1cv0qj6OIDtARqiAbnaM6ukEN1EQUPaJn9IrejCfjxXg3PmatBSOf2Ud/ZHz+AEAdlyM=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

1 feature:
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+

–

++

– – –

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

2 features:Capturing uncertainty

=
1

1 + exp {�(✓x+ ✓0)}

<latexit sha1_base64="93La7oDajAXXaPlFLEabTpR3rsQ="></latexit>

�(✓x+ ✓0)

<latexit sha1_base64="dd5L3GQFSNnffL1LXJA9lmhl4Ao=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqAglkYK6K7pxWcFeoAlhMp20QycXZk7EErpx46u4caGIW9/BnW/jtM1CW38Y+PjPOZw5v58IrsCyvo3C0vLK6lpxvbSxubW9Y+7utVScSsqaNBax7PhEMcEj1gQOgnUSyUjoC9b2h9eTevueScXj6A5GCXND0o94wCkBbXnmoaN4PyQVBwYMCH7Ap3iGnnWCPbNsVa2p8CLYOZRRroZnfjm9mKYhi4AKolTXthJwMyKBU8HGJSdVLCF0SPqsqzEiIVNuNr1ijI+108NBLPWLAE/d3xMZCZUahb7uDAkM1HxtYv5X66YQXLgZj5IUWERni4JUYIjxJBLc45JRECMNhEqu/4rpgEhCQQdX0iHY8ycvQuusateql7e1cv0qj6OIDtARqiAbnaM6ukEN1EQUPaJn9IrejCfjxXg3PmatBSOf2Ud/ZHz+AEAdlyM=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

1 feature:
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– – –

=
1

1 + exp {�(✓>x+ ✓0)}

<latexit sha1_base64="j8rNYF/ZPeY47vygcK35HtHN5to="></latexit>

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

�(✓>x+ ✓0)

<latexit sha1_base64="n+YCaP2GrKgrYGRYCwm10+uAM1Q=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoCCWRgrorunFZwT6giWEynbRDJw9mbsQSunbjr7hxoYhbv8Cdf+O0zUKrBy6cOede5t7jJ4IrsKwvo7CwuLS8Ulwtra1vbG6Z2zstFaeSsiaNRSw7PlFM8Ig1gYNgnUQyEvqCtf3h5cRv3zGpeBzdwChhbkj6EQ84JaAlz9x3FO+HpOLAgAG5dSBO8D0+xrO3Zx1hzyxbVWsK/JfYOSmjHA3P/HR6MU1DFgEVRKmubSXgZkQCp4KNS06qWELokPRZV9OIhEy52fSUMT7USg8HsdQVAZ6qPycyEio1Cn3dGRIYqHlvIv7ndVMIztyMR0kKLKKzj4JUYIjxJBfc45JRECNNCJVc74rpgEhCQadX0iHY8yf/Ja2Tql2rnl/XyvWLPI4i2kMHqIJsdIrq6Ao1UBNR9ICe0At6NR6NZ+PNeJ+1Fox8Zhf9gvHxDVIHmWI=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

2 features:Capturing uncertainty

=
1

1 + exp {�(✓x+ ✓0)}

<latexit sha1_base64="93La7oDajAXXaPlFLEabTpR3rsQ="></latexit>

�(✓x+ ✓0)

<latexit sha1_base64="dd5L3GQFSNnffL1LXJA9lmhl4Ao=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqAglkYK6K7pxWcFeoAlhMp20QycXZk7EErpx46u4caGIW9/BnW/jtM1CW38Y+PjPOZw5v58IrsCyvo3C0vLK6lpxvbSxubW9Y+7utVScSsqaNBax7PhEMcEj1gQOgnUSyUjoC9b2h9eTevueScXj6A5GCXND0o94wCkBbXnmoaN4PyQVBwYMCH7Ap3iGnnWCPbNsVa2p8CLYOZRRroZnfjm9mKYhi4AKolTXthJwMyKBU8HGJSdVLCF0SPqsqzEiIVNuNr1ijI+108NBLPWLAE/d3xMZCZUahb7uDAkM1HxtYv5X66YQXLgZj5IUWERni4JUYIjxJBLc45JRECMNhEqu/4rpgEhCQQdX0iHY8ycvQuusateql7e1cv0qj6OIDtARqiAbnaM6ukEN1EQUPaJn9IrejCfjxXg3PmatBSOf2Ud/ZHz+AEAdlyM=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

1 feature:
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=
1

1 + exp {�(✓>x+ ✓0)}

<latexit sha1_base64="j8rNYF/ZPeY47vygcK35HtHN5to="></latexit>

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

�(✓>x+ ✓0)

<latexit sha1_base64="n+YCaP2GrKgrYGRYCwm10+uAM1Q=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoCCWRgrorunFZwT6giWEynbRDJw9mbsQSunbjr7hxoYhbv8Cdf+O0zUKrBy6cOede5t7jJ4IrsKwvo7CwuLS8Ulwtra1vbG6Z2zstFaeSsiaNRSw7PlFM8Ig1gYNgnUQyEvqCtf3h5cRv3zGpeBzdwChhbkj6EQ84JaAlz9x3FO+HpOLAgAG5dSBO8D0+xrO3Zx1hzyxbVWsK/JfYOSmjHA3P/HR6MU1DFgEVRKmubSXgZkQCp4KNS06qWELokPRZV9OIhEy52fSUMT7USg8HsdQVAZ6qPycyEio1Cn3dGRIYqHlvIv7ndVMIztyMR0kKLKKzj4JUYIjxJBfc45JRECNNCJVc74rpgEhCQadX0iHY8yf/Ja2Tql2rnl/XyvWLPI4i2kMHqIJsdIrq6Ao1UBNR9ICe0At6NR6NZ+PNeJ+1Fox8Zhf9gvHxDVIHmWI=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

2 features:Capturing uncertainty

=
1

1 + exp {�(✓x+ ✓0)}

<latexit sha1_base64="93La7oDajAXXaPlFLEabTpR3rsQ="></latexit>

�(✓x+ ✓0)

<latexit sha1_base64="dd5L3GQFSNnffL1LXJA9lmhl4Ao=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqAglkYK6K7pxWcFeoAlhMp20QycXZk7EErpx46u4caGIW9/BnW/jtM1CW38Y+PjPOZw5v58IrsCyvo3C0vLK6lpxvbSxubW9Y+7utVScSsqaNBax7PhEMcEj1gQOgnUSyUjoC9b2h9eTevueScXj6A5GCXND0o94wCkBbXnmoaN4PyQVBwYMCH7Ap3iGnnWCPbNsVa2p8CLYOZRRroZnfjm9mKYhi4AKolTXthJwMyKBU8HGJSdVLCF0SPqsqzEiIVNuNr1ijI+108NBLPWLAE/d3xMZCZUahb7uDAkM1HxtYv5X66YQXLgZj5IUWERni4JUYIjxJBLc45JRECMNhEqu/4rpgEhCQQdX0iHY8ycvQuusateql7e1cv0qj6OIDtARqiAbnaM6ukEN1EQUPaJn9IrejCfjxXg3PmatBSOf2Ud/ZHz+AEAdlyM=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

1 feature:
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– – –

=
1

1 + exp {�(✓>x+ ✓0)}

<latexit sha1_base64="j8rNYF/ZPeY47vygcK35HtHN5to="></latexit>

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

�(✓>x+ ✓0)

<latexit sha1_base64="n+YCaP2GrKgrYGRYCwm10+uAM1Q=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoCCWRgrorunFZwT6giWEynbRDJw9mbsQSunbjr7hxoYhbv8Cdf+O0zUKrBy6cOede5t7jJ4IrsKwvo7CwuLS8Ulwtra1vbG6Z2zstFaeSsiaNRSw7PlFM8Ig1gYNgnUQyEvqCtf3h5cRv3zGpeBzdwChhbkj6EQ84JaAlz9x3FO+HpOLAgAG5dSBO8D0+xrO3Zx1hzyxbVWsK/JfYOSmjHA3P/HR6MU1DFgEVRKmubSXgZkQCp4KNS06qWELokPRZV9OIhEy52fSUMT7USg8HsdQVAZ6qPycyEio1Cn3dGRIYqHlvIv7ndVMIztyMR0kKLKKzj4JUYIjxJBfc45JRECNNCJVc74rpgEhCQadX0iHY8yf/Ja2Tql2rnl/XyvWLPI4i2kMHqIJsdIrq6Ao1UBNR9ICe0At6NR6NZ+PNeJ+1Fox8Zhf9gvHxDVIHmWI=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

2 features:Capturing uncertainty

=
1

1 + exp {�(✓x+ ✓0)}

<latexit sha1_base64="93La7oDajAXXaPlFLEabTpR3rsQ="></latexit>

�(✓x+ ✓0)

<latexit sha1_base64="dd5L3GQFSNnffL1LXJA9lmhl4Ao=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqAglkYK6K7pxWcFeoAlhMp20QycXZk7EErpx46u4caGIW9/BnW/jtM1CW38Y+PjPOZw5v58IrsCyvo3C0vLK6lpxvbSxubW9Y+7utVScSsqaNBax7PhEMcEj1gQOgnUSyUjoC9b2h9eTevueScXj6A5GCXND0o94wCkBbXnmoaN4PyQVBwYMCH7Ap3iGnnWCPbNsVa2p8CLYOZRRroZnfjm9mKYhi4AKolTXthJwMyKBU8HGJSdVLCF0SPqsqzEiIVNuNr1ijI+108NBLPWLAE/d3xMZCZUahb7uDAkM1HxtYv5X66YQXLgZj5IUWERni4JUYIjxJBLc45JRECMNhEqu/4rpgEhCQQdX0iHY8ycvQuusateql7e1cv0qj6OIDtARqiAbnaM6ukEN1EQUPaJn9IrejCfjxXg3PmatBSOf2Ud/ZHz+AEAdlyM=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

1 feature:
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=
1

1 + exp {�(✓x+ ✓0)}

<latexit sha1_base64="93La7oDajAXXaPlFLEabTpR3rsQ="></latexit>

�(✓x+ ✓0)

<latexit sha1_base64="dd5L3GQFSNnffL1LXJA9lmhl4Ao=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqAglkYK6K7pxWcFeoAlhMp20QycXZk7EErpx46u4caGIW9/BnW/jtM1CW38Y+PjPOZw5v58IrsCyvo3C0vLK6lpxvbSxubW9Y+7utVScSsqaNBax7PhEMcEj1gQOgnUSyUjoC9b2h9eTevueScXj6A5GCXND0o94wCkBbXnmoaN4PyQVBwYMCH7Ap3iGnnWCPbNsVa2p8CLYOZRRroZnfjm9mKYhi4AKolTXthJwMyKBU8HGJSdVLCF0SPqsqzEiIVNuNr1ijI+108NBLPWLAE/d3xMZCZUahb7uDAkM1HxtYv5X66YQXLgZj5IUWERni4JUYIjxJBLc45JRECMNhEqu/4rpgEhCQQdX0iHY8ycvQuusateql7e1cv0qj6OIDtARqiAbnaM6ukEN1EQUPaJn9IrejCfjxXg3PmatBSOf2Ud/ZHz+AEAdlyM=</latexit>

�(✓>x+ ✓0)

<latexit sha1_base64="n+YCaP2GrKgrYGRYCwm10+uAM1Q=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoCCWRgrorunFZwT6giWEynbRDJw9mbsQSunbjr7hxoYhbv8Cdf+O0zUKrBy6cOede5t7jJ4IrsKwvo7CwuLS8Ulwtra1vbG6Z2zstFaeSsiaNRSw7PlFM8Ig1gYNgnUQyEvqCtf3h5cRv3zGpeBzdwChhbkj6EQ84JaAlz9x3FO+HpOLAgAG5dSBO8D0+xrO3Zx1hzyxbVWsK/JfYOSmjHA3P/HR6MU1DFgEVRKmubSXgZkQCp4KNS06qWELokPRZV9OIhEy52fSUMT7USg8HsdQVAZ6qPycyEio1Cn3dGRIYqHlvIv7ndVMIztyMR0kKLKKzj4JUYIjxJBfc45JRECNNCJVc74rpgEhCQadX0iHY8yf/Ja2Tql2rnl/XyvWLPI4i2kMHqIJsdIrq6Ao1UBNR9ICe0At6NR6NZ+PNeJ+1Fox8Zhf9gvHxDVIHmWI=</latexit>

=
1

1 + exp {�(✓>x+ ✓0)}

<latexit sha1_base64="j8rNYF/ZPeY47vygcK35HtHN5to="></latexit>

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

1 feature:

2 features:



–
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+

–
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– – –

=
1

1 + exp {�(✓>x+ ✓0)}

<latexit sha1_base64="j8rNYF/ZPeY47vygcK35HtHN5to="></latexit>

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

Capturing uncertainty
�(✓x+ ✓0)

<latexit sha1_base64="dd5L3GQFSNnffL1LXJA9lmhl4Ao=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqAglkYK6K7pxWcFeoAlhMp20QycXZk7EErpx46u4caGIW9/BnW/jtM1CW38Y+PjPOZw5v58IrsCyvo3C0vLK6lpxvbSxubW9Y+7utVScSsqaNBax7PhEMcEj1gQOgnUSyUjoC9b2h9eTevueScXj6A5GCXND0o94wCkBbXnmoaN4PyQVBwYMCH7Ap3iGnnWCPbNsVa2p8CLYOZRRroZnfjm9mKYhi4AKolTXthJwMyKBU8HGJSdVLCF0SPqsqzEiIVNuNr1ijI+108NBLPWLAE/d3xMZCZUahb7uDAkM1HxtYv5X66YQXLgZj5IUWERni4JUYIjxJBLc45JRECMNhEqu/4rpgEhCQQdX0iHY8ycvQuusateql7e1cv0qj6OIDtARqiAbnaM6ukEN1EQUPaJn9IrejCfjxXg3PmatBSOf2Ud/ZHz+AEAdlyM=</latexit>

�(✓>x+ ✓0)

<latexit sha1_base64="n+YCaP2GrKgrYGRYCwm10+uAM1Q=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoCCWRgrorunFZwT6giWEynbRDJw9mbsQSunbjr7hxoYhbv8Cdf+O0zUKrBy6cOede5t7jJ4IrsKwvo7CwuLS8Ulwtra1vbG6Z2zstFaeSsiaNRSw7PlFM8Ig1gYNgnUQyEvqCtf3h5cRv3zGpeBzdwChhbkj6EQ84JaAlz9x3FO+HpOLAgAG5dSBO8D0+xrO3Zx1hzyxbVWsK/JfYOSmjHA3P/HR6MU1DFgEVRKmubSXgZkQCp4KNS06qWELokPRZV9OIhEy52fSUMT7USg8HsdQVAZ6qPycyEio1Cn3dGRIYqHlvIv7ndVMIztyMR0kKLKKzj4JUYIjxJBfc45JRECNNCJVc74rpgEhCQadX0iHY8yf/Ja2Tql2rnl/XyvWLPI4i2kMHqIJsdIrq6Ao1UBNR9ICe0At6NR6NZ+PNeJ+1Fox8Zhf9gvHxDVIHmWI=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

1 feature:

2 features:

=
1

1 + exp {�(✓x+ ✓0)}

<latexit sha1_base64="93La7oDajAXXaPlFLEabTpR3rsQ="></latexit>
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x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

=
1

1 + exp {�(✓>x+ ✓0)}

<latexit sha1_base64="j8rNYF/ZPeY47vygcK35HtHN5to="></latexit>

Capturing uncertainty
�(✓x+ ✓0)

<latexit sha1_base64="dd5L3GQFSNnffL1LXJA9lmhl4Ao=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqAglkYK6K7pxWcFeoAlhMp20QycXZk7EErpx46u4caGIW9/BnW/jtM1CW38Y+PjPOZw5v58IrsCyvo3C0vLK6lpxvbSxubW9Y+7utVScSsqaNBax7PhEMcEj1gQOgnUSyUjoC9b2h9eTevueScXj6A5GCXND0o94wCkBbXnmoaN4PyQVBwYMCH7Ap3iGnnWCPbNsVa2p8CLYOZRRroZnfjm9mKYhi4AKolTXthJwMyKBU8HGJSdVLCF0SPqsqzEiIVNuNr1ijI+108NBLPWLAE/d3xMZCZUahb7uDAkM1HxtYv5X66YQXLgZj5IUWERni4JUYIjxJBLc45JRECMNhEqu/4rpgEhCQQdX0iHY8ycvQuusateql7e1cv0qj6OIDtARqiAbnaM6ukEN1EQUPaJn9IrejCfjxXg3PmatBSOf2Ud/ZHz+AEAdlyM=</latexit>

�(✓>x+ ✓0)

<latexit sha1_base64="n+YCaP2GrKgrYGRYCwm10+uAM1Q=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoCCWRgrorunFZwT6giWEynbRDJw9mbsQSunbjr7hxoYhbv8Cdf+O0zUKrBy6cOede5t7jJ4IrsKwvo7CwuLS8Ulwtra1vbG6Z2zstFaeSsiaNRSw7PlFM8Ig1gYNgnUQyEvqCtf3h5cRv3zGpeBzdwChhbkj6EQ84JaAlz9x3FO+HpOLAgAG5dSBO8D0+xrO3Zx1hzyxbVWsK/JfYOSmjHA3P/HR6MU1DFgEVRKmubSXgZkQCp4KNS06qWELokPRZV9OIhEy52fSUMT7USg8HsdQVAZ6qPycyEio1Cn3dGRIYqHlvIv7ndVMIztyMR0kKLKKzj4JUYIjxJBfc45JRECNNCJVc74rpgEhCQadX0iHY8yf/Ja2Tql2rnl/XyvWLPI4i2kMHqIJsdIrq6Ao1UBNR9ICe0At6NR6NZ+PNeJ+1Fox8Zhf9gvHxDVIHmWI=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

1 feature:

2 features:

=
1

1 + exp {�(✓x+ ✓0)}

<latexit sha1_base64="93La7oDajAXXaPlFLEabTpR3rsQ="></latexit>
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x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

=
1

1 + exp {�(✓>x+ ✓0)}

<latexit sha1_base64="j8rNYF/ZPeY47vygcK35HtHN5to="></latexit>

Capturing uncertainty
�(✓x+ ✓0)

<latexit sha1_base64="dd5L3GQFSNnffL1LXJA9lmhl4Ao=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqAglkYK6K7pxWcFeoAlhMp20QycXZk7EErpx46u4caGIW9/BnW/jtM1CW38Y+PjPOZw5v58IrsCyvo3C0vLK6lpxvbSxubW9Y+7utVScSsqaNBax7PhEMcEj1gQOgnUSyUjoC9b2h9eTevueScXj6A5GCXND0o94wCkBbXnmoaN4PyQVBwYMCH7Ap3iGnnWCPbNsVa2p8CLYOZRRroZnfjm9mKYhi4AKolTXthJwMyKBU8HGJSdVLCF0SPqsqzEiIVNuNr1ijI+108NBLPWLAE/d3xMZCZUahb7uDAkM1HxtYv5X66YQXLgZj5IUWERni4JUYIjxJBLc45JRECMNhEqu/4rpgEhCQQdX0iHY8ycvQuusateql7e1cv0qj6OIDtARqiAbnaM6ukEN1EQUPaJn9IrejCfjxXg3PmatBSOf2Ud/ZHz+AEAdlyM=</latexit>

�(✓>x+ ✓0)

<latexit sha1_base64="n+YCaP2GrKgrYGRYCwm10+uAM1Q=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoCCWRgrorunFZwT6giWEynbRDJw9mbsQSunbjr7hxoYhbv8Cdf+O0zUKrBy6cOede5t7jJ4IrsKwvo7CwuLS8Ulwtra1vbG6Z2zstFaeSsiaNRSw7PlFM8Ig1gYNgnUQyEvqCtf3h5cRv3zGpeBzdwChhbkj6EQ84JaAlz9x3FO+HpOLAgAG5dSBO8D0+xrO3Zx1hzyxbVWsK/JfYOSmjHA3P/HR6MU1DFgEVRKmubSXgZkQCp4KNS06qWELokPRZV9OIhEy52fSUMT7USg8HsdQVAZ6qPycyEio1Cn3dGRIYqHlvIv7ndVMIztyMR0kKLKKzj4JUYIjxJBfc45JRECNNCJVc74rpgEhCQadX0iHY8yf/Ja2Tql2rnl/XyvWLPI4i2kMHqIJsdIrq6Ao1UBNR9ICe0At6NR6NZ+PNeJ+1Fox8Zhf9gvHxDVIHmWI=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

1 feature:

2 features:

=
1

1 + exp {�(✓x+ ✓0)}

<latexit sha1_base64="93La7oDajAXXaPlFLEabTpR3rsQ="></latexit>
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x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

=
1

1 + exp {�(✓>x+ ✓0)}

<latexit sha1_base64="j8rNYF/ZPeY47vygcK35HtHN5to="></latexit>

Capturing uncertainty
�(✓x+ ✓0)

<latexit sha1_base64="dd5L3GQFSNnffL1LXJA9lmhl4Ao=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqAglkYK6K7pxWcFeoAlhMp20QycXZk7EErpx46u4caGIW9/BnW/jtM1CW38Y+PjPOZw5v58IrsCyvo3C0vLK6lpxvbSxubW9Y+7utVScSsqaNBax7PhEMcEj1gQOgnUSyUjoC9b2h9eTevueScXj6A5GCXND0o94wCkBbXnmoaN4PyQVBwYMCH7Ap3iGnnWCPbNsVa2p8CLYOZRRroZnfjm9mKYhi4AKolTXthJwMyKBU8HGJSdVLCF0SPqsqzEiIVNuNr1ijI+108NBLPWLAE/d3xMZCZUahb7uDAkM1HxtYv5X66YQXLgZj5IUWERni4JUYIjxJBLc45JRECMNhEqu/4rpgEhCQQdX0iHY8ycvQuusateql7e1cv0qj6OIDtARqiAbnaM6ukEN1EQUPaJn9IrejCfjxXg3PmatBSOf2Ud/ZHz+AEAdlyM=</latexit>

�(✓>x+ ✓0)

<latexit sha1_base64="n+YCaP2GrKgrYGRYCwm10+uAM1Q=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoCCWRgrorunFZwT6giWEynbRDJw9mbsQSunbjr7hxoYhbv8Cdf+O0zUKrBy6cOede5t7jJ4IrsKwvo7CwuLS8Ulwtra1vbG6Z2zstFaeSsiaNRSw7PlFM8Ig1gYNgnUQyEvqCtf3h5cRv3zGpeBzdwChhbkj6EQ84JaAlz9x3FO+HpOLAgAG5dSBO8D0+xrO3Zx1hzyxbVWsK/JfYOSmjHA3P/HR6MU1DFgEVRKmubSXgZkQCp4KNS06qWELokPRZV9OIhEy52fSUMT7USg8HsdQVAZ6qPycyEio1Cn3dGRIYqHlvIv7ndVMIztyMR0kKLKKzj4JUYIjxJBfc45JRECNNCJVc74rpgEhCQadX0iHY8yf/Ja2Tql2rnl/XyvWLPI4i2kMHqIJsdIrq6Ao1UBNR9ICe0At6NR6NZ+PNeJ+1Fox8Zhf9gvHxDVIHmWI=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

1 feature:

2 features:

=
1

1 + exp {�(✓x+ ✓0)}

<latexit sha1_base64="93La7oDajAXXaPlFLEabTpR3rsQ="></latexit>
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x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

=
1

1 + exp {�(✓>x+ ✓0)}

<latexit sha1_base64="j8rNYF/ZPeY47vygcK35HtHN5to="></latexit>

Capturing uncertainty
�(✓x+ ✓0)

<latexit sha1_base64="dd5L3GQFSNnffL1LXJA9lmhl4Ao=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqAglkYK6K7pxWcFeoAlhMp20QycXZk7EErpx46u4caGIW9/BnW/jtM1CW38Y+PjPOZw5v58IrsCyvo3C0vLK6lpxvbSxubW9Y+7utVScSsqaNBax7PhEMcEj1gQOgnUSyUjoC9b2h9eTevueScXj6A5GCXND0o94wCkBbXnmoaN4PyQVBwYMCH7Ap3iGnnWCPbNsVa2p8CLYOZRRroZnfjm9mKYhi4AKolTXthJwMyKBU8HGJSdVLCF0SPqsqzEiIVNuNr1ijI+108NBLPWLAE/d3xMZCZUahb7uDAkM1HxtYv5X66YQXLgZj5IUWERni4JUYIjxJBLc45JRECMNhEqu/4rpgEhCQQdX0iHY8ycvQuusateql7e1cv0qj6OIDtARqiAbnaM6ukEN1EQUPaJn9IrejCfjxXg3PmatBSOf2Ud/ZHz+AEAdlyM=</latexit>

�(✓>x+ ✓0)

<latexit sha1_base64="n+YCaP2GrKgrYGRYCwm10+uAM1Q=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoCCWRgrorunFZwT6giWEynbRDJw9mbsQSunbjr7hxoYhbv8Cdf+O0zUKrBy6cOede5t7jJ4IrsKwvo7CwuLS8Ulwtra1vbG6Z2zstFaeSsiaNRSw7PlFM8Ig1gYNgnUQyEvqCtf3h5cRv3zGpeBzdwChhbkj6EQ84JaAlz9x3FO+HpOLAgAG5dSBO8D0+xrO3Zx1hzyxbVWsK/JfYOSmjHA3P/HR6MU1DFgEVRKmubSXgZkQCp4KNS06qWELokPRZV9OIhEy52fSUMT7USg8HsdQVAZ6qPycyEio1Cn3dGRIYqHlvIv7ndVMIztyMR0kKLKKzj4JUYIjxJBfc45JRECNNCJVc74rpgEhCQadX0iHY8yf/Ja2Tql2rnl/XyvWLPI4i2kMHqIJsdIrq6Ao1UBNR9ICe0At6NR6NZ+PNeJ+1Fox8Zhf9gvHxDVIHmWI=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

1 feature:

2 features:

=
1

1 + exp {�(✓x+ ✓0)}

<latexit sha1_base64="93La7oDajAXXaPlFLEabTpR3rsQ="></latexit>
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x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

=
1

1 + exp {�(✓>x+ ✓0)}

<latexit sha1_base64="j8rNYF/ZPeY47vygcK35HtHN5to="></latexit>

Capturing uncertainty
�(✓x+ ✓0)

<latexit sha1_base64="dd5L3GQFSNnffL1LXJA9lmhl4Ao=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqAglkYK6K7pxWcFeoAlhMp20QycXZk7EErpx46u4caGIW9/BnW/jtM1CW38Y+PjPOZw5v58IrsCyvo3C0vLK6lpxvbSxubW9Y+7utVScSsqaNBax7PhEMcEj1gQOgnUSyUjoC9b2h9eTevueScXj6A5GCXND0o94wCkBbXnmoaN4PyQVBwYMCH7Ap3iGnnWCPbNsVa2p8CLYOZRRroZnfjm9mKYhi4AKolTXthJwMyKBU8HGJSdVLCF0SPqsqzEiIVNuNr1ijI+108NBLPWLAE/d3xMZCZUahb7uDAkM1HxtYv5X66YQXLgZj5IUWERni4JUYIjxJBLc45JRECMNhEqu/4rpgEhCQQdX0iHY8ycvQuusateql7e1cv0qj6OIDtARqiAbnaM6ukEN1EQUPaJn9IrejCfjxXg3PmatBSOf2Ud/ZHz+AEAdlyM=</latexit>

�(✓>x+ ✓0)

<latexit sha1_base64="n+YCaP2GrKgrYGRYCwm10+uAM1Q=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoCCWRgrorunFZwT6giWEynbRDJw9mbsQSunbjr7hxoYhbv8Cdf+O0zUKrBy6cOede5t7jJ4IrsKwvo7CwuLS8Ulwtra1vbG6Z2zstFaeSsiaNRSw7PlFM8Ig1gYNgnUQyEvqCtf3h5cRv3zGpeBzdwChhbkj6EQ84JaAlz9x3FO+HpOLAgAG5dSBO8D0+xrO3Zx1hzyxbVWsK/JfYOSmjHA3P/HR6MU1DFgEVRKmubSXgZkQCp4KNS06qWELokPRZV9OIhEy52fSUMT7USg8HsdQVAZ6qPycyEio1Cn3dGRIYqHlvIv7ndVMIztyMR0kKLKKzj4JUYIjxJBfc45JRECNNCJVc74rpgEhCQadX0iHY8yf/Ja2Tql2rnl/XyvWLPI4i2kMHqIJsdIrq6Ao1UBNR9ICe0At6NR6NZ+PNeJ+1Fox8Zhf9gvHxDVIHmWI=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

1 feature:

2 features:

=
1

1 + exp {�(✓x+ ✓0)}

<latexit sha1_base64="93La7oDajAXXaPlFLEabTpR3rsQ="></latexit>
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x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

=
1

1 + exp {�(✓>x+ ✓0)}

<latexit sha1_base64="j8rNYF/ZPeY47vygcK35HtHN5to="></latexit>

Capturing uncertainty
�(✓x+ ✓0)

<latexit sha1_base64="dd5L3GQFSNnffL1LXJA9lmhl4Ao=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqAglkYK6K7pxWcFeoAlhMp20QycXZk7EErpx46u4caGIW9/BnW/jtM1CW38Y+PjPOZw5v58IrsCyvo3C0vLK6lpxvbSxubW9Y+7utVScSsqaNBax7PhEMcEj1gQOgnUSyUjoC9b2h9eTevueScXj6A5GCXND0o94wCkBbXnmoaN4PyQVBwYMCH7Ap3iGnnWCPbNsVa2p8CLYOZRRroZnfjm9mKYhi4AKolTXthJwMyKBU8HGJSdVLCF0SPqsqzEiIVNuNr1ijI+108NBLPWLAE/d3xMZCZUahb7uDAkM1HxtYv5X66YQXLgZj5IUWERni4JUYIjxJBLc45JRECMNhEqu/4rpgEhCQQdX0iHY8ycvQuusateql7e1cv0qj6OIDtARqiAbnaM6ukEN1EQUPaJn9IrejCfjxXg3PmatBSOf2Ud/ZHz+AEAdlyM=</latexit>

�(✓>x+ ✓0)

<latexit sha1_base64="n+YCaP2GrKgrYGRYCwm10+uAM1Q=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoCCWRgrorunFZwT6giWEynbRDJw9mbsQSunbjr7hxoYhbv8Cdf+O0zUKrBy6cOede5t7jJ4IrsKwvo7CwuLS8Ulwtra1vbG6Z2zstFaeSsiaNRSw7PlFM8Ig1gYNgnUQyEvqCtf3h5cRv3zGpeBzdwChhbkj6EQ84JaAlz9x3FO+HpOLAgAG5dSBO8D0+xrO3Zx1hzyxbVWsK/JfYOSmjHA3P/HR6MU1DFgEVRKmubSXgZkQCp4KNS06qWELokPRZV9OIhEy52fSUMT7USg8HsdQVAZ6qPycyEio1Cn3dGRIYqHlvIv7ndVMIztyMR0kKLKKzj4JUYIjxJBfc45JRECNNCJVc74rpgEhCQadX0iHY8yf/Ja2Tql2rnl/XyvWLPI4i2kMHqIJsdIrq6Ao1UBNR9ICe0At6NR6NZ+PNeJ+1Fox8Zhf9gvHxDVIHmWI=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

1 feature:

2 features:

=
1

1 + exp {�(✓x+ ✓0)}

<latexit sha1_base64="93La7oDajAXXaPlFLEabTpR3rsQ="></latexit>
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x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

=
1

1 + exp {�(✓>x+ ✓0)}

<latexit sha1_base64="j8rNYF/ZPeY47vygcK35HtHN5to="></latexit>

Capturing uncertainty
�(✓x+ ✓0)

<latexit sha1_base64="dd5L3GQFSNnffL1LXJA9lmhl4Ao=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqAglkYK6K7pxWcFeoAlhMp20QycXZk7EErpx46u4caGIW9/BnW/jtM1CW38Y+PjPOZw5v58IrsCyvo3C0vLK6lpxvbSxubW9Y+7utVScSsqaNBax7PhEMcEj1gQOgnUSyUjoC9b2h9eTevueScXj6A5GCXND0o94wCkBbXnmoaN4PyQVBwYMCH7Ap3iGnnWCPbNsVa2p8CLYOZRRroZnfjm9mKYhi4AKolTXthJwMyKBU8HGJSdVLCF0SPqsqzEiIVNuNr1ijI+108NBLPWLAE/d3xMZCZUahb7uDAkM1HxtYv5X66YQXLgZj5IUWERni4JUYIjxJBLc45JRECMNhEqu/4rpgEhCQQdX0iHY8ycvQuusateql7e1cv0qj6OIDtARqiAbnaM6ukEN1EQUPaJn9IrejCfjxXg3PmatBSOf2Ud/ZHz+AEAdlyM=</latexit>

�(✓>x+ ✓0)

<latexit sha1_base64="n+YCaP2GrKgrYGRYCwm10+uAM1Q=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoCCWRgrorunFZwT6giWEynbRDJw9mbsQSunbjr7hxoYhbv8Cdf+O0zUKrBy6cOede5t7jJ4IrsKwvo7CwuLS8Ulwtra1vbG6Z2zstFaeSsiaNRSw7PlFM8Ig1gYNgnUQyEvqCtf3h5cRv3zGpeBzdwChhbkj6EQ84JaAlz9x3FO+HpOLAgAG5dSBO8D0+xrO3Zx1hzyxbVWsK/JfYOSmjHA3P/HR6MU1DFgEVRKmubSXgZkQCp4KNS06qWELokPRZV9OIhEy52fSUMT7USg8HsdQVAZ6qPycyEio1Cn3dGRIYqHlvIv7ndVMIztyMR0kKLKKzj4JUYIjxJBfc45JRECNNCJVc74rpgEhCQadX0iHY8yf/Ja2Tql2rnl/XyvWLPI4i2kMHqIJsdIrq6Ao1UBNR9ICe0At6NR6NZ+PNeJ+1Fox8Zhf9gvHxDVIHmWI=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

1 feature:

2 features:

=
1

1 + exp {�(✓x+ ✓0)}

<latexit sha1_base64="93La7oDajAXXaPlFLEabTpR3rsQ="></latexit>
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x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

=
1

1 + exp {�(✓>x+ ✓0)}

<latexit sha1_base64="j8rNYF/ZPeY47vygcK35HtHN5to="></latexit>

Capturing uncertainty
�(✓x+ ✓0)

<latexit sha1_base64="dd5L3GQFSNnffL1LXJA9lmhl4Ao=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqAglkYK6K7pxWcFeoAlhMp20QycXZk7EErpx46u4caGIW9/BnW/jtM1CW38Y+PjPOZw5v58IrsCyvo3C0vLK6lpxvbSxubW9Y+7utVScSsqaNBax7PhEMcEj1gQOgnUSyUjoC9b2h9eTevueScXj6A5GCXND0o94wCkBbXnmoaN4PyQVBwYMCH7Ap3iGnnWCPbNsVa2p8CLYOZRRroZnfjm9mKYhi4AKolTXthJwMyKBU8HGJSdVLCF0SPqsqzEiIVNuNr1ijI+108NBLPWLAE/d3xMZCZUahb7uDAkM1HxtYv5X66YQXLgZj5IUWERni4JUYIjxJBLc45JRECMNhEqu/4rpgEhCQQdX0iHY8ycvQuusateql7e1cv0qj6OIDtARqiAbnaM6ukEN1EQUPaJn9IrejCfjxXg3PmatBSOf2Ud/ZHz+AEAdlyM=</latexit>

�(✓>x+ ✓0)

<latexit sha1_base64="n+YCaP2GrKgrYGRYCwm10+uAM1Q=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoCCWRgrorunFZwT6giWEynbRDJw9mbsQSunbjr7hxoYhbv8Cdf+O0zUKrBy6cOede5t7jJ4IrsKwvo7CwuLS8Ulwtra1vbG6Z2zstFaeSsiaNRSw7PlFM8Ig1gYNgnUQyEvqCtf3h5cRv3zGpeBzdwChhbkj6EQ84JaAlz9x3FO+HpOLAgAG5dSBO8D0+xrO3Zx1hzyxbVWsK/JfYOSmjHA3P/HR6MU1DFgEVRKmubSXgZkQCp4KNS06qWELokPRZV9OIhEy52fSUMT7USg8HsdQVAZ6qPycyEio1Cn3dGRIYqHlvIv7ndVMIztyMR0kKLKKzj4JUYIjxJBfc45JRECNNCJVc74rpgEhCQadX0iHY8yf/Ja2Tql2rnl/XyvWLPI4i2kMHqIJsdIrq6Ao1UBNR9ICe0At6NR6NZ+PNeJ+1Fox8Zhf9gvHxDVIHmWI=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

1 feature:

2 features:

=
1

1 + exp {�(✓x+ ✓0)}

<latexit sha1_base64="93La7oDajAXXaPlFLEabTpR3rsQ="></latexit>
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x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

=
1

1 + exp {�(✓>x+ ✓0)}

<latexit sha1_base64="j8rNYF/ZPeY47vygcK35HtHN5to="></latexit>

Capturing uncertainty
�(✓x+ ✓0)

<latexit sha1_base64="dd5L3GQFSNnffL1LXJA9lmhl4Ao=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqAglkYK6K7pxWcFeoAlhMp20QycXZk7EErpx46u4caGIW9/BnW/jtM1CW38Y+PjPOZw5v58IrsCyvo3C0vLK6lpxvbSxubW9Y+7utVScSsqaNBax7PhEMcEj1gQOgnUSyUjoC9b2h9eTevueScXj6A5GCXND0o94wCkBbXnmoaN4PyQVBwYMCH7Ap3iGnnWCPbNsVa2p8CLYOZRRroZnfjm9mKYhi4AKolTXthJwMyKBU8HGJSdVLCF0SPqsqzEiIVNuNr1ijI+108NBLPWLAE/d3xMZCZUahb7uDAkM1HxtYv5X66YQXLgZj5IUWERni4JUYIjxJBLc45JRECMNhEqu/4rpgEhCQQdX0iHY8ycvQuusateql7e1cv0qj6OIDtARqiAbnaM6ukEN1EQUPaJn9IrejCfjxXg3PmatBSOf2Ud/ZHz+AEAdlyM=</latexit>

�(✓>x+ ✓0)

<latexit sha1_base64="n+YCaP2GrKgrYGRYCwm10+uAM1Q=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoCCWRgrorunFZwT6giWEynbRDJw9mbsQSunbjr7hxoYhbv8Cdf+O0zUKrBy6cOede5t7jJ4IrsKwvo7CwuLS8Ulwtra1vbG6Z2zstFaeSsiaNRSw7PlFM8Ig1gYNgnUQyEvqCtf3h5cRv3zGpeBzdwChhbkj6EQ84JaAlz9x3FO+HpOLAgAG5dSBO8D0+xrO3Zx1hzyxbVWsK/JfYOSmjHA3P/HR6MU1DFgEVRKmubSXgZkQCp4KNS06qWELokPRZV9OIhEy52fSUMT7USg8HsdQVAZ6qPycyEio1Cn3dGRIYqHlvIv7ndVMIztyMR0kKLKKzj4JUYIjxJBfc45JRECNNCJVc74rpgEhCQadX0iHY8yf/Ja2Tql2rnl/XyvWLPI4i2kMHqIJsdIrq6Ao1UBNR9ICe0At6NR6NZ+PNeJ+1Fox8Zhf9gvHxDVIHmWI=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

1 feature:

2 features:

=
1

1 + exp {�(✓x+ ✓0)}

<latexit sha1_base64="93La7oDajAXXaPlFLEabTpR3rsQ="></latexit>
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x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

=
1

1 + exp {�(✓>x+ ✓0)}

<latexit sha1_base64="j8rNYF/ZPeY47vygcK35HtHN5to="></latexit>

Capturing uncertainty
�(✓x+ ✓0)

<latexit sha1_base64="dd5L3GQFSNnffL1LXJA9lmhl4Ao=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqAglkYK6K7pxWcFeoAlhMp20QycXZk7EErpx46u4caGIW9/BnW/jtM1CW38Y+PjPOZw5v58IrsCyvo3C0vLK6lpxvbSxubW9Y+7utVScSsqaNBax7PhEMcEj1gQOgnUSyUjoC9b2h9eTevueScXj6A5GCXND0o94wCkBbXnmoaN4PyQVBwYMCH7Ap3iGnnWCPbNsVa2p8CLYOZRRroZnfjm9mKYhi4AKolTXthJwMyKBU8HGJSdVLCF0SPqsqzEiIVNuNr1ijI+108NBLPWLAE/d3xMZCZUahb7uDAkM1HxtYv5X66YQXLgZj5IUWERni4JUYIjxJBLc45JRECMNhEqu/4rpgEhCQQdX0iHY8ycvQuusateql7e1cv0qj6OIDtARqiAbnaM6ukEN1EQUPaJn9IrejCfjxXg3PmatBSOf2Ud/ZHz+AEAdlyM=</latexit>

�(✓>x+ ✓0)

<latexit sha1_base64="n+YCaP2GrKgrYGRYCwm10+uAM1Q=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoCCWRgrorunFZwT6giWEynbRDJw9mbsQSunbjr7hxoYhbv8Cdf+O0zUKrBy6cOede5t7jJ4IrsKwvo7CwuLS8Ulwtra1vbG6Z2zstFaeSsiaNRSw7PlFM8Ig1gYNgnUQyEvqCtf3h5cRv3zGpeBzdwChhbkj6EQ84JaAlz9x3FO+HpOLAgAG5dSBO8D0+xrO3Zx1hzyxbVWsK/JfYOSmjHA3P/HR6MU1DFgEVRKmubSXgZkQCp4KNS06qWELokPRZV9OIhEy52fSUMT7USg8HsdQVAZ6qPycyEio1Cn3dGRIYqHlvIv7ndVMIztyMR0kKLKKzj4JUYIjxJBfc45JRECNNCJVc74rpgEhCQadX0iHY8yf/Ja2Tql2rnl/XyvWLPI4i2kMHqIJsdIrq6Ao1UBNR9ICe0At6NR6NZ+PNeJ+1Fox8Zhf9gvHxDVIHmWI=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

1 feature:

2 features:

=
1

1 + exp {�(✓x+ ✓0)}

<latexit sha1_base64="93La7oDajAXXaPlFLEabTpR3rsQ="></latexit>
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x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

=
1

1 + exp {�(✓>x+ ✓0)}

<latexit sha1_base64="j8rNYF/ZPeY47vygcK35HtHN5to="></latexit>

Capturing uncertainty
�(✓x+ ✓0)

<latexit sha1_base64="dd5L3GQFSNnffL1LXJA9lmhl4Ao=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqAglkYK6K7pxWcFeoAlhMp20QycXZk7EErpx46u4caGIW9/BnW/jtM1CW38Y+PjPOZw5v58IrsCyvo3C0vLK6lpxvbSxubW9Y+7utVScSsqaNBax7PhEMcEj1gQOgnUSyUjoC9b2h9eTevueScXj6A5GCXND0o94wCkBbXnmoaN4PyQVBwYMCH7Ap3iGnnWCPbNsVa2p8CLYOZRRroZnfjm9mKYhi4AKolTXthJwMyKBU8HGJSdVLCF0SPqsqzEiIVNuNr1ijI+108NBLPWLAE/d3xMZCZUahb7uDAkM1HxtYv5X66YQXLgZj5IUWERni4JUYIjxJBLc45JRECMNhEqu/4rpgEhCQQdX0iHY8ycvQuusateql7e1cv0qj6OIDtARqiAbnaM6ukEN1EQUPaJn9IrejCfjxXg3PmatBSOf2Ud/ZHz+AEAdlyM=</latexit>

�(✓>x+ ✓0)

<latexit sha1_base64="n+YCaP2GrKgrYGRYCwm10+uAM1Q=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoCCWRgrorunFZwT6giWEynbRDJw9mbsQSunbjr7hxoYhbv8Cdf+O0zUKrBy6cOede5t7jJ4IrsKwvo7CwuLS8Ulwtra1vbG6Z2zstFaeSsiaNRSw7PlFM8Ig1gYNgnUQyEvqCtf3h5cRv3zGpeBzdwChhbkj6EQ84JaAlz9x3FO+HpOLAgAG5dSBO8D0+xrO3Zx1hzyxbVWsK/JfYOSmjHA3P/HR6MU1DFgEVRKmubSXgZkQCp4KNS06qWELokPRZV9OIhEy52fSUMT7USg8HsdQVAZ6qPycyEio1Cn3dGRIYqHlvIv7ndVMIztyMR0kKLKKzj4JUYIjxJBfc45JRECNNCJVc74rpgEhCQadX0iHY8yf/Ja2Tql2rnl/XyvWLPI4i2kMHqIJsdIrq6Ao1UBNR9ICe0At6NR6NZ+PNeJ+1Fox8Zhf9gvHxDVIHmWI=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

1 feature:

2 features:

=
1

1 + exp {�(✓x+ ✓0)}

<latexit sha1_base64="93La7oDajAXXaPlFLEabTpR3rsQ="></latexit>
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x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

=
1

1 + exp {�(✓>x+ ✓0)}

<latexit sha1_base64="j8rNYF/ZPeY47vygcK35HtHN5to="></latexit>

Capturing uncertainty
�(✓x+ ✓0)

<latexit sha1_base64="dd5L3GQFSNnffL1LXJA9lmhl4Ao=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqAglkYK6K7pxWcFeoAlhMp20QycXZk7EErpx46u4caGIW9/BnW/jtM1CW38Y+PjPOZw5v58IrsCyvo3C0vLK6lpxvbSxubW9Y+7utVScSsqaNBax7PhEMcEj1gQOgnUSyUjoC9b2h9eTevueScXj6A5GCXND0o94wCkBbXnmoaN4PyQVBwYMCH7Ap3iGnnWCPbNsVa2p8CLYOZRRroZnfjm9mKYhi4AKolTXthJwMyKBU8HGJSdVLCF0SPqsqzEiIVNuNr1ijI+108NBLPWLAE/d3xMZCZUahb7uDAkM1HxtYv5X66YQXLgZj5IUWERni4JUYIjxJBLc45JRECMNhEqu/4rpgEhCQQdX0iHY8ycvQuusateql7e1cv0qj6OIDtARqiAbnaM6ukEN1EQUPaJn9IrejCfjxXg3PmatBSOf2Ud/ZHz+AEAdlyM=</latexit>

�(✓>x+ ✓0)

<latexit sha1_base64="n+YCaP2GrKgrYGRYCwm10+uAM1Q=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoCCWRgrorunFZwT6giWEynbRDJw9mbsQSunbjr7hxoYhbv8Cdf+O0zUKrBy6cOede5t7jJ4IrsKwvo7CwuLS8Ulwtra1vbG6Z2zstFaeSsiaNRSw7PlFM8Ig1gYNgnUQyEvqCtf3h5cRv3zGpeBzdwChhbkj6EQ84JaAlz9x3FO+HpOLAgAG5dSBO8D0+xrO3Zx1hzyxbVWsK/JfYOSmjHA3P/HR6MU1DFgEVRKmubSXgZkQCp4KNS06qWELokPRZV9OIhEy52fSUMT7USg8HsdQVAZ6qPycyEio1Cn3dGRIYqHlvIv7ndVMIztyMR0kKLKKzj4JUYIjxJBfc45JRECNNCJVc74rpgEhCQadX0iHY8yf/Ja2Tql2rnl/XyvWLPI4i2kMHqIJsdIrq6Ao1UBNR9ICe0At6NR6NZ+PNeJ+1Fox8Zhf9gvHxDVIHmWI=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

1 feature:

2 features:

=
1

1 + exp {�(✓x+ ✓0)}

<latexit sha1_base64="93La7oDajAXXaPlFLEabTpR3rsQ="></latexit>
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x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

g(x)

<latexit sha1_base64="1r6TrLYppDGmuCjDEgK2hudSOh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFNRb0YvHCvYD2qVk02wbmmSXJCuWpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33mkSrNIPphpTH2BR5KFjGCTSaPq0/mgXHFr7hxolXg5qUCO5qD81R9GJBFUGsKx1j3PjY2fYmUY4XRW6ieaxphM8Ij2LJVYUO2n81tn6MwqQxRGypY0aK7+nkix0HoqAtspsBnrZS8T//N6iQmv/JTJODFUksWiMOHIRCh7HA2ZosTwqSWYKGZvRWSMFSbGxlOyIXjLL6+S9kXNq9eu7+uVxk0eRxFO4BSq4MElNOAOmtACAmN4hld4c4Tz4rw7H4vWgpPPHMMfOJ8/ccaN3g==</latexit>

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

=
1

1 + exp {�(✓>x+ ✓0)}

<latexit sha1_base64="j8rNYF/ZPeY47vygcK35HtHN5to="></latexit>

Capturing uncertainty
�(✓x+ ✓0)

<latexit sha1_base64="dd5L3GQFSNnffL1LXJA9lmhl4Ao=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFqAglkYK6K7pxWcFeoAlhMp20QycXZk7EErpx46u4caGIW9/BnW/jtM1CW38Y+PjPOZw5v58IrsCyvo3C0vLK6lpxvbSxubW9Y+7utVScSsqaNBax7PhEMcEj1gQOgnUSyUjoC9b2h9eTevueScXj6A5GCXND0o94wCkBbXnmoaN4PyQVBwYMCH7Ap3iGnnWCPbNsVa2p8CLYOZRRroZnfjm9mKYhi4AKolTXthJwMyKBU8HGJSdVLCF0SPqsqzEiIVNuNr1ijI+108NBLPWLAE/d3xMZCZUahb7uDAkM1HxtYv5X66YQXLgZj5IUWERni4JUYIjxJBLc45JRECMNhEqu/4rpgEhCQQdX0iHY8ycvQuusateql7e1cv0qj6OIDtARqiAbnaM6ukEN1EQUPaJn9IrejCfjxXg3PmatBSOf2Ud/ZHz+AEAdlyM=</latexit>

�(✓>x+ ✓0)

<latexit sha1_base64="n+YCaP2GrKgrYGRYCwm10+uAM1Q=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoCCWRgrorunFZwT6giWEynbRDJw9mbsQSunbjr7hxoYhbv8Cdf+O0zUKrBy6cOede5t7jJ4IrsKwvo7CwuLS8Ulwtra1vbG6Z2zstFaeSsiaNRSw7PlFM8Ig1gYNgnUQyEvqCtf3h5cRv3zGpeBzdwChhbkj6EQ84JaAlz9x3FO+HpOLAgAG5dSBO8D0+xrO3Zx1hzyxbVWsK/JfYOSmjHA3P/HR6MU1DFgEVRKmubSXgZkQCp4KNS06qWELokPRZV9OIhEy52fSUMT7USg8HsdQVAZ6qPycyEio1Cn3dGRIYqHlvIv7ndVMIztyMR0kKLKKzj4JUYIjxJBfc45JRECNNCJVc74rpgEhCQadX0iHY8yf/Ja2Tql2rnl/XyvWLPI4i2kMHqIJsdIrq6Ao1UBNR9ICe0At6NR6NZ+PNeJ+1Fox8Zhf9gvHxDVIHmWI=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

g(x) =

<latexit sha1_base64="3ikQK/LEi8K8wlXZ2a+dBYvyBxA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFNSDUPTisYL9gHYp2TTbxmaTJcmKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqZ+q1HqjST4t6MY+pHeCBYyAg2VmoOyk+n6KpXLLkVdwa0TLyMlCBDvVf86vYlSSIqDOFY647nxsZPsTKMcDopdBNNY0xGeEA7lgocUe2ns2sn6MQqfRRKZUsYNFN/T6Q40nocBbYzwmaoF72p+J/XSUx44adMxImhgswXhQlHRqLp66jPFCWGjy3BRDF7KyJDrDAxNqCCDcFbfHmZNM8qXrVyeVct1a6zOPJwBMdQBg/OoQa3UIcGEHiAZ3iFN0c6L8678zFvzTnZzCH8gfP5A0sfjk8=</latexit>

1 feature:

2 features:

=
1

1 + exp {�(✓x+ ✓0)}

<latexit sha1_base64="93La7oDajAXXaPlFLEabTpR3rsQ="></latexit>
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6

Linear logistic classification
• How do we learn a classifier (i.e. learn        )?✓, ✓0

<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>
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Linear logistic classification
• How do we learn a classifier (i.e. learn        )? 
• How do we make predictions?

• Idea: predict +1 if:
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<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>
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Linear logistic classification
• How do we learn a classifier (i.e. learn        )? 
• How do we make predictions?

• Idea: predict +1 if: probability > 0.5

✓, ✓0

<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>

aka logistic 

regression
W

in
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sp
ee

d 
(k

ph
)

x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>
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Linear logistic classification
• How do we learn a classifier (i.e. learn        )? 
• How do we make predictions?

• Idea: predict +1 if: probability > 0.5
�(✓>x+ ✓0) > 0.5

<latexit sha1_base64="QkKGufzfRwf5P8MW2ptNGobaIX4=">AAACD3icbVDLSgMxFM3UV62vUZdugkWpCGVGKupGim5cVrAP6NSSSdM2NDMZkjtiGfoHbvwVNy4UcevWnX9j2s5CqwcunJxzL7n3+JHgGhzny8rMzS8sLmWXcyura+sb9uZWTctYUValUkjV8IlmgoesChwEa0SKkcAXrO4PLsd+/Y4pzWV4A8OItQLSC3mXUwJGatv7nua9gBQ86DMgtx7ICN/jQzx9t50DfI6d4nHbzjtFZwL8l7gpyaMUlbb96XUkjQMWAhVE66brRNBKiAJOBRvlvFiziNAB6bGmoSEJmG4lk3tGeM8oHdyVylQIeKL+nEhIoPUw8E1nQKCvZ72x+J/XjKF72kp4GMXAQjr9qBsLDBKPw8EdrhgFMTSEUMXNrpj2iSIUTIQ5E4I7e/JfUjsquqXi2XUpX75I48iiHbSLCshFJ6iMrlAFVRFFD+gJvaBX69F6tt6s92lrxkpnttEvWB/ftJeahQ==</latexit>

✓, ✓0

<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>

aka logistic 

regression
W

in
d 

sp
ee

d 
(k

ph
)

x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>



Temperature (C)

++–
–

–

+

–
––

–
–

–

+
+

–

+
+

–

+

–

+

–

–

+

––

++
+

++

+
+

+

+
+++
+

++ +
++

++
++
+

+
+

++

++
+

–
––

––

––

––
––

–––

– +
+

+
+

+

–
6

Linear logistic classification
• How do we learn a classifier (i.e. learn        )? 
• How do we make predictions?

• Idea: predict +1 if: probability > 0.5
�(✓>x+ ✓0) > 0.5

<latexit sha1_base64="QkKGufzfRwf5P8MW2ptNGobaIX4=">AAACD3icbVDLSgMxFM3UV62vUZdugkWpCGVGKupGim5cVrAP6NSSSdM2NDMZkjtiGfoHbvwVNy4UcevWnX9j2s5CqwcunJxzL7n3+JHgGhzny8rMzS8sLmWXcyura+sb9uZWTctYUValUkjV8IlmgoesChwEa0SKkcAXrO4PLsd+/Y4pzWV4A8OItQLSC3mXUwJGatv7nua9gBQ86DMgtx7ICN/jQzx9t50DfI6d4nHbzjtFZwL8l7gpyaMUlbb96XUkjQMWAhVE66brRNBKiAJOBRvlvFiziNAB6bGmoSEJmG4lk3tGeM8oHdyVylQIeKL+nEhIoPUw8E1nQKCvZ72x+J/XjKF72kp4GMXAQjr9qBsLDBKPw8EdrhgFMTSEUMXNrpj2iSIUTIQ5E4I7e/JfUjsquqXi2XUpX75I48iiHbSLCshFJ6iMrlAFVRFFD+gJvaBX69F6tt6s92lrxkpnttEvWB/ftJeahQ==</latexit>

1

1 + exp {�(✓>x+ ✓0)}
> 0.5

<latexit sha1_base64="/+M59nZcgt6c1xzbqHej2adGY0k="></latexit>

✓, ✓0

<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>

aka logistic 

regression
W

in
d 

sp
ee

d 
(k

ph
)

x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>
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Linear logistic classification
• How do we learn a classifier (i.e. learn        )? 
• How do we make predictions?

• Idea: predict +1 if: probability > 0.5
�(✓>x+ ✓0) > 0.5

<latexit sha1_base64="QkKGufzfRwf5P8MW2ptNGobaIX4=">AAACD3icbVDLSgMxFM3UV62vUZdugkWpCGVGKupGim5cVrAP6NSSSdM2NDMZkjtiGfoHbvwVNy4UcevWnX9j2s5CqwcunJxzL7n3+JHgGhzny8rMzS8sLmWXcyura+sb9uZWTctYUValUkjV8IlmgoesChwEa0SKkcAXrO4PLsd+/Y4pzWV4A8OItQLSC3mXUwJGatv7nua9gBQ86DMgtx7ICN/jQzx9t50DfI6d4nHbzjtFZwL8l7gpyaMUlbb96XUkjQMWAhVE66brRNBKiAJOBRvlvFiziNAB6bGmoSEJmG4lk3tGeM8oHdyVylQIeKL+nEhIoPUw8E1nQKCvZ72x+J/XjKF72kp4GMXAQjr9qBsLDBKPw8EdrhgFMTSEUMXNrpj2iSIUTIQ5E4I7e/JfUjsquqXi2XUpX75I48iiHbSLCshFJ6iMrlAFVRFFD+gJvaBX69F6tt6s92lrxkpnttEvWB/ftJeahQ==</latexit>

1

1 + exp {�(✓>x+ ✓0)}
> 0.5

<latexit sha1_base64="/+M59nZcgt6c1xzbqHej2adGY0k="></latexit>

exp
�
�(✓>x+ ✓0)

 
< 1

<latexit sha1_base64="t2yn1cis621T0vNekKdGguEpAWA=">AAACHnicbVDLSgNBEJyN7/iKevQyGARFDLsSUcGD6MWjglEhE8PspDcZMvtgplcSlnyJF3/FiwdFBE/6N04eBzUWNNRUdTPd5SdKGnTdLyc3MTk1PTM7l59fWFxaLqysXps41QIqIlaxvvW5ASUjqKBEBbeJBh76Cm789lnfv7kHbWQcXWE3gVrIm5EMpOBopXphn0EnYQoCZBndpVsMW4D8jmGc0A7docN33d2mTMtmC1mPHlOvXii6JXcAOk68ESmSES7qhQ/WiEUaQoRCcWOqnptgLeMapVDQy7PUQMJFmzehamnEQzC1bHBej25apUGDWNuKkA7UnxMZD43phr7tDDm2zF+vL/7nVVMMDmuZjJIUIRLDj4JUUYxpPyvakBoEqq4lXGhpd6WixTUXaBPN2xC8vyePk+u9klcuHV2WiyenozhmyTrZIFvEIwfkhJyTC1IhgjyQJ/JCXp1H59l5c96HrTlnNLNGfsH5/AZFGqCx</latexit>

✓, ✓0

<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>

aka logistic 

regression
W

in
d 

sp
ee

d 
(k

ph
)

x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>
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6

Linear logistic classification
• How do we learn a classifier (i.e. learn        )? 
• How do we make predictions?

• Idea: predict +1 if: probability > 0.5
�(✓>x+ ✓0) > 0.5

<latexit sha1_base64="QkKGufzfRwf5P8MW2ptNGobaIX4=">AAACD3icbVDLSgMxFM3UV62vUZdugkWpCGVGKupGim5cVrAP6NSSSdM2NDMZkjtiGfoHbvwVNy4UcevWnX9j2s5CqwcunJxzL7n3+JHgGhzny8rMzS8sLmWXcyura+sb9uZWTctYUValUkjV8IlmgoesChwEa0SKkcAXrO4PLsd+/Y4pzWV4A8OItQLSC3mXUwJGatv7nua9gBQ86DMgtx7ICN/jQzx9t50DfI6d4nHbzjtFZwL8l7gpyaMUlbb96XUkjQMWAhVE66brRNBKiAJOBRvlvFiziNAB6bGmoSEJmG4lk3tGeM8oHdyVylQIeKL+nEhIoPUw8E1nQKCvZ72x+J/XjKF72kp4GMXAQjr9qBsLDBKPw8EdrhgFMTSEUMXNrpj2iSIUTIQ5E4I7e/JfUjsquqXi2XUpX75I48iiHbSLCshFJ6iMrlAFVRFFD+gJvaBX69F6tt6s92lrxkpnttEvWB/ftJeahQ==</latexit>

1

1 + exp {�(✓>x+ ✓0)}
> 0.5

<latexit sha1_base64="/+M59nZcgt6c1xzbqHej2adGY0k="></latexit>

exp
�
�(✓>x+ ✓0)

 
< 1

<latexit sha1_base64="t2yn1cis621T0vNekKdGguEpAWA=">AAACHnicbVDLSgNBEJyN7/iKevQyGARFDLsSUcGD6MWjglEhE8PspDcZMvtgplcSlnyJF3/FiwdFBE/6N04eBzUWNNRUdTPd5SdKGnTdLyc3MTk1PTM7l59fWFxaLqysXps41QIqIlaxvvW5ASUjqKBEBbeJBh76Cm789lnfv7kHbWQcXWE3gVrIm5EMpOBopXphn0EnYQoCZBndpVsMW4D8jmGc0A7docN33d2mTMtmC1mPHlOvXii6JXcAOk68ESmSES7qhQ/WiEUaQoRCcWOqnptgLeMapVDQy7PUQMJFmzehamnEQzC1bHBej25apUGDWNuKkA7UnxMZD43phr7tDDm2zF+vL/7nVVMMDmuZjJIUIRLDj4JUUYxpPyvakBoEqq4lXGhpd6WixTUXaBPN2xC8vyePk+u9klcuHV2WiyenozhmyTrZIFvEIwfkhJyTC1IhgjyQJ/JCXp1H59l5c96HrTlnNLNGfsH5/AZFGqCx</latexit>

✓>x+ ✓0 > 0

<latexit sha1_base64="oT49asFANQ5TctrsHC+Lu7Z8Prc=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBZBEEoiBXUjRTcuK9gHNDFMppN26OTBzI1YQjdu/BU3LhRx6z+482+ctllo64ELZ865l7n3+IngCizr2ygsLC4trxRXS2vrG5tb5vZOU8WppKxBYxHLtk8UEzxiDeAgWDuRjIS+YC1/cDX2W/dMKh5HtzBMmBuSXsQDTgloyTP3HegzIHcOxAl+wMd4+vYsfIEtzyxbFWsCPE/snJRRjrpnfjndmKYhi4AKolTHthJwMyKBU8FGJSdVLCF0QHqso2lEQqbcbHLFCB9qpYuDWOqKAE/U3xMZCZUahr7uDAn01aw3Fv/zOikEZ27GoyQFFtHpR0EqMMR4HAnucskoiKEmhEqud8W0TyShoIMr6RDs2ZPnSfOkYlcr5zfVcu0yj6OI9tABOkI2OkU1dI3qqIEoekTP6BW9GU/Gi/FufExbC0Y+s4v+wPj8AQ0WlwA=</latexit>

✓, ✓0

<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>

aka logistic 

regression
W

in
d 

sp
ee

d 
(k

ph
)

x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>
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6

Linear logistic classification
• How do we learn a classifier (i.e. learn        )? 
• How do we make predictions?

• Idea: predict +1 if: probability > 0.5
�(✓>x+ ✓0) > 0.5

<latexit sha1_base64="QkKGufzfRwf5P8MW2ptNGobaIX4=">AAACD3icbVDLSgMxFM3UV62vUZdugkWpCGVGKupGim5cVrAP6NSSSdM2NDMZkjtiGfoHbvwVNy4UcevWnX9j2s5CqwcunJxzL7n3+JHgGhzny8rMzS8sLmWXcyura+sb9uZWTctYUValUkjV8IlmgoesChwEa0SKkcAXrO4PLsd+/Y4pzWV4A8OItQLSC3mXUwJGatv7nua9gBQ86DMgtx7ICN/jQzx9t50DfI6d4nHbzjtFZwL8l7gpyaMUlbb96XUkjQMWAhVE66brRNBKiAJOBRvlvFiziNAB6bGmoSEJmG4lk3tGeM8oHdyVylQIeKL+nEhIoPUw8E1nQKCvZ72x+J/XjKF72kp4GMXAQjr9qBsLDBKPw8EdrhgFMTSEUMXNrpj2iSIUTIQ5E4I7e/JfUjsquqXi2XUpX75I48iiHbSLCshFJ6iMrlAFVRFFD+gJvaBX69F6tt6s92lrxkpnttEvWB/ftJeahQ==</latexit>

1

1 + exp {�(✓>x+ ✓0)}
> 0.5

<latexit sha1_base64="/+M59nZcgt6c1xzbqHej2adGY0k="></latexit>

exp
�
�(✓>x+ ✓0)

 
< 1

<latexit sha1_base64="t2yn1cis621T0vNekKdGguEpAWA=">AAACHnicbVDLSgNBEJyN7/iKevQyGARFDLsSUcGD6MWjglEhE8PspDcZMvtgplcSlnyJF3/FiwdFBE/6N04eBzUWNNRUdTPd5SdKGnTdLyc3MTk1PTM7l59fWFxaLqysXps41QIqIlaxvvW5ASUjqKBEBbeJBh76Cm789lnfv7kHbWQcXWE3gVrIm5EMpOBopXphn0EnYQoCZBndpVsMW4D8jmGc0A7docN33d2mTMtmC1mPHlOvXii6JXcAOk68ESmSES7qhQ/WiEUaQoRCcWOqnptgLeMapVDQy7PUQMJFmzehamnEQzC1bHBej25apUGDWNuKkA7UnxMZD43phr7tDDm2zF+vL/7nVVMMDmuZjJIUIRLDj4JUUYxpPyvakBoEqq4lXGhpd6WixTUXaBPN2xC8vyePk+u9klcuHV2WiyenozhmyTrZIFvEIwfkhJyTC1IhgjyQJ/JCXp1H59l5c96HrTlnNLNGfsH5/AZFGqCx</latexit>

✓>x+ ✓0 > 0

<latexit sha1_base64="oT49asFANQ5TctrsHC+Lu7Z8Prc=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBZBEEoiBXUjRTcuK9gHNDFMppN26OTBzI1YQjdu/BU3LhRx6z+482+ctllo64ELZ865l7n3+IngCizr2ygsLC4trxRXS2vrG5tb5vZOU8WppKxBYxHLtk8UEzxiDeAgWDuRjIS+YC1/cDX2W/dMKh5HtzBMmBuSXsQDTgloyTP3HegzIHcOxAl+wMd4+vYsfIEtzyxbFWsCPE/snJRRjrpnfjndmKYhi4AKolTHthJwMyKBU8FGJSdVLCF0QHqso2lEQqbcbHLFCB9qpYuDWOqKAE/U3xMZCZUahr7uDAn01aw3Fv/zOikEZ27GoyQFFtHpR0EqMMR4HAnucskoiKEmhEqud8W0TyShoIMr6RDs2ZPnSfOkYlcr5zfVcu0yj6OI9tABOkI2OkU1dI3qqIEoekTP6BW9GU/Gi/FufExbC0Y+s4v+wPj8AQ0WlwA=</latexit>

• Same hypothesis class as 
before!

✓, ✓0

<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>

aka logistic 

regression
W

in
d 

sp
ee

d 
(k

ph
)

x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>
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6

Linear logistic classification
• How do we learn a classifier (i.e. learn        )? 
• How do we make predictions?

• Idea: predict +1 if: probability > 0.5
�(✓>x+ ✓0) > 0.5

<latexit sha1_base64="QkKGufzfRwf5P8MW2ptNGobaIX4=">AAACD3icbVDLSgMxFM3UV62vUZdugkWpCGVGKupGim5cVrAP6NSSSdM2NDMZkjtiGfoHbvwVNy4UcevWnX9j2s5CqwcunJxzL7n3+JHgGhzny8rMzS8sLmWXcyura+sb9uZWTctYUValUkjV8IlmgoesChwEa0SKkcAXrO4PLsd+/Y4pzWV4A8OItQLSC3mXUwJGatv7nua9gBQ86DMgtx7ICN/jQzx9t50DfI6d4nHbzjtFZwL8l7gpyaMUlbb96XUkjQMWAhVE66brRNBKiAJOBRvlvFiziNAB6bGmoSEJmG4lk3tGeM8oHdyVylQIeKL+nEhIoPUw8E1nQKCvZ72x+J/XjKF72kp4GMXAQjr9qBsLDBKPw8EdrhgFMTSEUMXNrpj2iSIUTIQ5E4I7e/JfUjsquqXi2XUpX75I48iiHbSLCshFJ6iMrlAFVRFFD+gJvaBX69F6tt6s92lrxkpnttEvWB/ftJeahQ==</latexit>

1

1 + exp {�(✓>x+ ✓0)}
> 0.5

<latexit sha1_base64="/+M59nZcgt6c1xzbqHej2adGY0k="></latexit>

exp
�
�(✓>x+ ✓0)

 
< 1

<latexit sha1_base64="t2yn1cis621T0vNekKdGguEpAWA=">AAACHnicbVDLSgNBEJyN7/iKevQyGARFDLsSUcGD6MWjglEhE8PspDcZMvtgplcSlnyJF3/FiwdFBE/6N04eBzUWNNRUdTPd5SdKGnTdLyc3MTk1PTM7l59fWFxaLqysXps41QIqIlaxvvW5ASUjqKBEBbeJBh76Cm789lnfv7kHbWQcXWE3gVrIm5EMpOBopXphn0EnYQoCZBndpVsMW4D8jmGc0A7docN33d2mTMtmC1mPHlOvXii6JXcAOk68ESmSES7qhQ/WiEUaQoRCcWOqnptgLeMapVDQy7PUQMJFmzehamnEQzC1bHBej25apUGDWNuKkA7UnxMZD43phr7tDDm2zF+vL/7nVVMMDmuZjJIUIRLDj4JUUYxpPyvakBoEqq4lXGhpd6WixTUXaBPN2xC8vyePk+u9klcuHV2WiyenozhmyTrZIFvEIwfkhJyTC1IhgjyQJ/JCXp1H59l5c96HrTlnNLNGfsH5/AZFGqCx</latexit>

✓>x+ ✓0 > 0

<latexit sha1_base64="oT49asFANQ5TctrsHC+Lu7Z8Prc=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBZBEEoiBXUjRTcuK9gHNDFMppN26OTBzI1YQjdu/BU3LhRx6z+482+ctllo64ELZ865l7n3+IngCizr2ygsLC4trxRXS2vrG5tb5vZOU8WppKxBYxHLtk8UEzxiDeAgWDuRjIS+YC1/cDX2W/dMKh5HtzBMmBuSXsQDTgloyTP3HegzIHcOxAl+wMd4+vYsfIEtzyxbFWsCPE/snJRRjrpnfjndmKYhi4AKolTHthJwMyKBU8FGJSdVLCF0QHqso2lEQqbcbHLFCB9qpYuDWOqKAE/U3xMZCZUahr7uDAn01aw3Fv/zOikEZ27GoyQFFtHpR0EqMMR4HAnucskoiKEmhEqud8W0TyShoIMr6RDs2ZPnSfOkYlcr5zfVcu0yj6OI9tABOkI2OkU1dI3qqIEoekTP6BW9GU/Gi/FufExbC0Y+s4v+wPj8AQ0WlwA=</latexit>

• Same hypothesis class as 
before! But we will get:

✓, ✓0

<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>

aka logistic 

regression
W

in
d 

sp
ee

d 
(k

ph
)

x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>
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6

Linear logistic classification
• How do we learn a classifier (i.e. learn        )? 
• How do we make predictions?

• Idea: predict +1 if: probability > 0.5
�(✓>x+ ✓0) > 0.5

<latexit sha1_base64="QkKGufzfRwf5P8MW2ptNGobaIX4=">AAACD3icbVDLSgMxFM3UV62vUZdugkWpCGVGKupGim5cVrAP6NSSSdM2NDMZkjtiGfoHbvwVNy4UcevWnX9j2s5CqwcunJxzL7n3+JHgGhzny8rMzS8sLmWXcyura+sb9uZWTctYUValUkjV8IlmgoesChwEa0SKkcAXrO4PLsd+/Y4pzWV4A8OItQLSC3mXUwJGatv7nua9gBQ86DMgtx7ICN/jQzx9t50DfI6d4nHbzjtFZwL8l7gpyaMUlbb96XUkjQMWAhVE66brRNBKiAJOBRvlvFiziNAB6bGmoSEJmG4lk3tGeM8oHdyVylQIeKL+nEhIoPUw8E1nQKCvZ72x+J/XjKF72kp4GMXAQjr9qBsLDBKPw8EdrhgFMTSEUMXNrpj2iSIUTIQ5E4I7e/JfUjsquqXi2XUpX75I48iiHbSLCshFJ6iMrlAFVRFFD+gJvaBX69F6tt6s92lrxkpnttEvWB/ftJeahQ==</latexit>

1

1 + exp {�(✓>x+ ✓0)}
> 0.5

<latexit sha1_base64="/+M59nZcgt6c1xzbqHej2adGY0k="></latexit>

exp
�
�(✓>x+ ✓0)

 
< 1

<latexit sha1_base64="t2yn1cis621T0vNekKdGguEpAWA=">AAACHnicbVDLSgNBEJyN7/iKevQyGARFDLsSUcGD6MWjglEhE8PspDcZMvtgplcSlnyJF3/FiwdFBE/6N04eBzUWNNRUdTPd5SdKGnTdLyc3MTk1PTM7l59fWFxaLqysXps41QIqIlaxvvW5ASUjqKBEBbeJBh76Cm789lnfv7kHbWQcXWE3gVrIm5EMpOBopXphn0EnYQoCZBndpVsMW4D8jmGc0A7docN33d2mTMtmC1mPHlOvXii6JXcAOk68ESmSES7qhQ/WiEUaQoRCcWOqnptgLeMapVDQy7PUQMJFmzehamnEQzC1bHBej25apUGDWNuKkA7UnxMZD43phr7tDDm2zF+vL/7nVVMMDmuZjJIUIRLDj4JUUYxpPyvakBoEqq4lXGhpd6WixTUXaBPN2xC8vyePk+u9klcuHV2WiyenozhmyTrZIFvEIwfkhJyTC1IhgjyQJ/JCXp1H59l5c96HrTlnNLNGfsH5/AZFGqCx</latexit>

✓>x+ ✓0 > 0

<latexit sha1_base64="oT49asFANQ5TctrsHC+Lu7Z8Prc=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBZBEEoiBXUjRTcuK9gHNDFMppN26OTBzI1YQjdu/BU3LhRx6z+482+ctllo64ELZ865l7n3+IngCizr2ygsLC4trxRXS2vrG5tb5vZOU8WppKxBYxHLtk8UEzxiDeAgWDuRjIS+YC1/cDX2W/dMKh5HtzBMmBuSXsQDTgloyTP3HegzIHcOxAl+wMd4+vYsfIEtzyxbFWsCPE/snJRRjrpnfjndmKYhi4AKolTHthJwMyKBU8FGJSdVLCF0QHqso2lEQqbcbHLFCB9qpYuDWOqKAE/U3xMZCZUahr7uDAn01aw3Fv/zOikEZ27GoyQFFtHpR0EqMMR4HAnucskoiKEmhEqud8W0TyShoIMr6RDs2ZPnSfOkYlcr5zfVcu0yj6OI9tABOkI2OkU1dI3qqIEoekTP6BW9GU/Gi/FufExbC0Y+s4v+wPj8AQ0WlwA=</latexit>

• Same hypothesis class as 
before! But we will get: 
• Uncertainties

✓, ✓0

<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>

aka logistic 

regression
W

in
d 

sp
ee

d 
(k

ph
)

x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>
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6

Linear logistic classification
• How do we learn a classifier (i.e. learn        )? 
• How do we make predictions?

• Idea: predict +1 if: probability > 0.5
�(✓>x+ ✓0) > 0.5

<latexit sha1_base64="QkKGufzfRwf5P8MW2ptNGobaIX4=">AAACD3icbVDLSgMxFM3UV62vUZdugkWpCGVGKupGim5cVrAP6NSSSdM2NDMZkjtiGfoHbvwVNy4UcevWnX9j2s5CqwcunJxzL7n3+JHgGhzny8rMzS8sLmWXcyura+sb9uZWTctYUValUkjV8IlmgoesChwEa0SKkcAXrO4PLsd+/Y4pzWV4A8OItQLSC3mXUwJGatv7nua9gBQ86DMgtx7ICN/jQzx9t50DfI6d4nHbzjtFZwL8l7gpyaMUlbb96XUkjQMWAhVE66brRNBKiAJOBRvlvFiziNAB6bGmoSEJmG4lk3tGeM8oHdyVylQIeKL+nEhIoPUw8E1nQKCvZ72x+J/XjKF72kp4GMXAQjr9qBsLDBKPw8EdrhgFMTSEUMXNrpj2iSIUTIQ5E4I7e/JfUjsquqXi2XUpX75I48iiHbSLCshFJ6iMrlAFVRFFD+gJvaBX69F6tt6s92lrxkpnttEvWB/ftJeahQ==</latexit>

1

1 + exp {�(✓>x+ ✓0)}
> 0.5

<latexit sha1_base64="/+M59nZcgt6c1xzbqHej2adGY0k="></latexit>

exp
�
�(✓>x+ ✓0)

 
< 1

<latexit sha1_base64="t2yn1cis621T0vNekKdGguEpAWA=">AAACHnicbVDLSgNBEJyN7/iKevQyGARFDLsSUcGD6MWjglEhE8PspDcZMvtgplcSlnyJF3/FiwdFBE/6N04eBzUWNNRUdTPd5SdKGnTdLyc3MTk1PTM7l59fWFxaLqysXps41QIqIlaxvvW5ASUjqKBEBbeJBh76Cm789lnfv7kHbWQcXWE3gVrIm5EMpOBopXphn0EnYQoCZBndpVsMW4D8jmGc0A7docN33d2mTMtmC1mPHlOvXii6JXcAOk68ESmSES7qhQ/WiEUaQoRCcWOqnptgLeMapVDQy7PUQMJFmzehamnEQzC1bHBej25apUGDWNuKkA7UnxMZD43phr7tDDm2zF+vL/7nVVMMDmuZjJIUIRLDj4JUUYxpPyvakBoEqq4lXGhpd6WixTUXaBPN2xC8vyePk+u9klcuHV2WiyenozhmyTrZIFvEIwfkhJyTC1IhgjyQJ/JCXp1H59l5c96HrTlnNLNGfsH5/AZFGqCx</latexit>

✓>x+ ✓0 > 0

<latexit sha1_base64="oT49asFANQ5TctrsHC+Lu7Z8Prc=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBZBEEoiBXUjRTcuK9gHNDFMppN26OTBzI1YQjdu/BU3LhRx6z+482+ctllo64ELZ865l7n3+IngCizr2ygsLC4trxRXS2vrG5tb5vZOU8WppKxBYxHLtk8UEzxiDeAgWDuRjIS+YC1/cDX2W/dMKh5HtzBMmBuSXsQDTgloyTP3HegzIHcOxAl+wMd4+vYsfIEtzyxbFWsCPE/snJRRjrpnfjndmKYhi4AKolTHthJwMyKBU8FGJSdVLCF0QHqso2lEQqbcbHLFCB9qpYuDWOqKAE/U3xMZCZUahr7uDAn01aw3Fv/zOikEZ27GoyQFFtHpR0EqMMR4HAnucskoiKEmhEqud8W0TyShoIMr6RDs2ZPnSfOkYlcr5zfVcu0yj6OI9tABOkI2OkU1dI3qqIEoekTP6BW9GU/Gi/FufExbC0Y+s4v+wPj8AQ0WlwA=</latexit>

• Same hypothesis class as 
before! But we will get: 
• Uncertainties 
• Quality guarantees when 

data not linearly separable

✓, ✓0

<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>

aka logistic 

regression
W

in
d 

sp
ee

d 
(k

ph
)

x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>
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Linear logistic classification
• How do we learn a classifier (i.e. learn        )?✓, ✓0

<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>

aka logistic 

regression
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Linear logistic classification
• How do we learn a classifier (i.e. learn        )?✓, ✓0

<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>
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aka logistic 

regression



7

Linear logistic classification
• How do we learn a classifier (i.e. learn        )?✓, ✓0

<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>

–

+
Temperature (C)

0

1

0.5

Temperature (C)

+ + +

– – –

+

–

++

– – –

aka logistic 

regression
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Linear logistic classification
• How do we learn a classifier (i.e. learn        )?✓, ✓0

<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>

–

+
Temperature (C)

0
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0.5

Temperature (C)

+ + +

– – –

+

–

++

– – –

aka logistic 

regression
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Linear logistic classification
• How do we learn a classifier (i.e. learn        )?✓, ✓0

<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>

–

+
Temperature (C)

0
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0.5

Temperature (C)

+ + +

– – –

+

–

++

– – –

aka logistic 

regression
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Linear logistic classification
• How do we learn a classifier (i.e. learn        )?✓, ✓0

<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>

–

+
Temperature (C)

0

1

0.5

Temperature (C)

+ + +

– – –

+

–

++

– – –

aka logistic 

regression



7

Linear logistic classification
• How do we learn a classifier (i.e. learn        )?✓, ✓0

<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>
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+
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0.5
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+ + +

– – –

+

–

++

– – –

aka logistic 
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Linear logistic classification
• How do we learn a classifier (i.e. learn        )?✓, ✓0

<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>
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–

++

– – –
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Linear logistic classification
• How do we learn a classifier (i.e. learn        )?✓, ✓0

<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>

–

+
Temperature (C)
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0.5

Temperature (C)

+ + +

– – –

+

–

++

– – –

Probability(data)
=

nY

i=1

Probability(data point i)

<latexit sha1_base64="RGRK8uS1cgFBq5xOoyTfamDhWiI=">AAACJnicbVBNSwMxEM36bf2qevQSrEK9lF0R1ENB9OKxglWhrWU2m7bBbLIks2JZ9td48a948aCIePOnmNYKWn0w8Hhvhpl5YSKFRd9/9yYmp6ZnZufmCwuLS8srxdW1C6tTw3idaanNVQiWS6F4HQVKfpUYDnEo+WV4czLwL2+5sUKrc+wnvBVDV4mOYIBOaherVdpMjI7amagG+bWiTeR3aOKsZnQIoZAC+3n5W4wAgSZaKK RbYivfaRdLfsUfgv4lwYiUyAi1dvG5GWmWxlwhk2BtI/ATbGVgUDDJ80IztTwBdgNd3nBUQcxtKxu+mdNtp0S0o40rd8FQ/TmRQWxtPw5dZwzYs+PeQPzPa6TYOWhlQiUpcsW+FnVSSVHTQWY0EoYzlH1HgBnhbqWsBwYYumQLLoRg/OW/5GK3EuxVDs/2SkfHozjmyAbZJGUSkH1yRE5JjdQJI/fkkTyTF+/Be/Jevbev1glvNLNOfsH7+AT6XaYY</latexit>

aka logistic 

regression
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Linear logistic classification
• How do we learn a classifier (i.e. learn        )?✓, ✓0

<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>
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Temperature (C)
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1

0.5

Temperature (C)

+ + +

– – –

+

–

++

– – –

Probability(data)
=

nY

i=1

Probability(data point i)

<latexit sha1_base64="RGRK8uS1cgFBq5xOoyTfamDhWiI=">AAACJnicbVBNSwMxEM36bf2qevQSrEK9lF0R1ENB9OKxglWhrWU2m7bBbLIks2JZ9td48a948aCIePOnmNYKWn0w8Hhvhpl5YSKFRd9/9yYmp6ZnZufmCwuLS8srxdW1C6tTw3idaanNVQiWS6F4HQVKfpUYDnEo+WV4czLwL2+5sUKrc+wnvBVDV4mOYIBOaherVdpMjI7amagG+bWiTeR3aOKsZnQIoZAC+3n5W4wAgSZaKK RbYivfaRdLfsUfgv4lwYiUyAi1dvG5GWmWxlwhk2BtI/ATbGVgUDDJ80IztTwBdgNd3nBUQcxtKxu+mdNtp0S0o40rd8FQ/TmRQWxtPw5dZwzYs+PeQPzPa6TYOWhlQiUpcsW+FnVSSVHTQWY0EoYzlH1HgBnhbqWsBwYYumQLLoRg/OW/5GK3EuxVDs/2SkfHozjmyAbZJGUSkH1yRE5JjdQJI/fkkTyTF+/Be/Jevbev1glvNLNOfsH7+AT6XaYY</latexit>

aka logistic 

regression
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Linear logistic classification
• How do we learn a classifier (i.e. learn        )?✓, ✓0

<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>

–

+
Temperature (C)

0

1

0.5

Temperature (C)

+ + +

– – –

+

–

++

– – –

Probability(data)
=

nY

i=1

Probability(data point i)

<latexit sha1_base64="RGRK8uS1cgFBq5xOoyTfamDhWiI=">AAACJnicbVBNSwMxEM36bf2qevQSrEK9lF0R1ENB9OKxglWhrWU2m7bBbLIks2JZ9td48a948aCIePOnmNYKWn0w8Hhvhpl5YSKFRd9/9yYmp6ZnZufmCwuLS8srxdW1C6tTw3idaanNVQiWS6F4HQVKfpUYDnEo+WV4czLwL2+5sUKrc+wnvBVDV4mOYIBOaherVdpMjI7amagG+bWiTeR3aOKsZnQIoZAC+3n5W4wAgSZaKK RbYivfaRdLfsUfgv4lwYiUyAi1dvG5GWmWxlwhk2BtI/ATbGVgUDDJ80IztTwBdgNd3nBUQcxtKxu+mdNtp0S0o40rd8FQ/TmRQWxtPw5dZwzYs+PeQPzPa6TYOWhlQiUpcsW+FnVSSVHTQWY0EoYzlH1HgBnhbqWsBwYYumQLLoRg/OW/5GK3EuxVDs/2SkfHozjmyAbZJGUSkH1yRE5JjdQJI/fkkTyTF+/Be/Jevbev1glvNLNOfsH7+AT6XaYY</latexit>

g(i) = �(✓>x(i) + ✓0)

<latexit sha1_base64="qV7yygsH+1Fi4/Z8oUU1RQB/AU0=">AAACGXicbVDLSgNBEJz1GeNr1aOXwSAkCGFXAupBCHrxGME8ILtZZieTZMjsg5leMSz5DS/+ihcPinjUk3/jJNmDJhY0FFXddHf5seAKLOvbWFpeWV1bz23kN7e2d3bNvf2GihJJWZ1GIpItnygmeMjqwEGwViwZCXzBmv7weuI375lUPArvYBQzNyD9kPc4JaAlz7T6nbTIS2N8iR3F+wEpOjBgQDoORDF+yMwTPFM9q+SZBatsTYEXiZ2RAspQ88xPpxvRJGAhUEGUattWDG5KJHAq2DjvJIrFhA5Jn7U1DUnAlJtOPxvjY610cS+SukLAU/X3REoCpUaBrzsDAgM1703E/7x2Ar1zN+VhnAAL6WxRLxEYIjyJCXe5ZBTESBNCJde3YjogklDQYeZ1CPb8y4ukcVq2K+WL20qhepXFkUOH6AgVkY3OUBXdoBqqI4oe0TN6RW/Gk/FivBsfs9YlI5s5QH9gfP0ArGGe3A==</latexit>

[Let ]

aka logistic 

regression
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Linear logistic classification
• How do we learn a classifier (i.e. learn        )?✓, ✓0

<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>

–
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Temperature (C)

0
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Temperature (C)

+ + +

– – –

+

–

++

– – –

Probability(data)
=

nY

i=1

Probability(data point i)

<latexit sha1_base64="RGRK8uS1cgFBq5xOoyTfamDhWiI=">AAACJnicbVBNSwMxEM36bf2qevQSrEK9lF0R1ENB9OKxglWhrWU2m7bBbLIks2JZ9td48a948aCIePOnmNYKWn0w8Hhvhpl5YSKFRd9/9yYmp6ZnZufmCwuLS8srxdW1C6tTw3idaanNVQiWS6F4HQVKfpUYDnEo+WV4czLwL2+5sUKrc+wnvBVDV4mOYIBOaherVdpMjI7amagG+bWiTeR3aOKsZnQIoZAC+3n5W4wAgSZaKK RbYivfaRdLfsUfgv4lwYiUyAi1dvG5GWmWxlwhk2BtI/ATbGVgUDDJ80IztTwBdgNd3nBUQcxtKxu+mdNtp0S0o40rd8FQ/TmRQWxtPw5dZwzYs+PeQPzPa6TYOWhlQiUpcsW+FnVSSVHTQWY0EoYzlH1HgBnhbqWsBwYYumQLLoRg/OW/5GK3EuxVDs/2SkfHozjmyAbZJGUSkH1yRE5JjdQJI/fkkTyTF+/Be/Jevbev1glvNLNOfsH7+AT6XaYY</latexit>

=
nY

i=1

⇢
g(i) if y(i) = +1
(1� g(i)) else

<latexit sha1_base64="NkOy904K2EF6B1aZ/qwz0d1Ne4s=">AAACZ3icbVFda9RAFJ3Er7p+dLUigi9Xt8IWcUlKQX1YKPriYwW3Lexsl8nkJjt0MgkzN8UQ4o/0zXdf/BfObgNq64WBwznn3jtzJqm0chRFP4Lwxs1bt+9s3R3cu//g4fbw0eNjV9ZW4kyWurSniXColcEZKdJ4WlkURaLxJDn/uNZPLtA6VZov1FS4KERuVKakIE8th9+mwCtbpstWTePuzADXmBFvgSeYK9MKa0XTtbqD/K wdq70OOOFXskULKoPdpien8Dre9RqHcfymd+79saJ26FU0aT8QuFX5iibL4SiaRJuC6yDuwYj1dbQcfudpKesCDUktnJvHUUULP5WU1NgNeO2wEvJc5Dj30IgC3aLd5NTBK8+kkJXWH0OwYf/uaEXhXFMk3lkIWrmr2pr8nzavKXu3aJWpakIjLxdltQYqYR06pMqiJN14IKRV/q4gV8IKSf5rBj6E+OqTr4Pj/Ul8MHn/+WB0+KGPY4s9Zy/ZmMXsLTtkn9gRmzHJfgaDYCd4EvwKt8On4bNLaxj0PTvsnwpf/AYwobcF</latexit>

g(i) = �(✓>x(i) + ✓0)

<latexit sha1_base64="qV7yygsH+1Fi4/Z8oUU1RQB/AU0=">AAACGXicbVDLSgNBEJz1GeNr1aOXwSAkCGFXAupBCHrxGME8ILtZZieTZMjsg5leMSz5DS/+ihcPinjUk3/jJNmDJhY0FFXddHf5seAKLOvbWFpeWV1bz23kN7e2d3bNvf2GihJJWZ1GIpItnygmeMjqwEGwViwZCXzBmv7weuI375lUPArvYBQzNyD9kPc4JaAlz7T6nbTIS2N8iR3F+wEpOjBgQDoORDF+yMwTPFM9q+SZBatsTYEXiZ2RAspQ88xPpxvRJGAhUEGUattWDG5KJHAq2DjvJIrFhA5Jn7U1DUnAlJtOPxvjY610cS+SukLAU/X3REoCpUaBrzsDAgM1703E/7x2Ar1zN+VhnAAL6WxRLxEYIjyJCXe5ZBTESBNCJde3YjogklDQYeZ1CPb8y4ukcVq2K+WL20qhepXFkUOH6AgVkY3OUBXdoBqqI4oe0TN6RW/Gk/FivBsfs9YlI5s5QH9gfP0ArGGe3A==</latexit>

[Let ]

aka logistic 

regression
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Linear logistic classification
• How do we learn a classifier (i.e. learn        )?✓, ✓0

<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>
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Temperature (C)
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+ + +

– – –

+

–

++

– – –

Probability(data)
=

nY

i=1

Probability(data point i)

<latexit sha1_base64="RGRK8uS1cgFBq5xOoyTfamDhWiI=">AAACJnicbVBNSwMxEM36bf2qevQSrEK9lF0R1ENB9OKxglWhrWU2m7bBbLIks2JZ9td48a948aCIePOnmNYKWn0w8Hhvhpl5YSKFRd9/9yYmp6ZnZufmCwuLS8srxdW1C6tTw3idaanNVQiWS6F4HQVKfpUYDnEo+WV4czLwL2+5sUKrc+wnvBVDV4mOYIBOaherVdpMjI7amagG+bWiTeR3aOKsZnQIoZAC+3n5W4wAgSZaKK RbYivfaRdLfsUfgv4lwYiUyAi1dvG5GWmWxlwhk2BtI/ATbGVgUDDJ80IztTwBdgNd3nBUQcxtKxu+mdNtp0S0o40rd8FQ/TmRQWxtPw5dZwzYs+PeQPzPa6TYOWhlQiUpcsW+FnVSSVHTQWY0EoYzlH1HgBnhbqWsBwYYumQLLoRg/OW/5GK3EuxVDs/2SkfHozjmyAbZJGUSkH1yRE5JjdQJI/fkkTyTF+/Be/Jevbev1glvNLNOfsH7+AT6XaYY</latexit>

=
nY

i=1

⇢
g(i) if y(i) = +1
(1� g(i)) else

<latexit sha1_base64="NkOy904K2EF6B1aZ/qwz0d1Ne4s=">AAACZ3icbVFda9RAFJ3Er7p+dLUigi9Xt8IWcUlKQX1YKPriYwW3Lexsl8nkJjt0MgkzN8UQ4o/0zXdf/BfObgNq64WBwznn3jtzJqm0chRFP4Lwxs1bt+9s3R3cu//g4fbw0eNjV9ZW4kyWurSniXColcEZKdJ4WlkURaLxJDn/uNZPLtA6VZov1FS4KERuVKakIE8th9+mwCtbpstWTePuzADXmBFvgSeYK9MKa0XTtbqD/K wdq70OOOFXskULKoPdpien8Dre9RqHcfymd+79saJ26FU0aT8QuFX5iibL4SiaRJuC6yDuwYj1dbQcfudpKesCDUktnJvHUUULP5WU1NgNeO2wEvJc5Dj30IgC3aLd5NTBK8+kkJXWH0OwYf/uaEXhXFMk3lkIWrmr2pr8nzavKXu3aJWpakIjLxdltQYqYR06pMqiJN14IKRV/q4gV8IKSf5rBj6E+OqTr4Pj/Ul8MHn/+WB0+KGPY4s9Zy/ZmMXsLTtkn9gRmzHJfgaDYCd4EvwKt8On4bNLaxj0PTvsnwpf/AYwobcF</latexit>

g(i) = �(✓>x(i) + ✓0)

<latexit sha1_base64="qV7yygsH+1Fi4/Z8oUU1RQB/AU0=">AAACGXicbVDLSgNBEJz1GeNr1aOXwSAkCGFXAupBCHrxGME8ILtZZieTZMjsg5leMSz5DS/+ihcPinjUk3/jJNmDJhY0FFXddHf5seAKLOvbWFpeWV1bz23kN7e2d3bNvf2GihJJWZ1GIpItnygmeMjqwEGwViwZCXzBmv7weuI375lUPArvYBQzNyD9kPc4JaAlz7T6nbTIS2N8iR3F+wEpOjBgQDoORDF+yMwTPFM9q+SZBatsTYEXiZ2RAspQ88xPpxvRJGAhUEGUattWDG5KJHAq2DjvJIrFhA5Jn7U1DUnAlJtOPxvjY610cS+SukLAU/X3REoCpUaBrzsDAgM1703E/7x2Ar1zN+VhnAAL6WxRLxEYIjyJCXe5ZBTESBNCJde3YjogklDQYeZ1CPb8y4ukcVq2K+WL20qhepXFkUOH6AgVkY3OUBXdoBqqI4oe0TN6RW/Gk/FivBsfs9YlI5s5QH9gfP0ArGGe3A==</latexit>

[Let ]

aka logistic 

regression

=
nY

i=1

(g(i))1{y
(i)=+1}(1� g(i))1{y

(i) 6=+1}

<latexit sha1_base64="6m7B2O1DzfZ0ltsW7ZE5lT7KA/0="></latexit>
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Linear logistic classification
• How do we learn a classifier (i.e. learn        )?✓, ✓0

<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>
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Temperature (C)
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Temperature (C)

+ + +

– – –

+

–

++

– – –

Probability(data)
=

nY

i=1

Probability(data point i)

<latexit sha1_base64="RGRK8uS1cgFBq5xOoyTfamDhWiI=">AAACJnicbVBNSwMxEM36bf2qevQSrEK9lF0R1ENB9OKxglWhrWU2m7bBbLIks2JZ9td48a948aCIePOnmNYKWn0w8Hhvhpl5YSKFRd9/9yYmp6ZnZufmCwuLS8srxdW1C6tTw3idaanNVQiWS6F4HQVKfpUYDnEo+WV4czLwL2+5sUKrc+wnvBVDV4mOYIBOaherVdpMjI7amagG+bWiTeR3aOKsZnQIoZAC+3n5W4wAgSZaKK RbYivfaRdLfsUfgv4lwYiUyAi1dvG5GWmWxlwhk2BtI/ATbGVgUDDJ80IztTwBdgNd3nBUQcxtKxu+mdNtp0S0o40rd8FQ/TmRQWxtPw5dZwzYs+PeQPzPa6TYOWhlQiUpcsW+FnVSSVHTQWY0EoYzlH1HgBnhbqWsBwYYumQLLoRg/OW/5GK3EuxVDs/2SkfHozjmyAbZJGUSkH1yRE5JjdQJI/fkkTyTF+/Be/Jevbev1glvNLNOfsH7+AT6XaYY</latexit>

=
nY

i=1

⇢
g(i) if y(i) = +1
(1� g(i)) else

<latexit sha1_base64="NkOy904K2EF6B1aZ/qwz0d1Ne4s=">AAACZ3icbVFda9RAFJ3Er7p+dLUigi9Xt8IWcUlKQX1YKPriYwW3Lexsl8nkJjt0MgkzN8UQ4o/0zXdf/BfObgNq64WBwznn3jtzJqm0chRFP4Lwxs1bt+9s3R3cu//g4fbw0eNjV9ZW4kyWurSniXColcEZKdJ4WlkURaLxJDn/uNZPLtA6VZov1FS4KERuVKakIE8th9+mwCtbpstWTePuzADXmBFvgSeYK9MKa0XTtbqD/K wdq70OOOFXskULKoPdpien8Dre9RqHcfymd+79saJ26FU0aT8QuFX5iibL4SiaRJuC6yDuwYj1dbQcfudpKesCDUktnJvHUUULP5WU1NgNeO2wEvJc5Dj30IgC3aLd5NTBK8+kkJXWH0OwYf/uaEXhXFMk3lkIWrmr2pr8nzavKXu3aJWpakIjLxdltQYqYR06pMqiJN14IKRV/q4gV8IKSf5rBj6E+OqTr4Pj/Ul8MHn/+WB0+KGPY4s9Zy/ZmMXsLTtkn9gRmzHJfgaDYCd4EvwKt8On4bNLaxj0PTvsnwpf/AYwobcF</latexit>

g(i) = �(✓>x(i) + ✓0)

<latexit sha1_base64="qV7yygsH+1Fi4/Z8oUU1RQB/AU0=">AAACGXicbVDLSgNBEJz1GeNr1aOXwSAkCGFXAupBCHrxGME8ILtZZieTZMjsg5leMSz5DS/+ihcPinjUk3/jJNmDJhY0FFXddHf5seAKLOvbWFpeWV1bz23kN7e2d3bNvf2GihJJWZ1GIpItnygmeMjqwEGwViwZCXzBmv7weuI375lUPArvYBQzNyD9kPc4JaAlz7T6nbTIS2N8iR3F+wEpOjBgQDoORDF+yMwTPFM9q+SZBatsTYEXiZ2RAspQ88xPpxvRJGAhUEGUattWDG5KJHAq2DjvJIrFhA5Jn7U1DUnAlJtOPxvjY610cS+SukLAU/X3REoCpUaBrzsDAgM1703E/7x2Ar1zN+VhnAAL6WxRLxEYIjyJCXe5ZBTESBNCJde3YjogklDQYeZ1CPb8y4ukcVq2K+WL20qhepXFkUOH6AgVkY3OUBXdoBqqI4oe0TN6RW/Gk/FivBsfs9YlI5s5QH9gfP0ArGGe3A==</latexit>

[Let ]

aka logistic 

regression

=
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(g(i))1{y
(i)=+1}(1� g(i))1{y

(i) 6=+1}

<latexit sha1_base64="6m7B2O1DzfZ0ltsW7ZE5lT7KA/0="></latexit>
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<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>
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<latexit sha1_base64="RGRK8uS1cgFBq5xOoyTfamDhWiI=">AAACJnicbVBNSwMxEM36bf2qevQSrEK9lF0R1ENB9OKxglWhrWU2m7bBbLIks2JZ9td48a948aCIePOnmNYKWn0w8Hhvhpl5YSKFRd9/9yYmp6ZnZufmCwuLS8srxdW1C6tTw3idaanNVQiWS6F4HQVKfpUYDnEo+WV4czLwL2+5sUKrc+wnvBVDV4mOYIBOaherVdpMjI7amagG+bWiTeR3aOKsZnQIoZAC+3n5W4wAgSZaKK RbYivfaRdLfsUfgv4lwYiUyAi1dvG5GWmWxlwhk2BtI/ATbGVgUDDJ80IztTwBdgNd3nBUQcxtKxu+mdNtp0S0o40rd8FQ/TmRQWxtPw5dZwzYs+PeQPzPa6TYOWhlQiUpcsW+FnVSSVHTQWY0EoYzlH1HgBnhbqWsBwYYumQLLoRg/OW/5GK3EuxVDs/2SkfHozjmyAbZJGUSkH1yRE5JjdQJI/fkkTyTF+/Be/Jevbev1glvNLNOfsH7+AT6XaYY</latexit>

=
nY

i=1

⇢
g(i) if y(i) = +1
(1� g(i)) else

<latexit sha1_base64="NkOy904K2EF6B1aZ/qwz0d1Ne4s=">AAACZ3icbVFda9RAFJ3Er7p+dLUigi9Xt8IWcUlKQX1YKPriYwW3Lexsl8nkJjt0MgkzN8UQ4o/0zXdf/BfObgNq64WBwznn3jtzJqm0chRFP4Lwxs1bt+9s3R3cu//g4fbw0eNjV9ZW4kyWurSniXColcEZKdJ4WlkURaLxJDn/uNZPLtA6VZov1FS4KERuVKakIE8th9+mwCtbpstWTePuzADXmBFvgSeYK9MKa0XTtbqD/K wdq70OOOFXskULKoPdpien8Dre9RqHcfymd+79saJ26FU0aT8QuFX5iibL4SiaRJuC6yDuwYj1dbQcfudpKesCDUktnJvHUUULP5WU1NgNeO2wEvJc5Dj30IgC3aLd5NTBK8+kkJXWH0OwYf/uaEXhXFMk3lkIWrmr2pr8nzavKXu3aJWpakIjLxdltQYqYR06pMqiJN14IKRV/q4gV8IKSf5rBj6E+OqTr4Pj/Ul8MHn/+WB0+KGPY4s9Zy/ZmMXsLTtkn9gRmzHJfgaDYCd4EvwKt8On4bNLaxj0PTvsnwpf/AYwobcF</latexit>

g(i) = �(✓>x(i) + ✓0)

<latexit sha1_base64="qV7yygsH+1Fi4/Z8oUU1RQB/AU0=">AAACGXicbVDLSgNBEJz1GeNr1aOXwSAkCGFXAupBCHrxGME8ILtZZieTZMjsg5leMSz5DS/+ihcPinjUk3/jJNmDJhY0FFXddHf5seAKLOvbWFpeWV1bz23kN7e2d3bNvf2GihJJWZ1GIpItnygmeMjqwEGwViwZCXzBmv7weuI375lUPArvYBQzNyD9kPc4JaAlz7T6nbTIS2N8iR3F+wEpOjBgQDoORDF+yMwTPFM9q+SZBatsTYEXiZ2RAspQ88xPpxvRJGAhUEGUattWDG5KJHAq2DjvJIrFhA5Jn7U1DUnAlJtOPxvjY610cS+SukLAU/X3REoCpUaBrzsDAgM1703E/7x2Ar1zN+VhnAAL6WxRLxEYIjyJCXe5ZBTESBNCJde3YjogklDQYeZ1CPb8y4ukcVq2K+WL20qhepXFkUOH6AgVkY3OUBXdoBqqI4oe0TN6RW/Gk/FivBsfs9YlI5s5QH9gfP0ArGGe3A==</latexit>
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regression

=
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(g(i))1{y
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(i) 6=+1}

<latexit sha1_base64="6m7B2O1DzfZ0ltsW7ZE5lT7KA/0="></latexit>
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<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>

–

+
Temperature (C)

0

1

0.5

Temperature (C)

+ + +

– – –

+

–

++

– – –

Probability(data)
=

nY

i=1

Probability(data point i)

<latexit sha1_base64="RGRK8uS1cgFBq5xOoyTfamDhWiI=">AAACJnicbVBNSwMxEM36bf2qevQSrEK9lF0R1ENB9OKxglWhrWU2m7bBbLIks2JZ9td48a948aCIePOnmNYKWn0w8Hhvhpl5YSKFRd9/9yYmp6ZnZufmCwuLS8srxdW1C6tTw3idaanNVQiWS6F4HQVKfpUYDnEo+WV4czLwL2+5sUKrc+wnvBVDV4mOYIBOaherVdpMjI7amagG+bWiTeR3aOKsZnQIoZAC+3n5W4wAgSZaKK RbYivfaRdLfsUfgv4lwYiUyAi1dvG5GWmWxlwhk2BtI/ATbGVgUDDJ80IztTwBdgNd3nBUQcxtKxu+mdNtp0S0o40rd8FQ/TmRQWxtPw5dZwzYs+PeQPzPa6TYOWhlQiUpcsW+FnVSSVHTQWY0EoYzlH1HgBnhbqWsBwYYumQLLoRg/OW/5GK3EuxVDs/2SkfHozjmyAbZJGUSkH1yRE5JjdQJI/fkkTyTF+/Be/Jevbev1glvNLNOfsH7+AT6XaYY</latexit>

=
nY

i=1

⇢
g(i) if y(i) = +1
(1� g(i)) else

<latexit sha1_base64="NkOy904K2EF6B1aZ/qwz0d1Ne4s=">AAACZ3icbVFda9RAFJ3Er7p+dLUigi9Xt8IWcUlKQX1YKPriYwW3Lexsl8nkJjt0MgkzN8UQ4o/0zXdf/BfObgNq64WBwznn3jtzJqm0chRFP4Lwxs1bt+9s3R3cu//g4fbw0eNjV9ZW4kyWurSniXColcEZKdJ4WlkURaLxJDn/uNZPLtA6VZov1FS4KERuVKakIE8th9+mwCtbpstWTePuzADXmBFvgSeYK9MKa0XTtbqD/K wdq70OOOFXskULKoPdpien8Dre9RqHcfymd+79saJ26FU0aT8QuFX5iibL4SiaRJuC6yDuwYj1dbQcfudpKesCDUktnJvHUUULP5WU1NgNeO2wEvJc5Dj30IgC3aLd5NTBK8+kkJXWH0OwYf/uaEXhXFMk3lkIWrmr2pr8nzavKXu3aJWpakIjLxdltQYqYR06pMqiJN14IKRV/q4gV8IKSf5rBj6E+OqTr4Pj/Ul8MHn/+WB0+KGPY4s9Zy/ZmMXsLTtkn9gRmzHJfgaDYCd4EvwKt8On4bNLaxj0PTvsnwpf/AYwobcF</latexit>

g(i) = �(✓>x(i) + ✓0)

<latexit sha1_base64="qV7yygsH+1Fi4/Z8oUU1RQB/AU0=">AAACGXicbVDLSgNBEJz1GeNr1aOXwSAkCGFXAupBCHrxGME8ILtZZieTZMjsg5leMSz5DS/+ihcPinjUk3/jJNmDJhY0FFXddHf5seAKLOvbWFpeWV1bz23kN7e2d3bNvf2GihJJWZ1GIpItnygmeMjqwEGwViwZCXzBmv7weuI375lUPArvYBQzNyD9kPc4JaAlz7T6nbTIS2N8iR3F+wEpOjBgQDoORDF+yMwTPFM9q+SZBatsTYEXiZ2RAspQ88xPpxvRJGAhUEGUattWDG5KJHAq2DjvJIrFhA5Jn7U1DUnAlJtOPxvjY610cS+SukLAU/X3REoCpUaBrzsDAgM1703E/7x2Ar1zN+VhnAAL6WxRLxEYIjyJCXe5ZBTESBNCJde3YjogklDQYeZ1CPb8y4ukcVq2K+WL20qhepXFkUOH6AgVkY3OUBXdoBqqI4oe0TN6RW/Gk/FivBsfs9YlI5s5QH9gfP0ArGGe3A==</latexit>
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aka logistic 

regression

=
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i=1

(g(i))1{y
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(i) 6=+1}

<latexit sha1_base64="6m7B2O1DzfZ0ltsW7ZE5lT7KA/0="></latexit>
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<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>
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<latexit sha1_base64="RGRK8uS1cgFBq5xOoyTfamDhWiI=">AAACJnicbVBNSwMxEM36bf2qevQSrEK9lF0R1ENB9OKxglWhrWU2m7bBbLIks2JZ9td48a948aCIePOnmNYKWn0w8Hhvhpl5YSKFRd9/9yYmp6ZnZufmCwuLS8srxdW1C6tTw3idaanNVQiWS6F4HQVKfpUYDnEo+WV4czLwL2+5sUKrc+wnvBVDV4mOYIBOaherVdpMjI7amagG+bWiTeR3aOKsZnQIoZAC+3n5W4wAgSZaKK RbYivfaRdLfsUfgv4lwYiUyAi1dvG5GWmWxlwhk2BtI/ATbGVgUDDJ80IztTwBdgNd3nBUQcxtKxu+mdNtp0S0o40rd8FQ/TmRQWxtPw5dZwzYs+PeQPzPa6TYOWhlQiUpcsW+FnVSSVHTQWY0EoYzlH1HgBnhbqWsBwYYumQLLoRg/OW/5GK3EuxVDs/2SkfHozjmyAbZJGUSkH1yRE5JjdQJI/fkkTyTF+/Be/Jevbev1glvNLNOfsH7+AT6XaYY</latexit>

=
nY

i=1

⇢
g(i) if y(i) = +1
(1� g(i)) else

<latexit sha1_base64="NkOy904K2EF6B1aZ/qwz0d1Ne4s=">AAACZ3icbVFda9RAFJ3Er7p+dLUigi9Xt8IWcUlKQX1YKPriYwW3Lexsl8nkJjt0MgkzN8UQ4o/0zXdf/BfObgNq64WBwznn3jtzJqm0chRFP4Lwxs1bt+9s3R3cu//g4fbw0eNjV9ZW4kyWurSniXColcEZKdJ4WlkURaLxJDn/uNZPLtA6VZov1FS4KERuVKakIE8th9+mwCtbpstWTePuzADXmBFvgSeYK9MKa0XTtbqD/K wdq70OOOFXskULKoPdpien8Dre9RqHcfymd+79saJ26FU0aT8QuFX5iibL4SiaRJuC6yDuwYj1dbQcfudpKesCDUktnJvHUUULP5WU1NgNeO2wEvJc5Dj30IgC3aLd5NTBK8+kkJXWH0OwYf/uaEXhXFMk3lkIWrmr2pr8nzavKXu3aJWpakIjLxdltQYqYR06pMqiJN14IKRV/q4gV8IKSf5rBj6E+OqTr4Pj/Ul8MHn/+WB0+KGPY4s9Zy/ZmMXsLTtkn9gRmzHJfgaDYCd4EvwKt8On4bNLaxj0PTvsnwpf/AYwobcF</latexit>

g(i) = �(✓>x(i) + ✓0)

<latexit sha1_base64="qV7yygsH+1Fi4/Z8oUU1RQB/AU0=">AAACGXicbVDLSgNBEJz1GeNr1aOXwSAkCGFXAupBCHrxGME8ILtZZieTZMjsg5leMSz5DS/+ihcPinjUk3/jJNmDJhY0FFXddHf5seAKLOvbWFpeWV1bz23kN7e2d3bNvf2GihJJWZ1GIpItnygmeMjqwEGwViwZCXzBmv7weuI375lUPArvYBQzNyD9kPc4JaAlz7T6nbTIS2N8iR3F+wEpOjBgQDoORDF+yMwTPFM9q+SZBatsTYEXiZ2RAspQ88xPpxvRJGAhUEGUattWDG5KJHAq2DjvJIrFhA5Jn7U1DUnAlJtOPxvjY610cS+SukLAU/X3REoCpUaBrzsDAgM1703E/7x2Ar1zN+VhnAAL6WxRLxEYIjyJCXe5ZBTESBNCJde3YjogklDQYeZ1CPb8y4ukcVq2K+WL20qhepXFkUOH6AgVkY3OUBXdoBqqI4oe0TN6RW/Gk/FivBsfs9YlI5s5QH9gfP0ArGGe3A==</latexit>
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aka logistic 

regression

=
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i=1

(g(i))1{y
(i)=+1}(1� g(i))1{y

(i) 6=+1}

<latexit sha1_base64="6m7B2O1DzfZ0ltsW7ZE5lT7KA/0="></latexit>
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<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>
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<latexit sha1_base64="RGRK8uS1cgFBq5xOoyTfamDhWiI=">AAACJnicbVBNSwMxEM36bf2qevQSrEK9lF0R1ENB9OKxglWhrWU2m7bBbLIks2JZ9td48a948aCIePOnmNYKWn0w8Hhvhpl5YSKFRd9/9yYmp6ZnZufmCwuLS8srxdW1C6tTw3idaanNVQiWS6F4HQVKfpUYDnEo+WV4czLwL2+5sUKrc+wnvBVDV4mOYIBOaherVdpMjI7amagG+bWiTeR3aOKsZnQIoZAC+3n5W4wAgSZaKK RbYivfaRdLfsUfgv4lwYiUyAi1dvG5GWmWxlwhk2BtI/ATbGVgUDDJ80IztTwBdgNd3nBUQcxtKxu+mdNtp0S0o40rd8FQ/TmRQWxtPw5dZwzYs+PeQPzPa6TYOWhlQiUpcsW+FnVSSVHTQWY0EoYzlH1HgBnhbqWsBwYYumQLLoRg/OW/5GK3EuxVDs/2SkfHozjmyAbZJGUSkH1yRE5JjdQJI/fkkTyTF+/Be/Jevbev1glvNLNOfsH7+AT6XaYY</latexit>
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=
nY

i=1

⇢
g(i) if y(i) = +1
(1� g(i)) else

<latexit sha1_base64="NkOy904K2EF6B1aZ/qwz0d1Ne4s=">AAACZ3icbVFda9RAFJ3Er7p+dLUigi9Xt8IWcUlKQX1YKPriYwW3Lexsl8nkJjt0MgkzN8UQ4o/0zXdf/BfObgNq64WBwznn3jtzJqm0chRFP4Lwxs1bt+9s3R3cu//g4fbw0eNjV9ZW4kyWurSniXColcEZKdJ4WlkURaLxJDn/uNZPLtA6VZov1FS4KERuVKakIE8th9+mwCtbpstWTePuzADXmBFvgSeYK9MKa0XTtbqD/K wdq70OOOFXskULKoPdpien8Dre9RqHcfymd+79saJ26FU0aT8QuFX5iibL4SiaRJuC6yDuwYj1dbQcfudpKesCDUktnJvHUUULP5WU1NgNeO2wEvJc5Dj30IgC3aLd5NTBK8+kkJXWH0OwYf/uaEXhXFMk3lkIWrmr2pr8nzavKXu3aJWpakIjLxdltQYqYR06pMqiJN14IKRV/q4gV8IKSf5rBj6E+OqTr4Pj/Ul8MHn/+WB0+KGPY4s9Zy/ZmMXsLTtkn9gRmzHJfgaDYCd4EvwKt8On4bNLaxj0PTvsnwpf/AYwobcF</latexit>

g(i) = �(✓>x(i) + ✓0)

<latexit sha1_base64="qV7yygsH+1Fi4/Z8oUU1RQB/AU0=">AAACGXicbVDLSgNBEJz1GeNr1aOXwSAkCGFXAupBCHrxGME8ILtZZieTZMjsg5leMSz5DS/+ihcPinjUk3/jJNmDJhY0FFXddHf5seAKLOvbWFpeWV1bz23kN7e2d3bNvf2GihJJWZ1GIpItnygmeMjqwEGwViwZCXzBmv7weuI375lUPArvYBQzNyD9kPc4JaAlz7T6nbTIS2N8iR3F+wEpOjBgQDoORDF+yMwTPFM9q+SZBatsTYEXiZ2RAspQ88xPpxvRJGAhUEGUattWDG5KJHAq2DjvJIrFhA5Jn7U1DUnAlJtOPxvjY610cS+SukLAU/X3REoCpUaBrzsDAgM1703E/7x2Ar1zN+VhnAAL6WxRLxEYIjyJCXe5ZBTESBNCJde3YjogklDQYeZ1CPb8y4ukcVq2K+WL20qhepXFkUOH6AgVkY3OUBXdoBqqI4oe0TN6RW/Gk/FivBsfs9YlI5s5QH9gfP0ArGGe3A==</latexit>

[Let ]

Loss(data) = -(1/n) * log probability(data)

aka logistic 

regression

–

=
nY

i=1

(g(i))1{y
(i)=+1}(1� g(i))1{y

(i) 6=+1}

<latexit sha1_base64="6m7B2O1DzfZ0ltsW7ZE5lT7KA/0="></latexit>
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⇣
1{y(i) = +1} log g(i) + 1{y(i) 6= +1} log(1� g(i))

⌘

<latexit sha1_base64="3NmU0aDB2vqNpEl0G0s5/X780ZE="></latexit>
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<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>
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<latexit sha1_base64="RGRK8uS1cgFBq5xOoyTfamDhWiI=">AAACJnicbVBNSwMxEM36bf2qevQSrEK9lF0R1ENB9OKxglWhrWU2m7bBbLIks2JZ9td48a948aCIePOnmNYKWn0w8Hhvhpl5YSKFRd9/9yYmp6ZnZufmCwuLS8srxdW1C6tTw3idaanNVQiWS6F4HQVKfpUYDnEo+WV4czLwL2+5sUKrc+wnvBVDV4mOYIBOaherVdpMjI7amagG+bWiTeR3aOKsZnQIoZAC+3n5W4wAgSZaKK RbYivfaRdLfsUfgv4lwYiUyAi1dvG5GWmWxlwhk2BtI/ATbGVgUDDJ80IztTwBdgNd3nBUQcxtKxu+mdNtp0S0o40rd8FQ/TmRQWxtPw5dZwzYs+PeQPzPa6TYOWhlQiUpcsW+FnVSSVHTQWY0EoYzlH1HgBnhbqWsBwYYumQLLoRg/OW/5GK3EuxVDs/2SkfHozjmyAbZJGUSkH1yRE5JjdQJI/fkkTyTF+/Be/Jevbev1glvNLNOfsH7+AT6XaYY</latexit>
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<latexit sha1_base64="NkOy904K2EF6B1aZ/qwz0d1Ne4s=">AAACZ3icbVFda9RAFJ3Er7p+dLUigi9Xt8IWcUlKQX1YKPriYwW3Lexsl8nkJjt0MgkzN8UQ4o/0zXdf/BfObgNq64WBwznn3jtzJqm0chRFP4Lwxs1bt+9s3R3cu//g4fbw0eNjV9ZW4kyWurSniXColcEZKdJ4WlkURaLxJDn/uNZPLtA6VZov1FS4KERuVKakIE8th9+mwCtbpstWTePuzADXmBFvgSeYK9MKa0XTtbqD/K wdq70OOOFXskULKoPdpien8Dre9RqHcfymd+79saJ26FU0aT8QuFX5iibL4SiaRJuC6yDuwYj1dbQcfudpKesCDUktnJvHUUULP5WU1NgNeO2wEvJc5Dj30IgC3aLd5NTBK8+kkJXWH0OwYf/uaEXhXFMk3lkIWrmr2pr8nzavKXu3aJWpakIjLxdltQYqYR06pMqiJN14IKRV/q4gV8IKSf5rBj6E+OqTr4Pj/Ul8MHn/+WB0+KGPY4s9Zy/ZmMXsLTtkn9gRmzHJfgaDYCd4EvwKt8On4bNLaxj0PTvsnwpf/AYwobcF</latexit>
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<latexit sha1_base64="qV7yygsH+1Fi4/Z8oUU1RQB/AU0=">AAACGXicbVDLSgNBEJz1GeNr1aOXwSAkCGFXAupBCHrxGME8ILtZZieTZMjsg5leMSz5DS/+ihcPinjUk3/jJNmDJhY0FFXddHf5seAKLOvbWFpeWV1bz23kN7e2d3bNvf2GihJJWZ1GIpItnygmeMjqwEGwViwZCXzBmv7weuI375lUPArvYBQzNyD9kPc4JaAlz7T6nbTIS2N8iR3F+wEpOjBgQDoORDF+yMwTPFM9q+SZBatsTYEXiZ2RAspQ88xPpxvRJGAhUEGUattWDG5KJHAq2DjvJIrFhA5Jn7U1DUnAlJtOPxvjY610cS+SukLAU/X3REoCpUaBrzsDAgM1703E/7x2Ar1zN+VhnAAL6WxRLxEYIjyJCXe5ZBTESBNCJde3YjogklDQYeZ1CPb8y4ukcVq2K+WL20qhepXFkUOH6AgVkY3OUBXdoBqqI4oe0TN6RW/Gk/FivBsfs9YlI5s5QH9gfP0ArGGe3A==</latexit>

[Let ]
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regression
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(g(i))1{y
(i)=+1}(1� g(i))1{y

(i) 6=+1}
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<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>
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<latexit sha1_base64="RGRK8uS1cgFBq5xOoyTfamDhWiI=">AAACJnicbVBNSwMxEM36bf2qevQSrEK9lF0R1ENB9OKxglWhrWU2m7bBbLIks2JZ9td48a948aCIePOnmNYKWn0w8Hhvhpl5YSKFRd9/9yYmp6ZnZufmCwuLS8srxdW1C6tTw3idaanNVQiWS6F4HQVKfpUYDnEo+WV4czLwL2+5sUKrc+wnvBVDV4mOYIBOaherVdpMjI7amagG+bWiTeR3aOKsZnQIoZAC+3n5W4wAgSZaKK RbYivfaRdLfsUfgv4lwYiUyAi1dvG5GWmWxlwhk2BtI/ATbGVgUDDJ80IztTwBdgNd3nBUQcxtKxu+mdNtp0S0o40rd8FQ/TmRQWxtPw5dZwzYs+PeQPzPa6TYOWhlQiUpcsW+FnVSSVHTQWY0EoYzlH1HgBnhbqWsBwYYumQLLoRg/OW/5GK3EuxVDs/2SkfHozjmyAbZJGUSkH1yRE5JjdQJI/fkkTyTF+/Be/Jevbev1glvNLNOfsH7+AT6XaYY</latexit>
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nY

i=1

⇢
g(i) if y(i) = +1
(1� g(i)) else

<latexit sha1_base64="NkOy904K2EF6B1aZ/qwz0d1Ne4s=">AAACZ3icbVFda9RAFJ3Er7p+dLUigi9Xt8IWcUlKQX1YKPriYwW3Lexsl8nkJjt0MgkzN8UQ4o/0zXdf/BfObgNq64WBwznn3jtzJqm0chRFP4Lwxs1bt+9s3R3cu//g4fbw0eNjV9ZW4kyWurSniXColcEZKdJ4WlkURaLxJDn/uNZPLtA6VZov1FS4KERuVKakIE8th9+mwCtbpstWTePuzADXmBFvgSeYK9MKa0XTtbqD/K wdq70OOOFXskULKoPdpien8Dre9RqHcfymd+79saJ26FU0aT8QuFX5iibL4SiaRJuC6yDuwYj1dbQcfudpKesCDUktnJvHUUULP5WU1NgNeO2wEvJc5Dj30IgC3aLd5NTBK8+kkJXWH0OwYf/uaEXhXFMk3lkIWrmr2pr8nzavKXu3aJWpakIjLxdltQYqYR06pMqiJN14IKRV/q4gV8IKSf5rBj6E+OqTr4Pj/Ul8MHn/+WB0+KGPY4s9Zy/ZmMXsLTtkn9gRmzHJfgaDYCd4EvwKt8On4bNLaxj0PTvsnwpf/AYwobcF</latexit>

g(i) = �(✓>x(i) + ✓0)

<latexit sha1_base64="qV7yygsH+1Fi4/Z8oUU1RQB/AU0=">AAACGXicbVDLSgNBEJz1GeNr1aOXwSAkCGFXAupBCHrxGME8ILtZZieTZMjsg5leMSz5DS/+ihcPinjUk3/jJNmDJhY0FFXddHf5seAKLOvbWFpeWV1bz23kN7e2d3bNvf2GihJJWZ1GIpItnygmeMjqwEGwViwZCXzBmv7weuI375lUPArvYBQzNyD9kPc4JaAlz7T6nbTIS2N8iR3F+wEpOjBgQDoORDF+yMwTPFM9q+SZBatsTYEXiZ2RAspQ88xPpxvRJGAhUEGUattWDG5KJHAq2DjvJIrFhA5Jn7U1DUnAlJtOPxvjY610cS+SukLAU/X3REoCpUaBrzsDAgM1703E/7x2Ar1zN+VhnAAL6WxRLxEYIjyJCXe5ZBTESBNCJde3YjogklDQYeZ1CPb8y4ukcVq2K+WL20qhepXFkUOH6AgVkY3OUBXdoBqqI4oe0TN6RW/Gk/FivBsfs9YlI5s5QH9gfP0ArGGe3A==</latexit>

[Let ]

Loss(data) = -(1/n) * log probability(data)

aka logistic 

regression

–

=
nY

i=1

(g(i))1{y
(i)=+1}(1� g(i))1{y

(i) 6=+1}

<latexit sha1_base64="6m7B2O1DzfZ0ltsW7ZE5lT7KA/0="></latexit>
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<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>
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<latexit sha1_base64="RGRK8uS1cgFBq5xOoyTfamDhWiI=">AAACJnicbVBNSwMxEM36bf2qevQSrEK9lF0R1ENB9OKxglWhrWU2m7bBbLIks2JZ9td48a948aCIePOnmNYKWn0w8Hhvhpl5YSKFRd9/9yYmp6ZnZufmCwuLS8srxdW1C6tTw3idaanNVQiWS6F4HQVKfpUYDnEo+WV4czLwL2+5sUKrc+wnvBVDV4mOYIBOaherVdpMjI7amagG+bWiTeR3aOKsZnQIoZAC+3n5W4wAgSZaKK RbYivfaRdLfsUfgv4lwYiUyAi1dvG5GWmWxlwhk2BtI/ATbGVgUDDJ80IztTwBdgNd3nBUQcxtKxu+mdNtp0S0o40rd8FQ/TmRQWxtPw5dZwzYs+PeQPzPa6TYOWhlQiUpcsW+FnVSSVHTQWY0EoYzlH1HgBnhbqWsBwYYumQLLoRg/OW/5GK3EuxVDs/2SkfHozjmyAbZJGUSkH1yRE5JjdQJI/fkkTyTF+/Be/Jevbev1glvNLNOfsH7+AT6XaYY</latexit>

=
nY

i=1

⇢
g(i) if y(i) = +1
(1� g(i)) else

<latexit sha1_base64="NkOy904K2EF6B1aZ/qwz0d1Ne4s=">AAACZ3icbVFda9RAFJ3Er7p+dLUigi9Xt8IWcUlKQX1YKPriYwW3Lexsl8nkJjt0MgkzN8UQ4o/0zXdf/BfObgNq64WBwznn3jtzJqm0chRFP4Lwxs1bt+9s3R3cu//g4fbw0eNjV9ZW4kyWurSniXColcEZKdJ4WlkURaLxJDn/uNZPLtA6VZov1FS4KERuVKakIE8th9+mwCtbpstWTePuzADXmBFvgSeYK9MKa0XTtbqD/K wdq70OOOFXskULKoPdpien8Dre9RqHcfymd+79saJ26FU0aT8QuFX5iibL4SiaRJuC6yDuwYj1dbQcfudpKesCDUktnJvHUUULP5WU1NgNeO2wEvJc5Dj30IgC3aLd5NTBK8+kkJXWH0OwYf/uaEXhXFMk3lkIWrmr2pr8nzavKXu3aJWpakIjLxdltQYqYR06pMqiJN14IKRV/q4gV8IKSf5rBj6E+OqTr4Pj/Ul8MHn/+WB0+KGPY4s9Zy/ZmMXsLTtkn9gRmzHJfgaDYCd4EvwKt8On4bNLaxj0PTvsnwpf/AYwobcF</latexit>

g(i) = �(✓>x(i) + ✓0)

<latexit sha1_base64="qV7yygsH+1Fi4/Z8oUU1RQB/AU0=">AAACGXicbVDLSgNBEJz1GeNr1aOXwSAkCGFXAupBCHrxGME8ILtZZieTZMjsg5leMSz5DS/+ihcPinjUk3/jJNmDJhY0FFXddHf5seAKLOvbWFpeWV1bz23kN7e2d3bNvf2GihJJWZ1GIpItnygmeMjqwEGwViwZCXzBmv7weuI375lUPArvYBQzNyD9kPc4JaAlz7T6nbTIS2N8iR3F+wEpOjBgQDoORDF+yMwTPFM9q+SZBatsTYEXiZ2RAspQ88xPpxvRJGAhUEGUattWDG5KJHAq2DjvJIrFhA5Jn7U1DUnAlJtOPxvjY610cS+SukLAU/X3REoCpUaBrzsDAgM1703E/7x2Ar1zN+VhnAAL6WxRLxEYIjyJCXe5ZBTESBNCJde3YjogklDQYeZ1CPb8y4ukcVq2K+WL20qhepXFkUOH6AgVkY3OUBXdoBqqI4oe0TN6RW/Gk/FivBsfs9YlI5s5QH9gfP0ArGGe3A==</latexit>

[Let ]

Loss(data) = -(1/n) * log probability(data)

aka logistic 

regression
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=
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nX

i=1

�
⇣
1{y(i) = +1} log g(i) + 1{y(i) 6= +1} log(1� g(i))

⌘

<latexit sha1_base64="3NmU0aDB2vqNpEl0G0s5/X780ZE="></latexit>
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<latexit sha1_base64="6m7B2O1DzfZ0ltsW7ZE5lT7KA/0="></latexit>
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<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>
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<latexit sha1_base64="RGRK8uS1cgFBq5xOoyTfamDhWiI=">AAACJnicbVBNSwMxEM36bf2qevQSrEK9lF0R1ENB9OKxglWhrWU2m7bBbLIks2JZ9td48a948aCIePOnmNYKWn0w8Hhvhpl5YSKFRd9/9yYmp6ZnZufmCwuLS8srxdW1C6tTw3idaanNVQiWS6F4HQVKfpUYDnEo+WV4czLwL2+5sUKrc+wnvBVDV4mOYIBOaherVdpMjI7amagG+bWiTeR3aOKsZnQIoZAC+3n5W4wAgSZaKK RbYivfaRdLfsUfgv4lwYiUyAi1dvG5GWmWxlwhk2BtI/ATbGVgUDDJ80IztTwBdgNd3nBUQcxtKxu+mdNtp0S0o40rd8FQ/TmRQWxtPw5dZwzYs+PeQPzPa6TYOWhlQiUpcsW+FnVSSVHTQWY0EoYzlH1HgBnhbqWsBwYYumQLLoRg/OW/5GK3EuxVDs/2SkfHozjmyAbZJGUSkH1yRE5JjdQJI/fkkTyTF+/Be/Jevbev1glvNLNOfsH7+AT6XaYY</latexit>

=
nY

i=1

⇢
g(i) if y(i) = +1
(1� g(i)) else

<latexit sha1_base64="NkOy904K2EF6B1aZ/qwz0d1Ne4s=">AAACZ3icbVFda9RAFJ3Er7p+dLUigi9Xt8IWcUlKQX1YKPriYwW3Lexsl8nkJjt0MgkzN8UQ4o/0zXdf/BfObgNq64WBwznn3jtzJqm0chRFP4Lwxs1bt+9s3R3cu//g4fbw0eNjV9ZW4kyWurSniXColcEZKdJ4WlkURaLxJDn/uNZPLtA6VZov1FS4KERuVKakIE8th9+mwCtbpstWTePuzADXmBFvgSeYK9MKa0XTtbqD/K wdq70OOOFXskULKoPdpien8Dre9RqHcfymd+79saJ26FU0aT8QuFX5iibL4SiaRJuC6yDuwYj1dbQcfudpKesCDUktnJvHUUULP5WU1NgNeO2wEvJc5Dj30IgC3aLd5NTBK8+kkJXWH0OwYf/uaEXhXFMk3lkIWrmr2pr8nzavKXu3aJWpakIjLxdltQYqYR06pMqiJN14IKRV/q4gV8IKSf5rBj6E+OqTr4Pj/Ul8MHn/+WB0+KGPY4s9Zy/ZmMXsLTtkn9gRmzHJfgaDYCd4EvwKt8On4bNLaxj0PTvsnwpf/AYwobcF</latexit>

g(i) = �(✓>x(i) + ✓0)

<latexit sha1_base64="qV7yygsH+1Fi4/Z8oUU1RQB/AU0=">AAACGXicbVDLSgNBEJz1GeNr1aOXwSAkCGFXAupBCHrxGME8ILtZZieTZMjsg5leMSz5DS/+ihcPinjUk3/jJNmDJhY0FFXddHf5seAKLOvbWFpeWV1bz23kN7e2d3bNvf2GihJJWZ1GIpItnygmeMjqwEGwViwZCXzBmv7weuI375lUPArvYBQzNyD9kPc4JaAlz7T6nbTIS2N8iR3F+wEpOjBgQDoORDF+yMwTPFM9q+SZBatsTYEXiZ2RAspQ88xPpxvRJGAhUEGUattWDG5KJHAq2DjvJIrFhA5Jn7U1DUnAlJtOPxvjY610cS+SukLAU/X3REoCpUaBrzsDAgM1703E/7x2Ar1zN+VhnAAL6WxRLxEYIjyJCXe5ZBTESBNCJde3YjogklDQYeZ1CPb8y4ukcVq2K+WL20qhepXFkUOH6AgVkY3OUBXdoBqqI4oe0TN6RW/Gk/FivBsfs9YlI5s5QH9gfP0ArGGe3A==</latexit>

[Let ]

Loss(data) = -(1/n) * log probability(data)

aka logistic 

regression

=
1

n

nX

i=1

�
⇣
1{y(i) = +1} log g(i) + 1{y(i) 6= +1} log(1� g(i))

⌘

<latexit sha1_base64="3NmU0aDB2vqNpEl0G0s5/X780ZE="></latexit>

=
nY

i=1

(g(i))1{y
(i)=+1}(1� g(i))1{y

(i) 6=+1}

<latexit sha1_base64="6m7B2O1DzfZ0ltsW7ZE5lT7KA/0="></latexit>



7

Linear logistic classification
• How do we learn a classifier (i.e. learn        )?✓, ✓0

<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>

–

+
Temperature (C)

0

1

0.5

Temperature (C)

+ + +

– – –

+

–

++

– – –

Probability(data)
=

nY

i=1

Probability(data point i)

<latexit sha1_base64="RGRK8uS1cgFBq5xOoyTfamDhWiI=">AAACJnicbVBNSwMxEM36bf2qevQSrEK9lF0R1ENB9OKxglWhrWU2m7bBbLIks2JZ9td48a948aCIePOnmNYKWn0w8Hhvhpl5YSKFRd9/9yYmp6ZnZufmCwuLS8srxdW1C6tTw3idaanNVQiWS6F4HQVKfpUYDnEo+WV4czLwL2+5sUKrc+wnvBVDV4mOYIBOaherVdpMjI7amagG+bWiTeR3aOKsZnQIoZAC+3n5W4wAgSZaKK RbYivfaRdLfsUfgv4lwYiUyAi1dvG5GWmWxlwhk2BtI/ATbGVgUDDJ80IztTwBdgNd3nBUQcxtKxu+mdNtp0S0o40rd8FQ/TmRQWxtPw5dZwzYs+PeQPzPa6TYOWhlQiUpcsW+FnVSSVHTQWY0EoYzlH1HgBnhbqWsBwYYumQLLoRg/OW/5GK3EuxVDs/2SkfHozjmyAbZJGUSkH1yRE5JjdQJI/fkkTyTF+/Be/Jevbev1glvNLNOfsH7+AT6XaYY</latexit>

=
nY

i=1

⇢
g(i) if y(i) = +1
(1� g(i)) else

<latexit sha1_base64="NkOy904K2EF6B1aZ/qwz0d1Ne4s=">AAACZ3icbVFda9RAFJ3Er7p+dLUigi9Xt8IWcUlKQX1YKPriYwW3Lexsl8nkJjt0MgkzN8UQ4o/0zXdf/BfObgNq64WBwznn3jtzJqm0chRFP4Lwxs1bt+9s3R3cu//g4fbw0eNjV9ZW4kyWurSniXColcEZKdJ4WlkURaLxJDn/uNZPLtA6VZov1FS4KERuVKakIE8th9+mwCtbpstWTePuzADXmBFvgSeYK9MKa0XTtbqD/K wdq70OOOFXskULKoPdpien8Dre9RqHcfymd+79saJ26FU0aT8QuFX5iibL4SiaRJuC6yDuwYj1dbQcfudpKesCDUktnJvHUUULP5WU1NgNeO2wEvJc5Dj30IgC3aLd5NTBK8+kkJXWH0OwYf/uaEXhXFMk3lkIWrmr2pr8nzavKXu3aJWpakIjLxdltQYqYR06pMqiJN14IKRV/q4gV8IKSf5rBj6E+OqTr4Pj/Ul8MHn/+WB0+KGPY4s9Zy/ZmMXsLTtkn9gRmzHJfgaDYCd4EvwKt8On4bNLaxj0PTvsnwpf/AYwobcF</latexit>

g(i) = �(✓>x(i) + ✓0)

<latexit sha1_base64="qV7yygsH+1Fi4/Z8oUU1RQB/AU0=">AAACGXicbVDLSgNBEJz1GeNr1aOXwSAkCGFXAupBCHrxGME8ILtZZieTZMjsg5leMSz5DS/+ihcPinjUk3/jJNmDJhY0FFXddHf5seAKLOvbWFpeWV1bz23kN7e2d3bNvf2GihJJWZ1GIpItnygmeMjqwEGwViwZCXzBmv7weuI375lUPArvYBQzNyD9kPc4JaAlz7T6nbTIS2N8iR3F+wEpOjBgQDoORDF+yMwTPFM9q+SZBatsTYEXiZ2RAspQ88xPpxvRJGAhUEGUattWDG5KJHAq2DjvJIrFhA5Jn7U1DUnAlJtOPxvjY610cS+SukLAU/X3REoCpUaBrzsDAgM1703E/7x2Ar1zN+VhnAAL6WxRLxEYIjyJCXe5ZBTESBNCJde3YjogklDQYeZ1CPb8y4ukcVq2K+WL20qhepXFkUOH6AgVkY3OUBXdoBqqI4oe0TN6RW/Gk/FivBsfs9YlI5s5QH9gfP0ArGGe3A==</latexit>

[Let ]

Loss(data) = -(1/n) * log probability(data)

aka logistic 

regression

=
1

n

nX

i=1

�
⇣
1{y(i) = +1} log g(i) + 1{y(i) 6= +1} log(1� g(i))

⌘

<latexit sha1_base64="3NmU0aDB2vqNpEl0G0s5/X780ZE="></latexit>

=
nY

i=1

(g(i))1{y
(i)=+1}(1� g(i))1{y

(i) 6=+1}

<latexit sha1_base64="6m7B2O1DzfZ0ltsW7ZE5lT7KA/0="></latexit>
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Linear logistic classification
• How do we learn a classifier (i.e. learn        )?✓, ✓0

<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>

–

+
Temperature (C)

0

1

0.5

Temperature (C)

+ + +

– – –

+

–

++

– – –

Probability(data)
=

nY

i=1

Probability(data point i)

<latexit sha1_base64="RGRK8uS1cgFBq5xOoyTfamDhWiI=">AAACJnicbVBNSwMxEM36bf2qevQSrEK9lF0R1ENB9OKxglWhrWU2m7bBbLIks2JZ9td48a948aCIePOnmNYKWn0w8Hhvhpl5YSKFRd9/9yYmp6ZnZufmCwuLS8srxdW1C6tTw3idaanNVQiWS6F4HQVKfpUYDnEo+WV4czLwL2+5sUKrc+wnvBVDV4mOYIBOaherVdpMjI7amagG+bWiTeR3aOKsZnQIoZAC+3n5W4wAgSZaKK RbYivfaRdLfsUfgv4lwYiUyAi1dvG5GWmWxlwhk2BtI/ATbGVgUDDJ80IztTwBdgNd3nBUQcxtKxu+mdNtp0S0o40rd8FQ/TmRQWxtPw5dZwzYs+PeQPzPa6TYOWhlQiUpcsW+FnVSSVHTQWY0EoYzlH1HgBnhbqWsBwYYumQLLoRg/OW/5GK3EuxVDs/2SkfHozjmyAbZJGUSkH1yRE5JjdQJI/fkkTyTF+/Be/Jevbev1glvNLNOfsH7+AT6XaYY</latexit>

=
nY

i=1

⇢
g(i) if y(i) = +1
(1� g(i)) else

<latexit sha1_base64="NkOy904K2EF6B1aZ/qwz0d1Ne4s=">AAACZ3icbVFda9RAFJ3Er7p+dLUigi9Xt8IWcUlKQX1YKPriYwW3Lexsl8nkJjt0MgkzN8UQ4o/0zXdf/BfObgNq64WBwznn3jtzJqm0chRFP4Lwxs1bt+9s3R3cu//g4fbw0eNjV9ZW4kyWurSniXColcEZKdJ4WlkURaLxJDn/uNZPLtA6VZov1FS4KERuVKakIE8th9+mwCtbpstWTePuzADXmBFvgSeYK9MKa0XTtbqD/K wdq70OOOFXskULKoPdpien8Dre9RqHcfymd+79saJ26FU0aT8QuFX5iibL4SiaRJuC6yDuwYj1dbQcfudpKesCDUktnJvHUUULP5WU1NgNeO2wEvJc5Dj30IgC3aLd5NTBK8+kkJXWH0OwYf/uaEXhXFMk3lkIWrmr2pr8nzavKXu3aJWpakIjLxdltQYqYR06pMqiJN14IKRV/q4gV8IKSf5rBj6E+OqTr4Pj/Ul8MHn/+WB0+KGPY4s9Zy/ZmMXsLTtkn9gRmzHJfgaDYCd4EvwKt8On4bNLaxj0PTvsnwpf/AYwobcF</latexit>

g(i) = �(✓>x(i) + ✓0)

<latexit sha1_base64="qV7yygsH+1Fi4/Z8oUU1RQB/AU0=">AAACGXicbVDLSgNBEJz1GeNr1aOXwSAkCGFXAupBCHrxGME8ILtZZieTZMjsg5leMSz5DS/+ihcPinjUk3/jJNmDJhY0FFXddHf5seAKLOvbWFpeWV1bz23kN7e2d3bNvf2GihJJWZ1GIpItnygmeMjqwEGwViwZCXzBmv7weuI375lUPArvYBQzNyD9kPc4JaAlz7T6nbTIS2N8iR3F+wEpOjBgQDoORDF+yMwTPFM9q+SZBatsTYEXiZ2RAspQ88xPpxvRJGAhUEGUattWDG5KJHAq2DjvJIrFhA5Jn7U1DUnAlJtOPxvjY610cS+SukLAU/X3REoCpUaBrzsDAgM1703E/7x2Ar1zN+VhnAAL6WxRLxEYIjyJCXe5ZBTESBNCJde3YjogklDQYeZ1CPb8y4ukcVq2K+WL20qhepXFkUOH6AgVkY3OUBXdoBqqI4oe0TN6RW/Gk/FivBsfs9YlI5s5QH9gfP0ArGGe3A==</latexit>

[Let ]

Loss(data) = -(1/n) * log probability(data)

Negative log likelihood loss (g for guess, a for actual): 

aka logistic 

regression

=
1

n

nX

i=1

�
⇣
1{y(i) = +1} log g(i) + 1{y(i) 6= +1} log(1� g(i))

⌘

<latexit sha1_base64="3NmU0aDB2vqNpEl0G0s5/X780ZE="></latexit>

=
nY

i=1

(g(i))1{y
(i)=+1}(1� g(i))1{y

(i) 6=+1}

<latexit sha1_base64="6m7B2O1DzfZ0ltsW7ZE5lT7KA/0="></latexit>



7

Linear logistic classification
• How do we learn a classifier (i.e. learn        )?✓, ✓0

<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>

–

+
Temperature (C)

0

1

0.5

Temperature (C)

+ + +

– – –

+

–

++

– – –

Probability(data)
=

nY

i=1

Probability(data point i)

<latexit sha1_base64="RGRK8uS1cgFBq5xOoyTfamDhWiI=">AAACJnicbVBNSwMxEM36bf2qevQSrEK9lF0R1ENB9OKxglWhrWU2m7bBbLIks2JZ9td48a948aCIePOnmNYKWn0w8Hhvhpl5YSKFRd9/9yYmp6ZnZufmCwuLS8srxdW1C6tTw3idaanNVQiWS6F4HQVKfpUYDnEo+WV4czLwL2+5sUKrc+wnvBVDV4mOYIBOaherVdpMjI7amagG+bWiTeR3aOKsZnQIoZAC+3n5W4wAgSZaKK RbYivfaRdLfsUfgv4lwYiUyAi1dvG5GWmWxlwhk2BtI/ATbGVgUDDJ80IztTwBdgNd3nBUQcxtKxu+mdNtp0S0o40rd8FQ/TmRQWxtPw5dZwzYs+PeQPzPa6TYOWhlQiUpcsW+FnVSSVHTQWY0EoYzlH1HgBnhbqWsBwYYumQLLoRg/OW/5GK3EuxVDs/2SkfHozjmyAbZJGUSkH1yRE5JjdQJI/fkkTyTF+/Be/Jevbev1glvNLNOfsH7+AT6XaYY</latexit>

=
nY

i=1

⇢
g(i) if y(i) = +1
(1� g(i)) else

<latexit sha1_base64="NkOy904K2EF6B1aZ/qwz0d1Ne4s=">AAACZ3icbVFda9RAFJ3Er7p+dLUigi9Xt8IWcUlKQX1YKPriYwW3Lexsl8nkJjt0MgkzN8UQ4o/0zXdf/BfObgNq64WBwznn3jtzJqm0chRFP4Lwxs1bt+9s3R3cu//g4fbw0eNjV9ZW4kyWurSniXColcEZKdJ4WlkURaLxJDn/uNZPLtA6VZov1FS4KERuVKakIE8th9+mwCtbpstWTePuzADXmBFvgSeYK9MKa0XTtbqD/K wdq70OOOFXskULKoPdpien8Dre9RqHcfymd+79saJ26FU0aT8QuFX5iibL4SiaRJuC6yDuwYj1dbQcfudpKesCDUktnJvHUUULP5WU1NgNeO2wEvJc5Dj30IgC3aLd5NTBK8+kkJXWH0OwYf/uaEXhXFMk3lkIWrmr2pr8nzavKXu3aJWpakIjLxdltQYqYR06pMqiJN14IKRV/q4gV8IKSf5rBj6E+OqTr4Pj/Ul8MHn/+WB0+KGPY4s9Zy/ZmMXsLTtkn9gRmzHJfgaDYCd4EvwKt8On4bNLaxj0PTvsnwpf/AYwobcF</latexit>

g(i) = �(✓>x(i) + ✓0)

<latexit sha1_base64="qV7yygsH+1Fi4/Z8oUU1RQB/AU0=">AAACGXicbVDLSgNBEJz1GeNr1aOXwSAkCGFXAupBCHrxGME8ILtZZieTZMjsg5leMSz5DS/+ihcPinjUk3/jJNmDJhY0FFXddHf5seAKLOvbWFpeWV1bz23kN7e2d3bNvf2GihJJWZ1GIpItnygmeMjqwEGwViwZCXzBmv7weuI375lUPArvYBQzNyD9kPc4JaAlz7T6nbTIS2N8iR3F+wEpOjBgQDoORDF+yMwTPFM9q+SZBatsTYEXiZ2RAspQ88xPpxvRJGAhUEGUattWDG5KJHAq2DjvJIrFhA5Jn7U1DUnAlJtOPxvjY610cS+SukLAU/X3REoCpUaBrzsDAgM1703E/7x2Ar1zN+VhnAAL6WxRLxEYIjyJCXe5ZBTESBNCJde3YjogklDQYeZ1CPb8y4ukcVq2K+WL20qhepXFkUOH6AgVkY3OUBXdoBqqI4oe0TN6RW/Gk/FivBsfs9YlI5s5QH9gfP0ArGGe3A==</latexit>

[Let ]

Loss(data) = -(1/n) * log probability(data)

Negative log likelihood loss (g for guess, a for actual): 

aka logistic 

regression

�Lnll(g, a) = (1{a = +1} log g + 1{a 6= +1} log(1� g))

<latexit sha1_base64="6ERmxNlDyCoGr5wKz8m1qeQPGC0="></latexit>

=
1

n

nX

i=1

�
⇣
1{y(i) = +1} log g(i) + 1{y(i) 6= +1} log(1� g(i))

⌘

<latexit sha1_base64="3NmU0aDB2vqNpEl0G0s5/X780ZE="></latexit>

=
nY

i=1

(g(i))1{y
(i)=+1}(1� g(i))1{y

(i) 6=+1}

<latexit sha1_base64="6m7B2O1DzfZ0ltsW7ZE5lT7KA/0="></latexit>
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Linear logistic classification
• How do we learn a classifier (i.e. learn        )?✓, ✓0

<latexit sha1_base64="aJvhT5z7m63NPxNH7z2KIa0iSU4=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5RECuqt6MVjBWsLbQib7aZduvlgd1Ioof/EiwdFvPpPvPlv3LY5aOuDYR7vzbCzL0il0Og431ZpbX1jc6u8XdnZ3ds/sA+PnnSSKcZbLJGJ6gRUcyli3kKBkndSxWkUSN4ORnczvz3mSoskfsRJyr2IDmIRCkbRSL5t93DIkV6QRfcd3646NWcOskrcglShQNO3v3r9hGURj5FJqnXXdVL0cqpQMMmnlV6meUrZiA5419CYRlx7+fzyKTkzSp+EiTIVI5mrvzdyGmk9iQIzGVEc6mVvJv7ndTMMr71cxGmGPGaLh8JMEkzILAbSF4ozlBNDKFPC3ErYkCrK0IRVMSG4y19eJU+XNbdeu3moVxu3RRxlOIFTOAcXrqAB99CEFjAYwzO8wpuVWy/Wu/WxGC1Zxc4x/IH1+QO4w5MW</latexit>

aka logistic 

regression
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Linear logistic classification
• How do we learn a classifier (i.e. learn        )? 
• Want to find parameter values to minimize average 

(negative log likelihood) loss across the data
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Recall
Classification 
• Datum   : feature vector  

• Label 
• Hypothesis 
• Loss: 0-1, asymmetric, NLL 
• Example: linear classification

x(i) = (x(i)
1 , . . . , x(i)

d )> 2 Rd
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<latexit sha1_base64="713ykEbssIo/Rc2amVUhyV5Oe0I=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIFbUkUlB3RTcuK9gHNLFMppN26GQSZiZCCQV/xY0LRdz6He78G6ePhVoPXDiccy/33hMknCntOF9WbmFxaXklv1pYW9/Y3LK3dxoqTiWhdRLzWLYCrChngtY105y2EklxFHDaDAbXY7/5QKVisbjTw4T6Ee4JFjKCtZE69t7wPiuxoxHymEBeduqeHLveqGMXnbIzAZon7owUYYZax/70ujFJIyo04Viptusk2s+w1IxwOip4qaIJJgPco21DBY6o8rPJ+SN0aJQuCmNpSmg0UX9OZDhSahgFpjPCuq/+emPxP6+d6vDCz5hIUk0FmS4KU450jMZZoC6TlGg+NAQTycytiPSxxESbxAomBPfvy/OkcVZ2K+XL20qxejWLIw/7cAAlcOEcqnADNagDgQye4AVerUfr2Xqz3qetOWs2swu/YH18A8uWlBs=</latexit>

<latexit sha1_base64="NwnGgyyvYL2tr0azWgbitwOJH0Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx5bsLbQhrLZTtq1m03Y3Qgl9Bd48aAgXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnDzpOFcM2i0WsugHVKLjEtuFGYDdRSKNAYCeY3M79zhMqzWN5b6YJ+hEdSR5yRo2VWnxQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQmv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ56rq1aqe16pVGjd5HkU4g3O4BA/q0IA7aEIbGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AGWOjSY=</latexit>

i

Compare

h : Rd ! {�1,+1}

<latexit sha1_base64="Qglo07NTvoHTsQPcH9BIBVMHQAI=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhZBUEsiBR+rohuXVewDmlgmk0k7dDIJMxOhhCzd+CtuXCji1k9w5984bbPQ1gMDh3PuZe45XsyoVJb1bRTm5hcWl4rLpZXVtfUNc3OrKaNEYNLAEYtE20OSMMpJQ1HFSDsWBIUeIy1vcDXyWw9ESBrxOzWMiRuiHqcBxUhpqWvu9i+gEyLV97z0NrtP/Qw6KoJOemwfHdpO1jXLVsUaA84SOydlkKPeNb8cP8JJSLjCDEnZsa1YuSkSimJGspKTSBIjPEA90tGUo5BINx0HyeC+VnwYREI/ruBY/b2RolDKYejpydHNctobif95nUQFZ25KeZwowvHkoyBhUEcdtQJ9KghWbKgJwoLqWyHuI4Gw0t2VdAn2dORZ0jyp2NXK+U21XLvM6yiCHbAHDoANTkENXIM6aAAMHsEzeAVvxpPxYrwbH5PRgpHvbIM/MD5/AM4nmJI=</latexit>

Regression 
• Datum   :

<latexit sha1_base64="NwnGgyyvYL2tr0azWgbitwOJH0Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx5bsLbQhrLZTtq1m03Y3Qgl9Bd48aAgXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnDzpOFcM2i0WsugHVKLjEtuFGYDdRSKNAYCeY3M79zhMqzWN5b6YJ+hEdSR5yRo2VWnxQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQmv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ56rq1aqe16pVGjd5HkU4g3O4BA/q0IA7aEIbGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AGWOjSY=</latexit>

i

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

–

++ + +

– – –

+

–

++

– – –
x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y
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Recall
Classification 
• Datum   : feature vector  

• Label 
• Hypothesis 
• Loss: 0-1, asymmetric, NLL 
• Example: linear classification

x(i) = (x(i)
1 , . . . , x(i)

d )> 2 Rd

<latexit sha1_base64="E5PXGaP/huhuW7UrjJGwGk73mVA="></latexit>

y(i) 2 {�1,+1}

<latexit sha1_base64="713ykEbssIo/Rc2amVUhyV5Oe0I=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIFbUkUlB3RTcuK9gHNLFMppN26GQSZiZCCQV/xY0LRdz6He78G6ePhVoPXDiccy/33hMknCntOF9WbmFxaXklv1pYW9/Y3LK3dxoqTiWhdRLzWLYCrChngtY105y2EklxFHDaDAbXY7/5QKVisbjTw4T6Ee4JFjKCtZE69t7wPiuxoxHymEBeduqeHLveqGMXnbIzAZon7owUYYZax/70ujFJIyo04Viptusk2s+w1IxwOip4qaIJJgPco21DBY6o8rPJ+SN0aJQuCmNpSmg0UX9OZDhSahgFpjPCuq/+emPxP6+d6vDCz5hIUk0FmS4KU450jMZZoC6TlGg+NAQTycytiPSxxESbxAomBPfvy/OkcVZ2K+XL20qxejWLIw/7cAAlcOEcqnADNagDgQye4AVerUfr2Xqz3qetOWs2swu/YH18A8uWlBs=</latexit>

<latexit sha1_base64="NwnGgyyvYL2tr0azWgbitwOJH0Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx5bsLbQhrLZTtq1m03Y3Qgl9Bd48aAgXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnDzpOFcM2i0WsugHVKLjEtuFGYDdRSKNAYCeY3M79zhMqzWN5b6YJ+hEdSR5yRo2VWnxQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQmv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ56rq1aqe16pVGjd5HkU4g3O4BA/q0IA7aEIbGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AGWOjSY=</latexit>

i

Compare

h : Rd ! {�1,+1}

<latexit sha1_base64="Qglo07NTvoHTsQPcH9BIBVMHQAI=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhZBUEsiBR+rohuXVewDmlgmk0k7dDIJMxOhhCzd+CtuXCji1k9w5984bbPQ1gMDh3PuZe45XsyoVJb1bRTm5hcWl4rLpZXVtfUNc3OrKaNEYNLAEYtE20OSMMpJQ1HFSDsWBIUeIy1vcDXyWw9ESBrxOzWMiRuiHqcBxUhpqWvu9i+gEyLV97z0NrtP/Qw6KoJOemwfHdpO1jXLVsUaA84SOydlkKPeNb8cP8JJSLjCDEnZsa1YuSkSimJGspKTSBIjPEA90tGUo5BINx0HyeC+VnwYREI/ruBY/b2RolDKYejpydHNctobif95nUQFZ25KeZwowvHkoyBhUEcdtQJ9KghWbKgJwoLqWyHuI4Gw0t2VdAn2dORZ0jyp2NXK+U21XLvM6yiCHbAHDoANTkENXIM6aAAMHsEzeAVvxpPxYrwbH5PRgpHvbIM/MD5/AM4nmJI=</latexit>

Regression 
• Datum   : feature vector  

• Label

<latexit sha1_base64="NwnGgyyvYL2tr0azWgbitwOJH0Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx5bsLbQhrLZTtq1m03Y3Qgl9Bd48aAgXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnDzpOFcM2i0WsugHVKLjEtuFGYDdRSKNAYCeY3M79zhMqzWN5b6YJ+hEdSR5yRo2VWnxQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQmv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ56rq1aqe16pVGjd5HkU4g3O4BA/q0IA7aEIbGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AGWOjSY=</latexit>

i

x(i) = (x(i)
1 , . . . , x(i)

d )> 2 Rd

<latexit sha1_base64="E5PXGaP/huhuW7UrjJGwGk73mVA="></latexit>

<latexit sha1_base64="6zTd0UL33htTUupyJ/1rdZ+m2wM=">AAACAHicbVDLSsNAFL2pr1pfVcGNm8Ei1E1JpKDLohuXVawtNLFMppN26GQSZiZCiFn4K25cKIhbP8Odf+P0sdDWAwOHc+7lnjl+zJnStv1tFZaWV1bXiuuljc2t7Z3y7t6dihJJaItEPJIdHyvKmaAtzTSnnVhSHPqctv3R5dhvP1CpWCRudRpTL8QDwQJGsDZSr3yQ3mdVdpIjlwnkhlgPfT+7yXvlil2zJ0CLxJmRCszQ7JW/3H5EkpAKTThWquvYsfYyLDUjnOYlN1E0xmSEB7RrqMAhVV42yZ+jY6P0URBJ84RGE/X3RoZDpdLQN5PjhGreG4v/ed1EB+dexkScaCrI9FCQcKQjNC4D9ZmkRPPUEEwkM1kRGWKJiTaVlUwJzvyXF0n7tObUa45zXa80LmZ9FOEQjqAKDpxBA66gCS0g8AjP8Apv1pP1Yr1bH9PRgjXb2Yc/sD5/ANmxldA=</latexit>

y(i) 2 R

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

–

++ + +

– – –

+

–

++

– – –
x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y
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Recall
Classification 
• Datum   : feature vector  

• Label 
• Hypothesis 
• Loss: 0-1, asymmetric, NLL 
• Example: linear classification

x(i) = (x(i)
1 , . . . , x(i)

d )> 2 Rd

<latexit sha1_base64="E5PXGaP/huhuW7UrjJGwGk73mVA="></latexit>

y(i) 2 {�1,+1}

<latexit sha1_base64="713ykEbssIo/Rc2amVUhyV5Oe0I=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIFbUkUlB3RTcuK9gHNLFMppN26GQSZiZCCQV/xY0LRdz6He78G6ePhVoPXDiccy/33hMknCntOF9WbmFxaXklv1pYW9/Y3LK3dxoqTiWhdRLzWLYCrChngtY105y2EklxFHDaDAbXY7/5QKVisbjTw4T6Ee4JFjKCtZE69t7wPiuxoxHymEBeduqeHLveqGMXnbIzAZon7owUYYZax/70ujFJIyo04Viptusk2s+w1IxwOip4qaIJJgPco21DBY6o8rPJ+SN0aJQuCmNpSmg0UX9OZDhSahgFpjPCuq/+emPxP6+d6vDCz5hIUk0FmS4KU450jMZZoC6TlGg+NAQTycytiPSxxESbxAomBPfvy/OkcVZ2K+XL20qxejWLIw/7cAAlcOEcqnADNagDgQye4AVerUfr2Xqz3qetOWs2swu/YH18A8uWlBs=</latexit>

<latexit sha1_base64="NwnGgyyvYL2tr0azWgbitwOJH0Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx5bsLbQhrLZTtq1m03Y3Qgl9Bd48aAgXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnDzpOFcM2i0WsugHVKLjEtuFGYDdRSKNAYCeY3M79zhMqzWN5b6YJ+hEdSR5yRo2VWnxQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQmv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ56rq1aqe16pVGjd5HkU4g3O4BA/q0IA7aEIbGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AGWOjSY=</latexit>

i

Compare

h : Rd ! {�1,+1}

<latexit sha1_base64="Qglo07NTvoHTsQPcH9BIBVMHQAI=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhZBUEsiBR+rohuXVewDmlgmk0k7dDIJMxOhhCzd+CtuXCji1k9w5984bbPQ1gMDh3PuZe45XsyoVJb1bRTm5hcWl4rLpZXVtfUNc3OrKaNEYNLAEYtE20OSMMpJQ1HFSDsWBIUeIy1vcDXyWw9ESBrxOzWMiRuiHqcBxUhpqWvu9i+gEyLV97z0NrtP/Qw6KoJOemwfHdpO1jXLVsUaA84SOydlkKPeNb8cP8JJSLjCDEnZsa1YuSkSimJGspKTSBIjPEA90tGUo5BINx0HyeC+VnwYREI/ruBY/b2RolDKYejpydHNctobif95nUQFZ25KeZwowvHkoyBhUEcdtQJ9KghWbKgJwoLqWyHuI4Gw0t2VdAn2dORZ0jyp2NXK+U21XLvM6yiCHbAHDoANTkENXIM6aAAMHsEzeAVvxpPxYrwbH5PRgpHvbIM/MD5/AM4nmJI=</latexit>

Regression 
• Datum   : feature vector  

• Label 
• Hypothesis

<latexit sha1_base64="NwnGgyyvYL2tr0azWgbitwOJH0Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx5bsLbQhrLZTtq1m03Y3Qgl9Bd48aAgXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnDzpOFcM2i0WsugHVKLjEtuFGYDdRSKNAYCeY3M79zhMqzWN5b6YJ+hEdSR5yRo2VWnxQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQmv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ56rq1aqe16pVGjd5HkU4g3O4BA/q0IA7aEIbGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AGWOjSY=</latexit>

i

x(i) = (x(i)
1 , . . . , x(i)

d )> 2 Rd

<latexit sha1_base64="E5PXGaP/huhuW7UrjJGwGk73mVA="></latexit>

<latexit sha1_base64="6zTd0UL33htTUupyJ/1rdZ+m2wM=">AAACAHicbVDLSsNAFL2pr1pfVcGNm8Ei1E1JpKDLohuXVawtNLFMppN26GQSZiZCiFn4K25cKIhbP8Odf+P0sdDWAwOHc+7lnjl+zJnStv1tFZaWV1bXiuuljc2t7Z3y7t6dihJJaItEPJIdHyvKmaAtzTSnnVhSHPqctv3R5dhvP1CpWCRudRpTL8QDwQJGsDZSr3yQ3mdVdpIjlwnkhlgPfT+7yXvlil2zJ0CLxJmRCszQ7JW/3H5EkpAKTThWquvYsfYyLDUjnOYlN1E0xmSEB7RrqMAhVV42yZ+jY6P0URBJ84RGE/X3RoZDpdLQN5PjhGreG4v/ed1EB+dexkScaCrI9FCQcKQjNC4D9ZmkRPPUEEwkM1kRGWKJiTaVlUwJzvyXF0n7tObUa45zXa80LmZ9FOEQjqAKDpxBA66gCS0g8AjP8Apv1pP1Yr1bH9PRgjXb2Yc/sD5/ANmxldA=</latexit>

y(i) 2 R
<latexit sha1_base64="71bj+db3xhC3HXk1setvwH8PAXE=">AAACEHicbVBNS8NAEN34WetX1KOXxaJ4KokUFE9FLx6rWFtoYtlsNs3SzW7Y3Sgl9B948a948aAgXj1689+4aXuorQ8GHu/NMDMvSBlV2nF+rIXFpeWV1dJaeX1jc2vb3tm9UyKTmDSxYEK2A6QIo5w0NdWMtFNJUBIw0gr6l4XfeiBSUcFv9SAlfoJ6nEYUI22krn0Un0MvQToOgvxmeB9CT9JerJGU4nHK6NoVp+qMAOeJOyEVMEGja397ocBZQrjGDCnVcZ1U+zmSmmJGhmUvUyRFuI96pGMoRwlRfj76ZwgPjRLCSEhTXMOROj2Ro0SpQRKYzuJCNesV4n9eJ9PRmZ9TnmaacDxeFGUMagGLcGBIJcGaDQxBWFJzK8QxkghrE2HZhODOvjxPWidVt1Z13etapX4xyaME9sEBOAYuOAV1cAUaoAkweAIv4A28W8/Wq/VhfY5bF6zJzB74A+vrF8PhnPE=</latexit>

h : Rd ! R

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

–

++ + +

– – –

+

–

++

– – –
x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y
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Recall
Classification 
• Datum   : feature vector  

• Label 
• Hypothesis 
• Loss: 0-1, asymmetric, NLL 
• Example: linear classification

x(i) = (x(i)
1 , . . . , x(i)

d )> 2 Rd

<latexit sha1_base64="E5PXGaP/huhuW7UrjJGwGk73mVA="></latexit>

y(i) 2 {�1,+1}

<latexit sha1_base64="713ykEbssIo/Rc2amVUhyV5Oe0I=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIFbUkUlB3RTcuK9gHNLFMppN26GQSZiZCCQV/xY0LRdz6He78G6ePhVoPXDiccy/33hMknCntOF9WbmFxaXklv1pYW9/Y3LK3dxoqTiWhdRLzWLYCrChngtY105y2EklxFHDaDAbXY7/5QKVisbjTw4T6Ee4JFjKCtZE69t7wPiuxoxHymEBeduqeHLveqGMXnbIzAZon7owUYYZax/70ujFJIyo04Viptusk2s+w1IxwOip4qaIJJgPco21DBY6o8rPJ+SN0aJQuCmNpSmg0UX9OZDhSahgFpjPCuq/+emPxP6+d6vDCz5hIUk0FmS4KU450jMZZoC6TlGg+NAQTycytiPSxxESbxAomBPfvy/OkcVZ2K+XL20qxejWLIw/7cAAlcOEcqnADNagDgQye4AVerUfr2Xqz3qetOWs2swu/YH18A8uWlBs=</latexit>

<latexit sha1_base64="NwnGgyyvYL2tr0azWgbitwOJH0Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx5bsLbQhrLZTtq1m03Y3Qgl9Bd48aAgXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnDzpOFcM2i0WsugHVKLjEtuFGYDdRSKNAYCeY3M79zhMqzWN5b6YJ+hEdSR5yRo2VWnxQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQmv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ56rq1aqe16pVGjd5HkU4g3O4BA/q0IA7aEIbGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AGWOjSY=</latexit>

i

Compare

h : Rd ! {�1,+1}

<latexit sha1_base64="Qglo07NTvoHTsQPcH9BIBVMHQAI=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhZBUEsiBR+rohuXVewDmlgmk0k7dDIJMxOhhCzd+CtuXCji1k9w5984bbPQ1gMDh3PuZe45XsyoVJb1bRTm5hcWl4rLpZXVtfUNc3OrKaNEYNLAEYtE20OSMMpJQ1HFSDsWBIUeIy1vcDXyWw9ESBrxOzWMiRuiHqcBxUhpqWvu9i+gEyLV97z0NrtP/Qw6KoJOemwfHdpO1jXLVsUaA84SOydlkKPeNb8cP8JJSLjCDEnZsa1YuSkSimJGspKTSBIjPEA90tGUo5BINx0HyeC+VnwYREI/ruBY/b2RolDKYejpydHNctobif95nUQFZ25KeZwowvHkoyBhUEcdtQJ9KghWbKgJwoLqWyHuI4Gw0t2VdAn2dORZ0jyp2NXK+U21XLvM6yiCHbAHDoANTkENXIM6aAAMHsEzeAVvxpPxYrwbH5PRgpHvbIM/MD5/AM4nmJI=</latexit>

Regression 
• Datum   : feature vector  

• Label 
• Hypothesis

<latexit sha1_base64="NwnGgyyvYL2tr0azWgbitwOJH0Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx5bsLbQhrLZTtq1m03Y3Qgl9Bd48aAgXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnDzpOFcM2i0WsugHVKLjEtuFGYDdRSKNAYCeY3M79zhMqzWN5b6YJ+hEdSR5yRo2VWnxQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQmv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ56rq1aqe16pVGjd5HkU4g3O4BA/q0IA7aEIbGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AGWOjSY=</latexit>

i

x(i) = (x(i)
1 , . . . , x(i)

d )> 2 Rd

<latexit sha1_base64="E5PXGaP/huhuW7UrjJGwGk73mVA="></latexit>

<latexit sha1_base64="6zTd0UL33htTUupyJ/1rdZ+m2wM=">AAACAHicbVDLSsNAFL2pr1pfVcGNm8Ei1E1JpKDLohuXVawtNLFMppN26GQSZiZCiFn4K25cKIhbP8Odf+P0sdDWAwOHc+7lnjl+zJnStv1tFZaWV1bXiuuljc2t7Z3y7t6dihJJaItEPJIdHyvKmaAtzTSnnVhSHPqctv3R5dhvP1CpWCRudRpTL8QDwQJGsDZSr3yQ3mdVdpIjlwnkhlgPfT+7yXvlil2zJ0CLxJmRCszQ7JW/3H5EkpAKTThWquvYsfYyLDUjnOYlN1E0xmSEB7RrqMAhVV42yZ+jY6P0URBJ84RGE/X3RoZDpdLQN5PjhGreG4v/ed1EB+dexkScaCrI9FCQcKQjNC4D9ZmkRPPUEEwkM1kRGWKJiTaVlUwJzvyXF0n7tObUa45zXa80LmZ9FOEQjqAKDpxBA66gCS0g8AjP8Apv1pP1Yr1bH9PRgjXb2Yc/sD5/ANmxldA=</latexit>

y(i) 2 R
<latexit sha1_base64="71bj+db3xhC3HXk1setvwH8PAXE=">AAACEHicbVBNS8NAEN34WetX1KOXxaJ4KokUFE9FLx6rWFtoYtlsNs3SzW7Y3Sgl9B948a948aAgXj1689+4aXuorQ8GHu/NMDMvSBlV2nF+rIXFpeWV1dJaeX1jc2vb3tm9UyKTmDSxYEK2A6QIo5w0NdWMtFNJUBIw0gr6l4XfeiBSUcFv9SAlfoJ6nEYUI22krn0Un0MvQToOgvxmeB9CT9JerJGU4nHK6NoVp+qMAOeJOyEVMEGja397ocBZQrjGDCnVcZ1U+zmSmmJGhmUvUyRFuI96pGMoRwlRfj76ZwgPjRLCSEhTXMOROj2Ro0SpQRKYzuJCNesV4n9eJ9PRmZ9TnmaacDxeFGUMagGLcGBIJcGaDQxBWFJzK8QxkghrE2HZhODOvjxPWidVt1Z13etapX4xyaME9sEBOAYuOAV1cAUaoAkweAIv4A28W8/Wq/VhfY5bF6zJzB74A+vrF8PhnPE=</latexit>

h : Rd ! R

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

–

++ + +

– – –

+

–

++

– – –
x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y
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Recall
Classification 
• Datum   : feature vector  

• Label 
• Hypothesis 
• Loss: 0-1, asymmetric, NLL 
• Example: linear classification

x(i) = (x(i)
1 , . . . , x(i)

d )> 2 Rd

<latexit sha1_base64="E5PXGaP/huhuW7UrjJGwGk73mVA="></latexit>

y(i) 2 {�1,+1}

<latexit sha1_base64="713ykEbssIo/Rc2amVUhyV5Oe0I=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIFbUkUlB3RTcuK9gHNLFMppN26GQSZiZCCQV/xY0LRdz6He78G6ePhVoPXDiccy/33hMknCntOF9WbmFxaXklv1pYW9/Y3LK3dxoqTiWhdRLzWLYCrChngtY105y2EklxFHDaDAbXY7/5QKVisbjTw4T6Ee4JFjKCtZE69t7wPiuxoxHymEBeduqeHLveqGMXnbIzAZon7owUYYZax/70ujFJIyo04Viptusk2s+w1IxwOip4qaIJJgPco21DBY6o8rPJ+SN0aJQuCmNpSmg0UX9OZDhSahgFpjPCuq/+emPxP6+d6vDCz5hIUk0FmS4KU450jMZZoC6TlGg+NAQTycytiPSxxESbxAomBPfvy/OkcVZ2K+XL20qxejWLIw/7cAAlcOEcqnADNagDgQye4AVerUfr2Xqz3qetOWs2swu/YH18A8uWlBs=</latexit>

<latexit sha1_base64="NwnGgyyvYL2tr0azWgbitwOJH0Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx5bsLbQhrLZTtq1m03Y3Qgl9Bd48aAgXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnDzpOFcM2i0WsugHVKLjEtuFGYDdRSKNAYCeY3M79zhMqzWN5b6YJ+hEdSR5yRo2VWnxQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQmv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ56rq1aqe16pVGjd5HkU4g3O4BA/q0IA7aEIbGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AGWOjSY=</latexit>

i

Compare

h : Rd ! {�1,+1}

<latexit sha1_base64="Qglo07NTvoHTsQPcH9BIBVMHQAI=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhZBUEsiBR+rohuXVewDmlgmk0k7dDIJMxOhhCzd+CtuXCji1k9w5984bbPQ1gMDh3PuZe45XsyoVJb1bRTm5hcWl4rLpZXVtfUNc3OrKaNEYNLAEYtE20OSMMpJQ1HFSDsWBIUeIy1vcDXyWw9ESBrxOzWMiRuiHqcBxUhpqWvu9i+gEyLV97z0NrtP/Qw6KoJOemwfHdpO1jXLVsUaA84SOydlkKPeNb8cP8JJSLjCDEnZsa1YuSkSimJGspKTSBIjPEA90tGUo5BINx0HyeC+VnwYREI/ruBY/b2RolDKYejpydHNctobif95nUQFZ25KeZwowvHkoyBhUEcdtQJ9KghWbKgJwoLqWyHuI4Gw0t2VdAn2dORZ0jyp2NXK+U21XLvM6yiCHbAHDoANTkENXIM6aAAMHsEzeAVvxpPxYrwbH5PRgpHvbIM/MD5/AM4nmJI=</latexit>

Regression 
• Datum   : feature vector  

• Label 
• Hypothesis 
• Loss:

<latexit sha1_base64="NwnGgyyvYL2tr0azWgbitwOJH0Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx5bsLbQhrLZTtq1m03Y3Qgl9Bd48aAgXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnDzpOFcM2i0WsugHVKLjEtuFGYDdRSKNAYCeY3M79zhMqzWN5b6YJ+hEdSR5yRo2VWnxQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQmv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ56rq1aqe16pVGjd5HkU4g3O4BA/q0IA7aEIbGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AGWOjSY=</latexit>

i

x(i) = (x(i)
1 , . . . , x(i)

d )> 2 Rd

<latexit sha1_base64="E5PXGaP/huhuW7UrjJGwGk73mVA="></latexit>

<latexit sha1_base64="6zTd0UL33htTUupyJ/1rdZ+m2wM=">AAACAHicbVDLSsNAFL2pr1pfVcGNm8Ei1E1JpKDLohuXVawtNLFMppN26GQSZiZCiFn4K25cKIhbP8Odf+P0sdDWAwOHc+7lnjl+zJnStv1tFZaWV1bXiuuljc2t7Z3y7t6dihJJaItEPJIdHyvKmaAtzTSnnVhSHPqctv3R5dhvP1CpWCRudRpTL8QDwQJGsDZSr3yQ3mdVdpIjlwnkhlgPfT+7yXvlil2zJ0CLxJmRCszQ7JW/3H5EkpAKTThWquvYsfYyLDUjnOYlN1E0xmSEB7RrqMAhVV42yZ+jY6P0URBJ84RGE/X3RoZDpdLQN5PjhGreG4v/ed1EB+dexkScaCrI9FCQcKQjNC4D9ZmkRPPUEEwkM1kRGWKJiTaVlUwJzvyXF0n7tObUa45zXa80LmZ9FOEQjqAKDpxBA66gCS0g8AjP8Apv1pP1Yr1bH9PRgjXb2Yc/sD5/ANmxldA=</latexit>

y(i) 2 R
<latexit sha1_base64="71bj+db3xhC3HXk1setvwH8PAXE=">AAACEHicbVBNS8NAEN34WetX1KOXxaJ4KokUFE9FLx6rWFtoYtlsNs3SzW7Y3Sgl9B948a948aAgXj1689+4aXuorQ8GHu/NMDMvSBlV2nF+rIXFpeWV1dJaeX1jc2vb3tm9UyKTmDSxYEK2A6QIo5w0NdWMtFNJUBIw0gr6l4XfeiBSUcFv9SAlfoJ6nEYUI22krn0Un0MvQToOgvxmeB9CT9JerJGU4nHK6NoVp+qMAOeJOyEVMEGja397ocBZQrjGDCnVcZ1U+zmSmmJGhmUvUyRFuI96pGMoRwlRfj76ZwgPjRLCSEhTXMOROj2Ro0SpQRKYzuJCNesV4n9eJ9PRmZ9TnmaacDxeFGUMagGLcGBIJcGaDQxBWFJzK8QxkghrE2HZhODOvjxPWidVt1Z13etapX4xyaME9sEBOAYuOAV1cAUaoAkweAIv4A28W8/Wq/VhfY5bF6zJzB74A+vrF8PhnPE=</latexit>

h : Rd ! R

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

–

++ + +

– – –

+

–

++

– – –
x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y



2

Recall
Classification 
• Datum   : feature vector  

• Label 
• Hypothesis 
• Loss: 0-1, asymmetric, NLL 
• Example: linear classification

x(i) = (x(i)
1 , . . . , x(i)

d )> 2 Rd

<latexit sha1_base64="E5PXGaP/huhuW7UrjJGwGk73mVA="></latexit>

y(i) 2 {�1,+1}

<latexit sha1_base64="713ykEbssIo/Rc2amVUhyV5Oe0I=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIFbUkUlB3RTcuK9gHNLFMppN26GQSZiZCCQV/xY0LRdz6He78G6ePhVoPXDiccy/33hMknCntOF9WbmFxaXklv1pYW9/Y3LK3dxoqTiWhdRLzWLYCrChngtY105y2EklxFHDaDAbXY7/5QKVisbjTw4T6Ee4JFjKCtZE69t7wPiuxoxHymEBeduqeHLveqGMXnbIzAZon7owUYYZax/70ujFJIyo04Viptusk2s+w1IxwOip4qaIJJgPco21DBY6o8rPJ+SN0aJQuCmNpSmg0UX9OZDhSahgFpjPCuq/+emPxP6+d6vDCz5hIUk0FmS4KU450jMZZoC6TlGg+NAQTycytiPSxxESbxAomBPfvy/OkcVZ2K+XL20qxejWLIw/7cAAlcOEcqnADNagDgQye4AVerUfr2Xqz3qetOWs2swu/YH18A8uWlBs=</latexit>

<latexit sha1_base64="NwnGgyyvYL2tr0azWgbitwOJH0Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx5bsLbQhrLZTtq1m03Y3Qgl9Bd48aAgXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnDzpOFcM2i0WsugHVKLjEtuFGYDdRSKNAYCeY3M79zhMqzWN5b6YJ+hEdSR5yRo2VWnxQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQmv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ56rq1aqe16pVGjd5HkU4g3O4BA/q0IA7aEIbGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AGWOjSY=</latexit>

i

Compare

h : Rd ! {�1,+1}

<latexit sha1_base64="Qglo07NTvoHTsQPcH9BIBVMHQAI=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhZBUEsiBR+rohuXVewDmlgmk0k7dDIJMxOhhCzd+CtuXCji1k9w5984bbPQ1gMDh3PuZe45XsyoVJb1bRTm5hcWl4rLpZXVtfUNc3OrKaNEYNLAEYtE20OSMMpJQ1HFSDsWBIUeIy1vcDXyWw9ESBrxOzWMiRuiHqcBxUhpqWvu9i+gEyLV97z0NrtP/Qw6KoJOemwfHdpO1jXLVsUaA84SOydlkKPeNb8cP8JJSLjCDEnZsa1YuSkSimJGspKTSBIjPEA90tGUo5BINx0HyeC+VnwYREI/ruBY/b2RolDKYejpydHNctobif95nUQFZ25KeZwowvHkoyBhUEcdtQJ9KghWbKgJwoLqWyHuI4Gw0t2VdAn2dORZ0jyp2NXK+U21XLvM6yiCHbAHDoANTkENXIM6aAAMHsEzeAVvxpPxYrwbH5PRgpHvbIM/MD5/AM4nmJI=</latexit>

Regression 
• Datum   : feature vector  

• Label 
• Hypothesis 
• Loss:

<latexit sha1_base64="NwnGgyyvYL2tr0azWgbitwOJH0Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx5bsLbQhrLZTtq1m03Y3Qgl9Bd48aAgXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnDzpOFcM2i0WsugHVKLjEtuFGYDdRSKNAYCeY3M79zhMqzWN5b6YJ+hEdSR5yRo2VWnxQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQmv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ56rq1aqe16pVGjd5HkU4g3O4BA/q0IA7aEIbGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AGWOjSY=</latexit>

i

x(i) = (x(i)
1 , . . . , x(i)

d )> 2 Rd

<latexit sha1_base64="E5PXGaP/huhuW7UrjJGwGk73mVA="></latexit>

<latexit sha1_base64="6zTd0UL33htTUupyJ/1rdZ+m2wM=">AAACAHicbVDLSsNAFL2pr1pfVcGNm8Ei1E1JpKDLohuXVawtNLFMppN26GQSZiZCiFn4K25cKIhbP8Odf+P0sdDWAwOHc+7lnjl+zJnStv1tFZaWV1bXiuuljc2t7Z3y7t6dihJJaItEPJIdHyvKmaAtzTSnnVhSHPqctv3R5dhvP1CpWCRudRpTL8QDwQJGsDZSr3yQ3mdVdpIjlwnkhlgPfT+7yXvlil2zJ0CLxJmRCszQ7JW/3H5EkpAKTThWquvYsfYyLDUjnOYlN1E0xmSEB7RrqMAhVV42yZ+jY6P0URBJ84RGE/X3RoZDpdLQN5PjhGreG4v/ed1EB+dexkScaCrI9FCQcKQjNC4D9ZmkRPPUEEwkM1kRGWKJiTaVlUwJzvyXF0n7tObUa45zXa80LmZ9FOEQjqAKDpxBA66gCS0g8AjP8Apv1pP1Yr1bH9PRgjXb2Yc/sD5/ANmxldA=</latexit>

y(i) 2 R
<latexit sha1_base64="71bj+db3xhC3HXk1setvwH8PAXE=">AAACEHicbVBNS8NAEN34WetX1KOXxaJ4KokUFE9FLx6rWFtoYtlsNs3SzW7Y3Sgl9B948a948aAgXj1689+4aXuorQ8GHu/NMDMvSBlV2nF+rIXFpeWV1dJaeX1jc2vb3tm9UyKTmDSxYEK2A6QIo5w0NdWMtFNJUBIw0gr6l4XfeiBSUcFv9SAlfoJ6nEYUI22krn0Un0MvQToOgvxmeB9CT9JerJGU4nHK6NoVp+qMAOeJOyEVMEGja397ocBZQrjGDCnVcZ1U+zmSmmJGhmUvUyRFuI96pGMoRwlRfj76ZwgPjRLCSEhTXMOROj2Ro0SpQRKYzuJCNesV4n9eJ9PRmZ9TnmaacDxeFGUMagGLcGBIJcGaDQxBWFJzK8QxkghrE2HZhODOvjxPWidVt1Z13etapX4xyaME9sEBOAYuOAV1cAUaoAkweAIv4A28W8/Wq/VhfY5bF6zJzB74A+vrF8PhnPE=</latexit>

h : Rd ! R
<latexit sha1_base64="mzqaYdgcFCqj7/uaVlTQkSDmCG8=">AAAB+nicbVBNS8NAEJ34WetX1KOXxSK0oCUpBb0IRS8ePFSwttDGstlu2qWbTdjdFEroP/HiQUG8+ku8+W/ctjlo64OBx3szzMzzY86Udpxva2V1bX1jM7eV397Z3du3Dw4fVZRIQhsk4pFs+VhRzgRtaKY5bcWS4tDntOkPb6Z+c0SlYpF40OOYeiHuCxYwgrWRurZ9V+yf4RK6QsX+OS49Vbp2wSk7M6Bl4makABnqXfur04tIElKhCcdKtV0n1l6KpWaE00m+kygaYzLEfdo2VOCQKi+dXT5Bp0bpoSCSpoRGM/X3RIpDpcahbzpDrAdq0ZuK/3ntRAeXXspEnGgqyHxRkHCkIzSNAfWYpETzsSGYSGZuRWSAJSbahJU3IbiLLy+TZqXsVsuue18t1K6zPHJwDCdQBBcuoAa3UIcGEBjBM7zCm5VaL9a79TFvXbGymSP4A+vzB28zkWg=</latexit>

L(g, a) = (g � a)2

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

–

++ + +

– – –

+

–

++

– – –
x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y
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Recall
Classification 
• Datum   : feature vector  

• Label 
• Hypothesis 
• Loss: 0-1, asymmetric, NLL 
• Example: linear classification

x(i) = (x(i)
1 , . . . , x(i)

d )> 2 Rd

<latexit sha1_base64="E5PXGaP/huhuW7UrjJGwGk73mVA="></latexit>

y(i) 2 {�1,+1}

<latexit sha1_base64="713ykEbssIo/Rc2amVUhyV5Oe0I=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIFbUkUlB3RTcuK9gHNLFMppN26GQSZiZCCQV/xY0LRdz6He78G6ePhVoPXDiccy/33hMknCntOF9WbmFxaXklv1pYW9/Y3LK3dxoqTiWhdRLzWLYCrChngtY105y2EklxFHDaDAbXY7/5QKVisbjTw4T6Ee4JFjKCtZE69t7wPiuxoxHymEBeduqeHLveqGMXnbIzAZon7owUYYZax/70ujFJIyo04Viptusk2s+w1IxwOip4qaIJJgPco21DBY6o8rPJ+SN0aJQuCmNpSmg0UX9OZDhSahgFpjPCuq/+emPxP6+d6vDCz5hIUk0FmS4KU450jMZZoC6TlGg+NAQTycytiPSxxESbxAomBPfvy/OkcVZ2K+XL20qxejWLIw/7cAAlcOEcqnADNagDgQye4AVerUfr2Xqz3qetOWs2swu/YH18A8uWlBs=</latexit>

<latexit sha1_base64="NwnGgyyvYL2tr0azWgbitwOJH0Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx5bsLbQhrLZTtq1m03Y3Qgl9Bd48aAgXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnDzpOFcM2i0WsugHVKLjEtuFGYDdRSKNAYCeY3M79zhMqzWN5b6YJ+hEdSR5yRo2VWnxQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQmv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ56rq1aqe16pVGjd5HkU4g3O4BA/q0IA7aEIbGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AGWOjSY=</latexit>

i

Compare

h : Rd ! {�1,+1}

<latexit sha1_base64="Qglo07NTvoHTsQPcH9BIBVMHQAI=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhZBUEsiBR+rohuXVewDmlgmk0k7dDIJMxOhhCzd+CtuXCji1k9w5984bbPQ1gMDh3PuZe45XsyoVJb1bRTm5hcWl4rLpZXVtfUNc3OrKaNEYNLAEYtE20OSMMpJQ1HFSDsWBIUeIy1vcDXyWw9ESBrxOzWMiRuiHqcBxUhpqWvu9i+gEyLV97z0NrtP/Qw6KoJOemwfHdpO1jXLVsUaA84SOydlkKPeNb8cP8JJSLjCDEnZsa1YuSkSimJGspKTSBIjPEA90tGUo5BINx0HyeC+VnwYREI/ruBY/b2RolDKYejpydHNctobif95nUQFZ25KeZwowvHkoyBhUEcdtQJ9KghWbKgJwoLqWyHuI4Gw0t2VdAn2dORZ0jyp2NXK+U21XLvM6yiCHbAHDoANTkENXIM6aAAMHsEzeAVvxpPxYrwbH5PRgpHvbIM/MD5/AM4nmJI=</latexit>

Regression 
• Datum   : feature vector  

• Label 
• Hypothesis 
• Loss:

<latexit sha1_base64="NwnGgyyvYL2tr0azWgbitwOJH0Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx5bsLbQhrLZTtq1m03Y3Qgl9Bd48aAgXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnDzpOFcM2i0WsugHVKLjEtuFGYDdRSKNAYCeY3M79zhMqzWN5b6YJ+hEdSR5yRo2VWnxQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQmv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ56rq1aqe16pVGjd5HkU4g3O4BA/q0IA7aEIbGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AGWOjSY=</latexit>

i

x(i) = (x(i)
1 , . . . , x(i)

d )> 2 Rd

<latexit sha1_base64="E5PXGaP/huhuW7UrjJGwGk73mVA="></latexit>

<latexit sha1_base64="6zTd0UL33htTUupyJ/1rdZ+m2wM=">AAACAHicbVDLSsNAFL2pr1pfVcGNm8Ei1E1JpKDLohuXVawtNLFMppN26GQSZiZCiFn4K25cKIhbP8Odf+P0sdDWAwOHc+7lnjl+zJnStv1tFZaWV1bXiuuljc2t7Z3y7t6dihJJaItEPJIdHyvKmaAtzTSnnVhSHPqctv3R5dhvP1CpWCRudRpTL8QDwQJGsDZSr3yQ3mdVdpIjlwnkhlgPfT+7yXvlil2zJ0CLxJmRCszQ7JW/3H5EkpAKTThWquvYsfYyLDUjnOYlN1E0xmSEB7RrqMAhVV42yZ+jY6P0URBJ84RGE/X3RoZDpdLQN5PjhGreG4v/ed1EB+dexkScaCrI9FCQcKQjNC4D9ZmkRPPUEEwkM1kRGWKJiTaVlUwJzvyXF0n7tObUa45zXa80LmZ9FOEQjqAKDpxBA66gCS0g8AjP8Apv1pP1Yr1bH9PRgjXb2Yc/sD5/ANmxldA=</latexit>

y(i) 2 R
<latexit sha1_base64="71bj+db3xhC3HXk1setvwH8PAXE=">AAACEHicbVBNS8NAEN34WetX1KOXxaJ4KokUFE9FLx6rWFtoYtlsNs3SzW7Y3Sgl9B948a948aAgXj1689+4aXuorQ8GHu/NMDMvSBlV2nF+rIXFpeWV1dJaeX1jc2vb3tm9UyKTmDSxYEK2A6QIo5w0NdWMtFNJUBIw0gr6l4XfeiBSUcFv9SAlfoJ6nEYUI22krn0Un0MvQToOgvxmeB9CT9JerJGU4nHK6NoVp+qMAOeJOyEVMEGja397ocBZQrjGDCnVcZ1U+zmSmmJGhmUvUyRFuI96pGMoRwlRfj76ZwgPjRLCSEhTXMOROj2Ro0SpQRKYzuJCNesV4n9eJ9PRmZ9TnmaacDxeFGUMagGLcGBIJcGaDQxBWFJzK8QxkghrE2HZhODOvjxPWidVt1Z13etapX4xyaME9sEBOAYuOAV1cAUaoAkweAIv4A28W8/Wq/VhfY5bF6zJzB74A+vrF8PhnPE=</latexit>

h : Rd ! R
<latexit sha1_base64="mzqaYdgcFCqj7/uaVlTQkSDmCG8=">AAAB+nicbVBNS8NAEJ34WetX1KOXxSK0oCUpBb0IRS8ePFSwttDGstlu2qWbTdjdFEroP/HiQUG8+ku8+W/ctjlo64OBx3szzMzzY86Udpxva2V1bX1jM7eV397Z3du3Dw4fVZRIQhsk4pFs+VhRzgRtaKY5bcWS4tDntOkPb6Z+c0SlYpF40OOYeiHuCxYwgrWRurZ9V+yf4RK6QsX+OS49Vbp2wSk7M6Bl4makABnqXfur04tIElKhCcdKtV0n1l6KpWaE00m+kygaYzLEfdo2VOCQKi+dXT5Bp0bpoSCSpoRGM/X3RIpDpcahbzpDrAdq0ZuK/3ntRAeXXspEnGgqyHxRkHCkIzSNAfWYpETzsSGYSGZuRWSAJSbahJU3IbiLLy+TZqXsVsuue18t1K6zPHJwDCdQBBcuoAa3UIcGEBjBM7zCm5VaL9a79TFvXbGymSP4A+vzB28zkWg=</latexit>

L(g, a) = (g � a)2

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

–

++ + +

– – –

+

–

++

– – –
x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y
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Recall
Classification 
• Datum   : feature vector  

• Label 
• Hypothesis 
• Loss: 0-1, asymmetric, NLL 
• Example: linear classification

x(i) = (x(i)
1 , . . . , x(i)

d )> 2 Rd

<latexit sha1_base64="E5PXGaP/huhuW7UrjJGwGk73mVA="></latexit>

y(i) 2 {�1,+1}

<latexit sha1_base64="713ykEbssIo/Rc2amVUhyV5Oe0I=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIFbUkUlB3RTcuK9gHNLFMppN26GQSZiZCCQV/xY0LRdz6He78G6ePhVoPXDiccy/33hMknCntOF9WbmFxaXklv1pYW9/Y3LK3dxoqTiWhdRLzWLYCrChngtY105y2EklxFHDaDAbXY7/5QKVisbjTw4T6Ee4JFjKCtZE69t7wPiuxoxHymEBeduqeHLveqGMXnbIzAZon7owUYYZax/70ujFJIyo04Viptusk2s+w1IxwOip4qaIJJgPco21DBY6o8rPJ+SN0aJQuCmNpSmg0UX9OZDhSahgFpjPCuq/+emPxP6+d6vDCz5hIUk0FmS4KU450jMZZoC6TlGg+NAQTycytiPSxxESbxAomBPfvy/OkcVZ2K+XL20qxejWLIw/7cAAlcOEcqnADNagDgQye4AVerUfr2Xqz3qetOWs2swu/YH18A8uWlBs=</latexit>

<latexit sha1_base64="NwnGgyyvYL2tr0azWgbitwOJH0Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx5bsLbQhrLZTtq1m03Y3Qgl9Bd48aAgXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnDzpOFcM2i0WsugHVKLjEtuFGYDdRSKNAYCeY3M79zhMqzWN5b6YJ+hEdSR5yRo2VWnxQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQmv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ56rq1aqe16pVGjd5HkU4g3O4BA/q0IA7aEIbGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AGWOjSY=</latexit>

i

Compare

h : Rd ! {�1,+1}

<latexit sha1_base64="Qglo07NTvoHTsQPcH9BIBVMHQAI=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhZBUEsiBR+rohuXVewDmlgmk0k7dDIJMxOhhCzd+CtuXCji1k9w5984bbPQ1gMDh3PuZe45XsyoVJb1bRTm5hcWl4rLpZXVtfUNc3OrKaNEYNLAEYtE20OSMMpJQ1HFSDsWBIUeIy1vcDXyWw9ESBrxOzWMiRuiHqcBxUhpqWvu9i+gEyLV97z0NrtP/Qw6KoJOemwfHdpO1jXLVsUaA84SOydlkKPeNb8cP8JJSLjCDEnZsa1YuSkSimJGspKTSBIjPEA90tGUo5BINx0HyeC+VnwYREI/ruBY/b2RolDKYejpydHNctobif95nUQFZ25KeZwowvHkoyBhUEcdtQJ9KghWbKgJwoLqWyHuI4Gw0t2VdAn2dORZ0jyp2NXK+U21XLvM6yiCHbAHDoANTkENXIM6aAAMHsEzeAVvxpPxYrwbH5PRgpHvbIM/MD5/AM4nmJI=</latexit>

Regression 
• Datum   : feature vector  

• Label 
• Hypothesis 
• Loss:

<latexit sha1_base64="NwnGgyyvYL2tr0azWgbitwOJH0Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx5bsLbQhrLZTtq1m03Y3Qgl9Bd48aAgXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnDzpOFcM2i0WsugHVKLjEtuFGYDdRSKNAYCeY3M79zhMqzWN5b6YJ+hEdSR5yRo2VWnxQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQmv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ56rq1aqe16pVGjd5HkU4g3O4BA/q0IA7aEIbGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AGWOjSY=</latexit>

i

x(i) = (x(i)
1 , . . . , x(i)

d )> 2 Rd

<latexit sha1_base64="E5PXGaP/huhuW7UrjJGwGk73mVA="></latexit>

<latexit sha1_base64="6zTd0UL33htTUupyJ/1rdZ+m2wM=">AAACAHicbVDLSsNAFL2pr1pfVcGNm8Ei1E1JpKDLohuXVawtNLFMppN26GQSZiZCiFn4K25cKIhbP8Odf+P0sdDWAwOHc+7lnjl+zJnStv1tFZaWV1bXiuuljc2t7Z3y7t6dihJJaItEPJIdHyvKmaAtzTSnnVhSHPqctv3R5dhvP1CpWCRudRpTL8QDwQJGsDZSr3yQ3mdVdpIjlwnkhlgPfT+7yXvlil2zJ0CLxJmRCszQ7JW/3H5EkpAKTThWquvYsfYyLDUjnOYlN1E0xmSEB7RrqMAhVV42yZ+jY6P0URBJ84RGE/X3RoZDpdLQN5PjhGreG4v/ed1EB+dexkScaCrI9FCQcKQjNC4D9ZmkRPPUEEwkM1kRGWKJiTaVlUwJzvyXF0n7tObUa45zXa80LmZ9FOEQjqAKDpxBA66gCS0g8AjP8Apv1pP1Yr1bH9PRgjXb2Yc/sD5/ANmxldA=</latexit>

y(i) 2 R
<latexit sha1_base64="71bj+db3xhC3HXk1setvwH8PAXE=">AAACEHicbVBNS8NAEN34WetX1KOXxaJ4KokUFE9FLx6rWFtoYtlsNs3SzW7Y3Sgl9B948a948aAgXj1689+4aXuorQ8GHu/NMDMvSBlV2nF+rIXFpeWV1dJaeX1jc2vb3tm9UyKTmDSxYEK2A6QIo5w0NdWMtFNJUBIw0gr6l4XfeiBSUcFv9SAlfoJ6nEYUI22krn0Un0MvQToOgvxmeB9CT9JerJGU4nHK6NoVp+qMAOeJOyEVMEGja397ocBZQrjGDCnVcZ1U+zmSmmJGhmUvUyRFuI96pGMoRwlRfj76ZwgPjRLCSEhTXMOROj2Ro0SpQRKYzuJCNesV4n9eJ9PRmZ9TnmaacDxeFGUMagGLcGBIJcGaDQxBWFJzK8QxkghrE2HZhODOvjxPWidVt1Z13etapX4xyaME9sEBOAYuOAV1cAUaoAkweAIv4A28W8/Wq/VhfY5bF6zJzB74A+vrF8PhnPE=</latexit>

h : Rd ! R
<latexit sha1_base64="mzqaYdgcFCqj7/uaVlTQkSDmCG8=">AAAB+nicbVBNS8NAEJ34WetX1KOXxSK0oCUpBb0IRS8ePFSwttDGstlu2qWbTdjdFEroP/HiQUG8+ku8+W/ctjlo64OBx3szzMzzY86Udpxva2V1bX1jM7eV397Z3du3Dw4fVZRIQhsk4pFs+VhRzgRtaKY5bcWS4tDntOkPb6Z+c0SlYpF40OOYeiHuCxYwgrWRurZ9V+yf4RK6QsX+OS49Vbp2wSk7M6Bl4makABnqXfur04tIElKhCcdKtV0n1l6KpWaE00m+kygaYzLEfdo2VOCQKi+dXT5Bp0bpoSCSpoRGM/X3RIpDpcahbzpDrAdq0ZuK/3ntRAeXXspEnGgqyHxRkHCkIzSNAfWYpETzsSGYSGZuRWSAJSbahJU3IbiLLy+TZqXsVsuue18t1K6zPHJwDCdQBBcuoAa3UIcGEBjBM7zCm5VaL9a79TFvXbGymSP4A+vzB28zkWg=</latexit>

L(g, a) = (g � a)2

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

–

++ + +

– – –

+

–

++

– – –
x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y



2

Recall
Classification 
• Datum   : feature vector  

• Label 
• Hypothesis 
• Loss: 0-1, asymmetric, NLL 
• Example: linear classification

x(i) = (x(i)
1 , . . . , x(i)

d )> 2 Rd

<latexit sha1_base64="E5PXGaP/huhuW7UrjJGwGk73mVA="></latexit>

y(i) 2 {�1,+1}

<latexit sha1_base64="713ykEbssIo/Rc2amVUhyV5Oe0I=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIFbUkUlB3RTcuK9gHNLFMppN26GQSZiZCCQV/xY0LRdz6He78G6ePhVoPXDiccy/33hMknCntOF9WbmFxaXklv1pYW9/Y3LK3dxoqTiWhdRLzWLYCrChngtY105y2EklxFHDaDAbXY7/5QKVisbjTw4T6Ee4JFjKCtZE69t7wPiuxoxHymEBeduqeHLveqGMXnbIzAZon7owUYYZax/70ujFJIyo04Viptusk2s+w1IxwOip4qaIJJgPco21DBY6o8rPJ+SN0aJQuCmNpSmg0UX9OZDhSahgFpjPCuq/+emPxP6+d6vDCz5hIUk0FmS4KU450jMZZoC6TlGg+NAQTycytiPSxxESbxAomBPfvy/OkcVZ2K+XL20qxejWLIw/7cAAlcOEcqnADNagDgQye4AVerUfr2Xqz3qetOWs2swu/YH18A8uWlBs=</latexit>

<latexit sha1_base64="NwnGgyyvYL2tr0azWgbitwOJH0Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx5bsLbQhrLZTtq1m03Y3Qgl9Bd48aAgXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnDzpOFcM2i0WsugHVKLjEtuFGYDdRSKNAYCeY3M79zhMqzWN5b6YJ+hEdSR5yRo2VWnxQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQmv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ56rq1aqe16pVGjd5HkU4g3O4BA/q0IA7aEIbGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AGWOjSY=</latexit>

i

Compare

h : Rd ! {�1,+1}

<latexit sha1_base64="Qglo07NTvoHTsQPcH9BIBVMHQAI=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhZBUEsiBR+rohuXVewDmlgmk0k7dDIJMxOhhCzd+CtuXCji1k9w5984bbPQ1gMDh3PuZe45XsyoVJb1bRTm5hcWl4rLpZXVtfUNc3OrKaNEYNLAEYtE20OSMMpJQ1HFSDsWBIUeIy1vcDXyWw9ESBrxOzWMiRuiHqcBxUhpqWvu9i+gEyLV97z0NrtP/Qw6KoJOemwfHdpO1jXLVsUaA84SOydlkKPeNb8cP8JJSLjCDEnZsa1YuSkSimJGspKTSBIjPEA90tGUo5BINx0HyeC+VnwYREI/ruBY/b2RolDKYejpydHNctobif95nUQFZ25KeZwowvHkoyBhUEcdtQJ9KghWbKgJwoLqWyHuI4Gw0t2VdAn2dORZ0jyp2NXK+U21XLvM6yiCHbAHDoANTkENXIM6aAAMHsEzeAVvxpPxYrwbH5PRgpHvbIM/MD5/AM4nmJI=</latexit>

Regression 
• Datum   : feature vector  

• Label 
• Hypothesis 
• Loss:

<latexit sha1_base64="NwnGgyyvYL2tr0azWgbitwOJH0Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx5bsLbQhrLZTtq1m03Y3Qgl9Bd48aAgXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnDzpOFcM2i0WsugHVKLjEtuFGYDdRSKNAYCeY3M79zhMqzWN5b6YJ+hEdSR5yRo2VWnxQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQmv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ56rq1aqe16pVGjd5HkU4g3O4BA/q0IA7aEIbGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AGWOjSY=</latexit>

i

x(i) = (x(i)
1 , . . . , x(i)

d )> 2 Rd

<latexit sha1_base64="E5PXGaP/huhuW7UrjJGwGk73mVA="></latexit>

<latexit sha1_base64="6zTd0UL33htTUupyJ/1rdZ+m2wM=">AAACAHicbVDLSsNAFL2pr1pfVcGNm8Ei1E1JpKDLohuXVawtNLFMppN26GQSZiZCiFn4K25cKIhbP8Odf+P0sdDWAwOHc+7lnjl+zJnStv1tFZaWV1bXiuuljc2t7Z3y7t6dihJJaItEPJIdHyvKmaAtzTSnnVhSHPqctv3R5dhvP1CpWCRudRpTL8QDwQJGsDZSr3yQ3mdVdpIjlwnkhlgPfT+7yXvlil2zJ0CLxJmRCszQ7JW/3H5EkpAKTThWquvYsfYyLDUjnOYlN1E0xmSEB7RrqMAhVV42yZ+jY6P0URBJ84RGE/X3RoZDpdLQN5PjhGreG4v/ed1EB+dexkScaCrI9FCQcKQjNC4D9ZmkRPPUEEwkM1kRGWKJiTaVlUwJzvyXF0n7tObUa45zXa80LmZ9FOEQjqAKDpxBA66gCS0g8AjP8Apv1pP1Yr1bH9PRgjXb2Yc/sD5/ANmxldA=</latexit>

y(i) 2 R
<latexit sha1_base64="71bj+db3xhC3HXk1setvwH8PAXE=">AAACEHicbVBNS8NAEN34WetX1KOXxaJ4KokUFE9FLx6rWFtoYtlsNs3SzW7Y3Sgl9B948a948aAgXj1689+4aXuorQ8GHu/NMDMvSBlV2nF+rIXFpeWV1dJaeX1jc2vb3tm9UyKTmDSxYEK2A6QIo5w0NdWMtFNJUBIw0gr6l4XfeiBSUcFv9SAlfoJ6nEYUI22krn0Un0MvQToOgvxmeB9CT9JerJGU4nHK6NoVp+qMAOeJOyEVMEGja397ocBZQrjGDCnVcZ1U+zmSmmJGhmUvUyRFuI96pGMoRwlRfj76ZwgPjRLCSEhTXMOROj2Ro0SpQRKYzuJCNesV4n9eJ9PRmZ9TnmaacDxeFGUMagGLcGBIJcGaDQxBWFJzK8QxkghrE2HZhODOvjxPWidVt1Z13etapX4xyaME9sEBOAYuOAV1cAUaoAkweAIv4A28W8/Wq/VhfY5bF6zJzB74A+vrF8PhnPE=</latexit>

h : Rd ! R
<latexit sha1_base64="mzqaYdgcFCqj7/uaVlTQkSDmCG8=">AAAB+nicbVBNS8NAEJ34WetX1KOXxSK0oCUpBb0IRS8ePFSwttDGstlu2qWbTdjdFEroP/HiQUG8+ku8+W/ctjlo64OBx3szzMzzY86Udpxva2V1bX1jM7eV397Z3du3Dw4fVZRIQhsk4pFs+VhRzgRtaKY5bcWS4tDntOkPb6Z+c0SlYpF40OOYeiHuCxYwgrWRurZ9V+yf4RK6QsX+OS49Vbp2wSk7M6Bl4makABnqXfur04tIElKhCcdKtV0n1l6KpWaE00m+kygaYzLEfdo2VOCQKi+dXT5Bp0bpoSCSpoRGM/X3RIpDpcahbzpDrAdq0ZuK/3ntRAeXXspEnGgqyHxRkHCkIzSNAfWYpETzsSGYSGZuRWSAJSbahJU3IbiLLy+TZqXsVsuue18t1K6zPHJwDCdQBBcuoAa3UIcGEBjBM7zCm5VaL9a79TFvXbGymSP4A+vzB28zkWg=</latexit>

L(g, a) = (g � a)2

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

–

++ + +

– – –

+

–

++

– – –
x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y
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Recall
Classification 
• Datum   : feature vector  

• Label 
• Hypothesis 
• Loss: 0-1, asymmetric, NLL 
• Example: linear classification

x(i) = (x(i)
1 , . . . , x(i)

d )> 2 Rd

<latexit sha1_base64="E5PXGaP/huhuW7UrjJGwGk73mVA="></latexit>

y(i) 2 {�1,+1}

<latexit sha1_base64="713ykEbssIo/Rc2amVUhyV5Oe0I=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIFbUkUlB3RTcuK9gHNLFMppN26GQSZiZCCQV/xY0LRdz6He78G6ePhVoPXDiccy/33hMknCntOF9WbmFxaXklv1pYW9/Y3LK3dxoqTiWhdRLzWLYCrChngtY105y2EklxFHDaDAbXY7/5QKVisbjTw4T6Ee4JFjKCtZE69t7wPiuxoxHymEBeduqeHLveqGMXnbIzAZon7owUYYZax/70ujFJIyo04Viptusk2s+w1IxwOip4qaIJJgPco21DBY6o8rPJ+SN0aJQuCmNpSmg0UX9OZDhSahgFpjPCuq/+emPxP6+d6vDCz5hIUk0FmS4KU450jMZZoC6TlGg+NAQTycytiPSxxESbxAomBPfvy/OkcVZ2K+XL20qxejWLIw/7cAAlcOEcqnADNagDgQye4AVerUfr2Xqz3qetOWs2swu/YH18A8uWlBs=</latexit>

<latexit sha1_base64="NwnGgyyvYL2tr0azWgbitwOJH0Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx5bsLbQhrLZTtq1m03Y3Qgl9Bd48aAgXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnDzpOFcM2i0WsugHVKLjEtuFGYDdRSKNAYCeY3M79zhMqzWN5b6YJ+hEdSR5yRo2VWnxQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQmv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ56rq1aqe16pVGjd5HkU4g3O4BA/q0IA7aEIbGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AGWOjSY=</latexit>

i

Compare

h : Rd ! {�1,+1}

<latexit sha1_base64="Qglo07NTvoHTsQPcH9BIBVMHQAI=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhZBUEsiBR+rohuXVewDmlgmk0k7dDIJMxOhhCzd+CtuXCji1k9w5984bbPQ1gMDh3PuZe45XsyoVJb1bRTm5hcWl4rLpZXVtfUNc3OrKaNEYNLAEYtE20OSMMpJQ1HFSDsWBIUeIy1vcDXyWw9ESBrxOzWMiRuiHqcBxUhpqWvu9i+gEyLV97z0NrtP/Qw6KoJOemwfHdpO1jXLVsUaA84SOydlkKPeNb8cP8JJSLjCDEnZsa1YuSkSimJGspKTSBIjPEA90tGUo5BINx0HyeC+VnwYREI/ruBY/b2RolDKYejpydHNctobif95nUQFZ25KeZwowvHkoyBhUEcdtQJ9KghWbKgJwoLqWyHuI4Gw0t2VdAn2dORZ0jyp2NXK+U21XLvM6yiCHbAHDoANTkENXIM6aAAMHsEzeAVvxpPxYrwbH5PRgpHvbIM/MD5/AM4nmJI=</latexit>

Regression 
• Datum   : feature vector  

• Label 
• Hypothesis 
• Loss:

<latexit sha1_base64="NwnGgyyvYL2tr0azWgbitwOJH0Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx5bsLbQhrLZTtq1m03Y3Qgl9Bd48aAgXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnDzpOFcM2i0WsugHVKLjEtuFGYDdRSKNAYCeY3M79zhMqzWN5b6YJ+hEdSR5yRo2VWnxQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQmv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ56rq1aqe16pVGjd5HkU4g3O4BA/q0IA7aEIbGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AGWOjSY=</latexit>

i

x(i) = (x(i)
1 , . . . , x(i)

d )> 2 Rd

<latexit sha1_base64="E5PXGaP/huhuW7UrjJGwGk73mVA="></latexit>

<latexit sha1_base64="6zTd0UL33htTUupyJ/1rdZ+m2wM=">AAACAHicbVDLSsNAFL2pr1pfVcGNm8Ei1E1JpKDLohuXVawtNLFMppN26GQSZiZCiFn4K25cKIhbP8Odf+P0sdDWAwOHc+7lnjl+zJnStv1tFZaWV1bXiuuljc2t7Z3y7t6dihJJaItEPJIdHyvKmaAtzTSnnVhSHPqctv3R5dhvP1CpWCRudRpTL8QDwQJGsDZSr3yQ3mdVdpIjlwnkhlgPfT+7yXvlil2zJ0CLxJmRCszQ7JW/3H5EkpAKTThWquvYsfYyLDUjnOYlN1E0xmSEB7RrqMAhVV42yZ+jY6P0URBJ84RGE/X3RoZDpdLQN5PjhGreG4v/ed1EB+dexkScaCrI9FCQcKQjNC4D9ZmkRPPUEEwkM1kRGWKJiTaVlUwJzvyXF0n7tObUa45zXa80LmZ9FOEQjqAKDpxBA66gCS0g8AjP8Apv1pP1Yr1bH9PRgjXb2Yc/sD5/ANmxldA=</latexit>

y(i) 2 R
<latexit sha1_base64="71bj+db3xhC3HXk1setvwH8PAXE=">AAACEHicbVBNS8NAEN34WetX1KOXxaJ4KokUFE9FLx6rWFtoYtlsNs3SzW7Y3Sgl9B948a948aAgXj1689+4aXuorQ8GHu/NMDMvSBlV2nF+rIXFpeWV1dJaeX1jc2vb3tm9UyKTmDSxYEK2A6QIo5w0NdWMtFNJUBIw0gr6l4XfeiBSUcFv9SAlfoJ6nEYUI22krn0Un0MvQToOgvxmeB9CT9JerJGU4nHK6NoVp+qMAOeJOyEVMEGja397ocBZQrjGDCnVcZ1U+zmSmmJGhmUvUyRFuI96pGMoRwlRfj76ZwgPjRLCSEhTXMOROj2Ro0SpQRKYzuJCNesV4n9eJ9PRmZ9TnmaacDxeFGUMagGLcGBIJcGaDQxBWFJzK8QxkghrE2HZhODOvjxPWidVt1Z13etapX4xyaME9sEBOAYuOAV1cAUaoAkweAIv4A28W8/Wq/VhfY5bF6zJzB74A+vrF8PhnPE=</latexit>

h : Rd ! R
<latexit sha1_base64="mzqaYdgcFCqj7/uaVlTQkSDmCG8=">AAAB+nicbVBNS8NAEJ34WetX1KOXxSK0oCUpBb0IRS8ePFSwttDGstlu2qWbTdjdFEroP/HiQUG8+ku8+W/ctjlo64OBx3szzMzzY86Udpxva2V1bX1jM7eV397Z3du3Dw4fVZRIQhsk4pFs+VhRzgRtaKY5bcWS4tDntOkPb6Z+c0SlYpF40OOYeiHuCxYwgrWRurZ9V+yf4RK6QsX+OS49Vbp2wSk7M6Bl4makABnqXfur04tIElKhCcdKtV0n1l6KpWaE00m+kygaYzLEfdo2VOCQKi+dXT5Bp0bpoSCSpoRGM/X3RIpDpcahbzpDrAdq0ZuK/3ntRAeXXspEnGgqyHxRkHCkIzSNAfWYpETzsSGYSGZuRWSAJSbahJU3IbiLLy+TZqXsVsuue18t1K6zPHJwDCdQBBcuoAa3UIcGEBjBM7zCm5VaL9a79TFvXbGymSP4A+vzB28zkWg=</latexit>

L(g, a) = (g � a)2

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

–

++ + +

– – –

+

–

++

– – –
x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y
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Recall
Classification 
• Datum   : feature vector  

• Label 
• Hypothesis 
• Loss: 0-1, asymmetric, NLL 
• Example: linear classification

x(i) = (x(i)
1 , . . . , x(i)

d )> 2 Rd

<latexit sha1_base64="E5PXGaP/huhuW7UrjJGwGk73mVA="></latexit>

y(i) 2 {�1,+1}

<latexit sha1_base64="713ykEbssIo/Rc2amVUhyV5Oe0I=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIFbUkUlB3RTcuK9gHNLFMppN26GQSZiZCCQV/xY0LRdz6He78G6ePhVoPXDiccy/33hMknCntOF9WbmFxaXklv1pYW9/Y3LK3dxoqTiWhdRLzWLYCrChngtY105y2EklxFHDaDAbXY7/5QKVisbjTw4T6Ee4JFjKCtZE69t7wPiuxoxHymEBeduqeHLveqGMXnbIzAZon7owUYYZax/70ujFJIyo04Viptusk2s+w1IxwOip4qaIJJgPco21DBY6o8rPJ+SN0aJQuCmNpSmg0UX9OZDhSahgFpjPCuq/+emPxP6+d6vDCz5hIUk0FmS4KU450jMZZoC6TlGg+NAQTycytiPSxxESbxAomBPfvy/OkcVZ2K+XL20qxejWLIw/7cAAlcOEcqnADNagDgQye4AVerUfr2Xqz3qetOWs2swu/YH18A8uWlBs=</latexit>

<latexit sha1_base64="NwnGgyyvYL2tr0azWgbitwOJH0Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx5bsLbQhrLZTtq1m03Y3Qgl9Bd48aAgXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnDzpOFcM2i0WsugHVKLjEtuFGYDdRSKNAYCeY3M79zhMqzWN5b6YJ+hEdSR5yRo2VWnxQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQmv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ56rq1aqe16pVGjd5HkU4g3O4BA/q0IA7aEIbGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AGWOjSY=</latexit>

i

Compare

h : Rd ! {�1,+1}

<latexit sha1_base64="Qglo07NTvoHTsQPcH9BIBVMHQAI=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhZBUEsiBR+rohuXVewDmlgmk0k7dDIJMxOhhCzd+CtuXCji1k9w5984bbPQ1gMDh3PuZe45XsyoVJb1bRTm5hcWl4rLpZXVtfUNc3OrKaNEYNLAEYtE20OSMMpJQ1HFSDsWBIUeIy1vcDXyWw9ESBrxOzWMiRuiHqcBxUhpqWvu9i+gEyLV97z0NrtP/Qw6KoJOemwfHdpO1jXLVsUaA84SOydlkKPeNb8cP8JJSLjCDEnZsa1YuSkSimJGspKTSBIjPEA90tGUo5BINx0HyeC+VnwYREI/ruBY/b2RolDKYejpydHNctobif95nUQFZ25KeZwowvHkoyBhUEcdtQJ9KghWbKgJwoLqWyHuI4Gw0t2VdAn2dORZ0jyp2NXK+U21XLvM6yiCHbAHDoANTkENXIM6aAAMHsEzeAVvxpPxYrwbH5PRgpHvbIM/MD5/AM4nmJI=</latexit>

Regression 
• Datum   : feature vector  

• Label 
• Hypothesis 
• Loss:  
• Example: linear regression

<latexit sha1_base64="NwnGgyyvYL2tr0azWgbitwOJH0Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx5bsLbQhrLZTtq1m03Y3Qgl9Bd48aAgXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnDzpOFcM2i0WsugHVKLjEtuFGYDdRSKNAYCeY3M79zhMqzWN5b6YJ+hEdSR5yRo2VWnxQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQmv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ56rq1aqe16pVGjd5HkU4g3O4BA/q0IA7aEIbGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AGWOjSY=</latexit>

i

x(i) = (x(i)
1 , . . . , x(i)

d )> 2 Rd

<latexit sha1_base64="E5PXGaP/huhuW7UrjJGwGk73mVA="></latexit>

<latexit sha1_base64="6zTd0UL33htTUupyJ/1rdZ+m2wM=">AAACAHicbVDLSsNAFL2pr1pfVcGNm8Ei1E1JpKDLohuXVawtNLFMppN26GQSZiZCiFn4K25cKIhbP8Odf+P0sdDWAwOHc+7lnjl+zJnStv1tFZaWV1bXiuuljc2t7Z3y7t6dihJJaItEPJIdHyvKmaAtzTSnnVhSHPqctv3R5dhvP1CpWCRudRpTL8QDwQJGsDZSr3yQ3mdVdpIjlwnkhlgPfT+7yXvlil2zJ0CLxJmRCszQ7JW/3H5EkpAKTThWquvYsfYyLDUjnOYlN1E0xmSEB7RrqMAhVV42yZ+jY6P0URBJ84RGE/X3RoZDpdLQN5PjhGreG4v/ed1EB+dexkScaCrI9FCQcKQjNC4D9ZmkRPPUEEwkM1kRGWKJiTaVlUwJzvyXF0n7tObUa45zXa80LmZ9FOEQjqAKDpxBA66gCS0g8AjP8Apv1pP1Yr1bH9PRgjXb2Yc/sD5/ANmxldA=</latexit>

y(i) 2 R
<latexit sha1_base64="71bj+db3xhC3HXk1setvwH8PAXE=">AAACEHicbVBNS8NAEN34WetX1KOXxaJ4KokUFE9FLx6rWFtoYtlsNs3SzW7Y3Sgl9B948a948aAgXj1689+4aXuorQ8GHu/NMDMvSBlV2nF+rIXFpeWV1dJaeX1jc2vb3tm9UyKTmDSxYEK2A6QIo5w0NdWMtFNJUBIw0gr6l4XfeiBSUcFv9SAlfoJ6nEYUI22krn0Un0MvQToOgvxmeB9CT9JerJGU4nHK6NoVp+qMAOeJOyEVMEGja397ocBZQrjGDCnVcZ1U+zmSmmJGhmUvUyRFuI96pGMoRwlRfj76ZwgPjRLCSEhTXMOROj2Ro0SpQRKYzuJCNesV4n9eJ9PRmZ9TnmaacDxeFGUMagGLcGBIJcGaDQxBWFJzK8QxkghrE2HZhODOvjxPWidVt1Z13etapX4xyaME9sEBOAYuOAV1cAUaoAkweAIv4A28W8/Wq/VhfY5bF6zJzB74A+vrF8PhnPE=</latexit>

h : Rd ! R
<latexit sha1_base64="mzqaYdgcFCqj7/uaVlTQkSDmCG8=">AAAB+nicbVBNS8NAEJ34WetX1KOXxSK0oCUpBb0IRS8ePFSwttDGstlu2qWbTdjdFEroP/HiQUG8+ku8+W/ctjlo64OBx3szzMzzY86Udpxva2V1bX1jM7eV397Z3du3Dw4fVZRIQhsk4pFs+VhRzgRtaKY5bcWS4tDntOkPb6Z+c0SlYpF40OOYeiHuCxYwgrWRurZ9V+yf4RK6QsX+OS49Vbp2wSk7M6Bl4makABnqXfur04tIElKhCcdKtV0n1l6KpWaE00m+kygaYzLEfdo2VOCQKi+dXT5Bp0bpoSCSpoRGM/X3RIpDpcahbzpDrAdq0ZuK/3ntRAeXXspEnGgqyHxRkHCkIzSNAfWYpETzsSGYSGZuRWSAJSbahJU3IbiLLy+TZqXsVsuue18t1K6zPHJwDCdQBBcuoAa3UIcGEBjBM7zCm5VaL9a79TFvXbGymSP4A+vzB28zkWg=</latexit>

L(g, a) = (g � a)2

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

–

++ + +

– – –

+

–

++

– – –
x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y
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Recall
Classification 
• Datum   : feature vector  

• Label 
• Hypothesis 
• Loss: 0-1, asymmetric, NLL 
• Example: linear classification

x(i) = (x(i)
1 , . . . , x(i)

d )> 2 Rd

<latexit sha1_base64="E5PXGaP/huhuW7UrjJGwGk73mVA="></latexit>

y(i) 2 {�1,+1}

<latexit sha1_base64="713ykEbssIo/Rc2amVUhyV5Oe0I=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIFbUkUlB3RTcuK9gHNLFMppN26GQSZiZCCQV/xY0LRdz6He78G6ePhVoPXDiccy/33hMknCntOF9WbmFxaXklv1pYW9/Y3LK3dxoqTiWhdRLzWLYCrChngtY105y2EklxFHDaDAbXY7/5QKVisbjTw4T6Ee4JFjKCtZE69t7wPiuxoxHymEBeduqeHLveqGMXnbIzAZon7owUYYZax/70ujFJIyo04Viptusk2s+w1IxwOip4qaIJJgPco21DBY6o8rPJ+SN0aJQuCmNpSmg0UX9OZDhSahgFpjPCuq/+emPxP6+d6vDCz5hIUk0FmS4KU450jMZZoC6TlGg+NAQTycytiPSxxESbxAomBPfvy/OkcVZ2K+XL20qxejWLIw/7cAAlcOEcqnADNagDgQye4AVerUfr2Xqz3qetOWs2swu/YH18A8uWlBs=</latexit>

<latexit sha1_base64="NwnGgyyvYL2tr0azWgbitwOJH0Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx5bsLbQhrLZTtq1m03Y3Qgl9Bd48aAgXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnDzpOFcM2i0WsugHVKLjEtuFGYDdRSKNAYCeY3M79zhMqzWN5b6YJ+hEdSR5yRo2VWnxQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQmv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ56rq1aqe16pVGjd5HkU4g3O4BA/q0IA7aEIbGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AGWOjSY=</latexit>

i

Compare

h : Rd ! {�1,+1}

<latexit sha1_base64="Qglo07NTvoHTsQPcH9BIBVMHQAI=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhZBUEsiBR+rohuXVewDmlgmk0k7dDIJMxOhhCzd+CtuXCji1k9w5984bbPQ1gMDh3PuZe45XsyoVJb1bRTm5hcWl4rLpZXVtfUNc3OrKaNEYNLAEYtE20OSMMpJQ1HFSDsWBIUeIy1vcDXyWw9ESBrxOzWMiRuiHqcBxUhpqWvu9i+gEyLV97z0NrtP/Qw6KoJOemwfHdpO1jXLVsUaA84SOydlkKPeNb8cP8JJSLjCDEnZsa1YuSkSimJGspKTSBIjPEA90tGUo5BINx0HyeC+VnwYREI/ruBY/b2RolDKYejpydHNctobif95nUQFZ25KeZwowvHkoyBhUEcdtQJ9KghWbKgJwoLqWyHuI4Gw0t2VdAn2dORZ0jyp2NXK+U21XLvM6yiCHbAHDoANTkENXIM6aAAMHsEzeAVvxpPxYrwbH5PRgpHvbIM/MD5/AM4nmJI=</latexit>

Regression 
• Datum   : feature vector  

• Label 
• Hypothesis 
• Loss:  
• Example: linear regression

<latexit sha1_base64="NwnGgyyvYL2tr0azWgbitwOJH0Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx5bsLbQhrLZTtq1m03Y3Qgl9Bd48aAgXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnDzpOFcM2i0WsugHVKLjEtuFGYDdRSKNAYCeY3M79zhMqzWN5b6YJ+hEdSR5yRo2VWnxQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQmv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ56rq1aqe16pVGjd5HkU4g3O4BA/q0IA7aEIbGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AGWOjSY=</latexit>

i

x(i) = (x(i)
1 , . . . , x(i)

d )> 2 Rd

<latexit sha1_base64="E5PXGaP/huhuW7UrjJGwGk73mVA="></latexit>

<latexit sha1_base64="6zTd0UL33htTUupyJ/1rdZ+m2wM=">AAACAHicbVDLSsNAFL2pr1pfVcGNm8Ei1E1JpKDLohuXVawtNLFMppN26GQSZiZCiFn4K25cKIhbP8Odf+P0sdDWAwOHc+7lnjl+zJnStv1tFZaWV1bXiuuljc2t7Z3y7t6dihJJaItEPJIdHyvKmaAtzTSnnVhSHPqctv3R5dhvP1CpWCRudRpTL8QDwQJGsDZSr3yQ3mdVdpIjlwnkhlgPfT+7yXvlil2zJ0CLxJmRCszQ7JW/3H5EkpAKTThWquvYsfYyLDUjnOYlN1E0xmSEB7RrqMAhVV42yZ+jY6P0URBJ84RGE/X3RoZDpdLQN5PjhGreG4v/ed1EB+dexkScaCrI9FCQcKQjNC4D9ZmkRPPUEEwkM1kRGWKJiTaVlUwJzvyXF0n7tObUa45zXa80LmZ9FOEQjqAKDpxBA66gCS0g8AjP8Apv1pP1Yr1bH9PRgjXb2Yc/sD5/ANmxldA=</latexit>

y(i) 2 R
<latexit sha1_base64="71bj+db3xhC3HXk1setvwH8PAXE=">AAACEHicbVBNS8NAEN34WetX1KOXxaJ4KokUFE9FLx6rWFtoYtlsNs3SzW7Y3Sgl9B948a948aAgXj1689+4aXuorQ8GHu/NMDMvSBlV2nF+rIXFpeWV1dJaeX1jc2vb3tm9UyKTmDSxYEK2A6QIo5w0NdWMtFNJUBIw0gr6l4XfeiBSUcFv9SAlfoJ6nEYUI22krn0Un0MvQToOgvxmeB9CT9JerJGU4nHK6NoVp+qMAOeJOyEVMEGja397ocBZQrjGDCnVcZ1U+zmSmmJGhmUvUyRFuI96pGMoRwlRfj76ZwgPjRLCSEhTXMOROj2Ro0SpQRKYzuJCNesV4n9eJ9PRmZ9TnmaacDxeFGUMagGLcGBIJcGaDQxBWFJzK8QxkghrE2HZhODOvjxPWidVt1Z13etapX4xyaME9sEBOAYuOAV1cAUaoAkweAIv4A28W8/Wq/VhfY5bF6zJzB74A+vrF8PhnPE=</latexit>

h : Rd ! R
<latexit sha1_base64="mzqaYdgcFCqj7/uaVlTQkSDmCG8=">AAAB+nicbVBNS8NAEJ34WetX1KOXxSK0oCUpBb0IRS8ePFSwttDGstlu2qWbTdjdFEroP/HiQUG8+ku8+W/ctjlo64OBx3szzMzzY86Udpxva2V1bX1jM7eV397Z3du3Dw4fVZRIQhsk4pFs+VhRzgRtaKY5bcWS4tDntOkPb6Z+c0SlYpF40OOYeiHuCxYwgrWRurZ9V+yf4RK6QsX+OS49Vbp2wSk7M6Bl4makABnqXfur04tIElKhCcdKtV0n1l6KpWaE00m+kygaYzLEfdo2VOCQKi+dXT5Bp0bpoSCSpoRGM/X3RIpDpcahbzpDrAdq0ZuK/3ntRAeXXspEnGgqyHxRkHCkIzSNAfWYpETzsSGYSGZuRWSAJSbahJU3IbiLLy+TZqXsVsuue18t1K6zPHJwDCdQBBcuoAa3UIcGEBjBM7zCm5VaL9a79TFvXbGymSP4A+vzB28zkWg=</latexit>

L(g, a) = (g � a)2

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

–

++ + +

– – –

+

–

++

– – –
x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y



3

Recall
Classification 
• Datum   : feature vector  

• Label 
• Hypothesis 
• Loss: 0-1, asymmetric, NLL 
• Example: linear classification

x(i) = (x(i)
1 , . . . , x(i)

d )> 2 Rd

<latexit sha1_base64="E5PXGaP/huhuW7UrjJGwGk73mVA="></latexit>

y(i) 2 {�1,+1}

<latexit sha1_base64="713ykEbssIo/Rc2amVUhyV5Oe0I=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIFbUkUlB3RTcuK9gHNLFMppN26GQSZiZCCQV/xY0LRdz6He78G6ePhVoPXDiccy/33hMknCntOF9WbmFxaXklv1pYW9/Y3LK3dxoqTiWhdRLzWLYCrChngtY105y2EklxFHDaDAbXY7/5QKVisbjTw4T6Ee4JFjKCtZE69t7wPiuxoxHymEBeduqeHLveqGMXnbIzAZon7owUYYZax/70ujFJIyo04Viptusk2s+w1IxwOip4qaIJJgPco21DBY6o8rPJ+SN0aJQuCmNpSmg0UX9OZDhSahgFpjPCuq/+emPxP6+d6vDCz5hIUk0FmS4KU450jMZZoC6TlGg+NAQTycytiPSxxESbxAomBPfvy/OkcVZ2K+XL20qxejWLIw/7cAAlcOEcqnADNagDgQye4AVerUfr2Xqz3qetOWs2swu/YH18A8uWlBs=</latexit>

<latexit sha1_base64="NwnGgyyvYL2tr0azWgbitwOJH0Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx5bsLbQhrLZTtq1m03Y3Qgl9Bd48aAgXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnDzpOFcM2i0WsugHVKLjEtuFGYDdRSKNAYCeY3M79zhMqzWN5b6YJ+hEdSR5yRo2VWnxQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQmv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ56rq1aqe16pVGjd5HkU4g3O4BA/q0IA7aEIbGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AGWOjSY=</latexit>

i

Compare

h : Rd ! {�1,+1}

<latexit sha1_base64="Qglo07NTvoHTsQPcH9BIBVMHQAI=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhZBUEsiBR+rohuXVewDmlgmk0k7dDIJMxOhhCzd+CtuXCji1k9w5984bbPQ1gMDh3PuZe45XsyoVJb1bRTm5hcWl4rLpZXVtfUNc3OrKaNEYNLAEYtE20OSMMpJQ1HFSDsWBIUeIy1vcDXyWw9ESBrxOzWMiRuiHqcBxUhpqWvu9i+gEyLV97z0NrtP/Qw6KoJOemwfHdpO1jXLVsUaA84SOydlkKPeNb8cP8JJSLjCDEnZsa1YuSkSimJGspKTSBIjPEA90tGUo5BINx0HyeC+VnwYREI/ruBY/b2RolDKYejpydHNctobif95nUQFZ25KeZwowvHkoyBhUEcdtQJ9KghWbKgJwoLqWyHuI4Gw0t2VdAn2dORZ0jyp2NXK+U21XLvM6yiCHbAHDoANTkENXIM6aAAMHsEzeAVvxpPxYrwbH5PRgpHvbIM/MD5/AM4nmJI=</latexit>

Regression 
• Datum   : feature vector  

• Label 
• Hypothesis 
• Loss:  
• Example: linear regression

<latexit sha1_base64="NwnGgyyvYL2tr0azWgbitwOJH0Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx5bsLbQhrLZTtq1m03Y3Qgl9Bd48aAgXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnDzpOFcM2i0WsugHVKLjEtuFGYDdRSKNAYCeY3M79zhMqzWN5b6YJ+hEdSR5yRo2VWnxQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQmv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ56rq1aqe16pVGjd5HkU4g3O4BA/q0IA7aEIbGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AGWOjSY=</latexit>

i

x(i) = (x(i)
1 , . . . , x(i)

d )> 2 Rd

<latexit sha1_base64="E5PXGaP/huhuW7UrjJGwGk73mVA="></latexit>

<latexit sha1_base64="6zTd0UL33htTUupyJ/1rdZ+m2wM=">AAACAHicbVDLSsNAFL2pr1pfVcGNm8Ei1E1JpKDLohuXVawtNLFMppN26GQSZiZCiFn4K25cKIhbP8Odf+P0sdDWAwOHc+7lnjl+zJnStv1tFZaWV1bXiuuljc2t7Z3y7t6dihJJaItEPJIdHyvKmaAtzTSnnVhSHPqctv3R5dhvP1CpWCRudRpTL8QDwQJGsDZSr3yQ3mdVdpIjlwnkhlgPfT+7yXvlil2zJ0CLxJmRCszQ7JW/3H5EkpAKTThWquvYsfYyLDUjnOYlN1E0xmSEB7RrqMAhVV42yZ+jY6P0URBJ84RGE/X3RoZDpdLQN5PjhGreG4v/ed1EB+dexkScaCrI9FCQcKQjNC4D9ZmkRPPUEEwkM1kRGWKJiTaVlUwJzvyXF0n7tObUa45zXa80LmZ9FOEQjqAKDpxBA66gCS0g8AjP8Apv1pP1Yr1bH9PRgjXb2Yc/sD5/ANmxldA=</latexit>

y(i) 2 R
<latexit sha1_base64="71bj+db3xhC3HXk1setvwH8PAXE=">AAACEHicbVBNS8NAEN34WetX1KOXxaJ4KokUFE9FLx6rWFtoYtlsNs3SzW7Y3Sgl9B948a948aAgXj1689+4aXuorQ8GHu/NMDMvSBlV2nF+rIXFpeWV1dJaeX1jc2vb3tm9UyKTmDSxYEK2A6QIo5w0NdWMtFNJUBIw0gr6l4XfeiBSUcFv9SAlfoJ6nEYUI22krn0Un0MvQToOgvxmeB9CT9JerJGU4nHK6NoVp+qMAOeJOyEVMEGja397ocBZQrjGDCnVcZ1U+zmSmmJGhmUvUyRFuI96pGMoRwlRfj76ZwgPjRLCSEhTXMOROj2Ro0SpQRKYzuJCNesV4n9eJ9PRmZ9TnmaacDxeFGUMagGLcGBIJcGaDQxBWFJzK8QxkghrE2HZhODOvjxPWidVt1Z13etapX4xyaME9sEBOAYuOAV1cAUaoAkweAIv4A28W8/Wq/VhfY5bF6zJzB74A+vrF8PhnPE=</latexit>

h : Rd ! R
<latexit sha1_base64="mzqaYdgcFCqj7/uaVlTQkSDmCG8=">AAAB+nicbVBNS8NAEJ34WetX1KOXxSK0oCUpBb0IRS8ePFSwttDGstlu2qWbTdjdFEroP/HiQUG8+ku8+W/ctjlo64OBx3szzMzzY86Udpxva2V1bX1jM7eV397Z3du3Dw4fVZRIQhsk4pFs+VhRzgRtaKY5bcWS4tDntOkPb6Z+c0SlYpF40OOYeiHuCxYwgrWRurZ9V+yf4RK6QsX+OS49Vbp2wSk7M6Bl4makABnqXfur04tIElKhCcdKtV0n1l6KpWaE00m+kygaYzLEfdo2VOCQKi+dXT5Bp0bpoSCSpoRGM/X3RIpDpcahbzpDrAdq0ZuK/3ntRAeXXspEnGgqyHxRkHCkIzSNAfWYpETzsSGYSGZuRWSAJSbahJU3IbiLLy+TZqXsVsuue18t1K6zPHJwDCdQBBcuoAa3UIcGEBjBM7zCm5VaL9a79TFvXbGymSP4A+vzB28zkWg=</latexit>

L(g, a) = (g � a)2
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Recall
Classification 
• Datum   : feature vector  

• Label 
• Hypothesis 
• Loss: 0-1, asymmetric, NLL 
• Example: linear classification

x(i) = (x(i)
1 , . . . , x(i)

d )> 2 Rd

<latexit sha1_base64="E5PXGaP/huhuW7UrjJGwGk73mVA="></latexit>

y(i) 2 {�1,+1}

<latexit sha1_base64="713ykEbssIo/Rc2amVUhyV5Oe0I=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIFbUkUlB3RTcuK9gHNLFMppN26GQSZiZCCQV/xY0LRdz6He78G6ePhVoPXDiccy/33hMknCntOF9WbmFxaXklv1pYW9/Y3LK3dxoqTiWhdRLzWLYCrChngtY105y2EklxFHDaDAbXY7/5QKVisbjTw4T6Ee4JFjKCtZE69t7wPiuxoxHymEBeduqeHLveqGMXnbIzAZon7owUYYZax/70ujFJIyo04Viptusk2s+w1IxwOip4qaIJJgPco21DBY6o8rPJ+SN0aJQuCmNpSmg0UX9OZDhSahgFpjPCuq/+emPxP6+d6vDCz5hIUk0FmS4KU450jMZZoC6TlGg+NAQTycytiPSxxESbxAomBPfvy/OkcVZ2K+XL20qxejWLIw/7cAAlcOEcqnADNagDgQye4AVerUfr2Xqz3qetOWs2swu/YH18A8uWlBs=</latexit>

<latexit sha1_base64="NwnGgyyvYL2tr0azWgbitwOJH0Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx5bsLbQhrLZTtq1m03Y3Qgl9Bd48aAgXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnDzpOFcM2i0WsugHVKLjEtuFGYDdRSKNAYCeY3M79zhMqzWN5b6YJ+hEdSR5yRo2VWnxQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQmv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ56rq1aqe16pVGjd5HkU4g3O4BA/q0IA7aEIbGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AGWOjSY=</latexit>

i

Compare

h : Rd ! {�1,+1}

<latexit sha1_base64="Qglo07NTvoHTsQPcH9BIBVMHQAI=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhZBUEsiBR+rohuXVewDmlgmk0k7dDIJMxOhhCzd+CtuXCji1k9w5984bbPQ1gMDh3PuZe45XsyoVJb1bRTm5hcWl4rLpZXVtfUNc3OrKaNEYNLAEYtE20OSMMpJQ1HFSDsWBIUeIy1vcDXyWw9ESBrxOzWMiRuiHqcBxUhpqWvu9i+gEyLV97z0NrtP/Qw6KoJOemwfHdpO1jXLVsUaA84SOydlkKPeNb8cP8JJSLjCDEnZsa1YuSkSimJGspKTSBIjPEA90tGUo5BINx0HyeC+VnwYREI/ruBY/b2RolDKYejpydHNctobif95nUQFZ25KeZwowvHkoyBhUEcdtQJ9KghWbKgJwoLqWyHuI4Gw0t2VdAn2dORZ0jyp2NXK+U21XLvM6yiCHbAHDoANTkENXIM6aAAMHsEzeAVvxpPxYrwbH5PRgpHvbIM/MD5/AM4nmJI=</latexit>

Regression 
• Datum   : feature vector  

• Label 
• Hypothesis 
• Loss:  
• Example: linear regression

<latexit sha1_base64="NwnGgyyvYL2tr0azWgbitwOJH0Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx5bsLbQhrLZTtq1m03Y3Qgl9Bd48aAgXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnDzpOFcM2i0WsugHVKLjEtuFGYDdRSKNAYCeY3M79zhMqzWN5b6YJ+hEdSR5yRo2VWnxQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQmv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ56rq1aqe16pVGjd5HkU4g3O4BA/q0IA7aEIbGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AGWOjSY=</latexit>

i

x(i) = (x(i)
1 , . . . , x(i)

d )> 2 Rd

<latexit sha1_base64="E5PXGaP/huhuW7UrjJGwGk73mVA="></latexit>

<latexit sha1_base64="6zTd0UL33htTUupyJ/1rdZ+m2wM=">AAACAHicbVDLSsNAFL2pr1pfVcGNm8Ei1E1JpKDLohuXVawtNLFMppN26GQSZiZCiFn4K25cKIhbP8Odf+P0sdDWAwOHc+7lnjl+zJnStv1tFZaWV1bXiuuljc2t7Z3y7t6dihJJaItEPJIdHyvKmaAtzTSnnVhSHPqctv3R5dhvP1CpWCRudRpTL8QDwQJGsDZSr3yQ3mdVdpIjlwnkhlgPfT+7yXvlil2zJ0CLxJmRCszQ7JW/3H5EkpAKTThWquvYsfYyLDUjnOYlN1E0xmSEB7RrqMAhVV42yZ+jY6P0URBJ84RGE/X3RoZDpdLQN5PjhGreG4v/ed1EB+dexkScaCrI9FCQcKQjNC4D9ZmkRPPUEEwkM1kRGWKJiTaVlUwJzvyXF0n7tObUa45zXa80LmZ9FOEQjqAKDpxBA66gCS0g8AjP8Apv1pP1Yr1bH9PRgjXb2Yc/sD5/ANmxldA=</latexit>

y(i) 2 R
<latexit sha1_base64="71bj+db3xhC3HXk1setvwH8PAXE=">AAACEHicbVBNS8NAEN34WetX1KOXxaJ4KokUFE9FLx6rWFtoYtlsNs3SzW7Y3Sgl9B948a948aAgXj1689+4aXuorQ8GHu/NMDMvSBlV2nF+rIXFpeWV1dJaeX1jc2vb3tm9UyKTmDSxYEK2A6QIo5w0NdWMtFNJUBIw0gr6l4XfeiBSUcFv9SAlfoJ6nEYUI22krn0Un0MvQToOgvxmeB9CT9JerJGU4nHK6NoVp+qMAOeJOyEVMEGja397ocBZQrjGDCnVcZ1U+zmSmmJGhmUvUyRFuI96pGMoRwlRfj76ZwgPjRLCSEhTXMOROj2Ro0SpQRKYzuJCNesV4n9eJ9PRmZ9TnmaacDxeFGUMagGLcGBIJcGaDQxBWFJzK8QxkghrE2HZhODOvjxPWidVt1Z13etapX4xyaME9sEBOAYuOAV1cAUaoAkweAIv4A28W8/Wq/VhfY5bF6zJzB74A+vrF8PhnPE=</latexit>

h : Rd ! R
<latexit sha1_base64="mzqaYdgcFCqj7/uaVlTQkSDmCG8=">AAAB+nicbVBNS8NAEJ34WetX1KOXxSK0oCUpBb0IRS8ePFSwttDGstlu2qWbTdjdFEroP/HiQUG8+ku8+W/ctjlo64OBx3szzMzzY86Udpxva2V1bX1jM7eV397Z3du3Dw4fVZRIQhsk4pFs+VhRzgRtaKY5bcWS4tDntOkPb6Z+c0SlYpF40OOYeiHuCxYwgrWRurZ9V+yf4RK6QsX+OS49Vbp2wSk7M6Bl4makABnqXfur04tIElKhCcdKtV0n1l6KpWaE00m+kygaYzLEfdo2VOCQKi+dXT5Bp0bpoSCSpoRGM/X3RIpDpcahbzpDrAdq0ZuK/3ntRAeXXspEnGgqyHxRkHCkIzSNAfWYpETzsSGYSGZuRWSAJSbahJU3IbiLLy+TZqXsVsuue18t1K6zPHJwDCdQBBcuoAa3UIcGEBjBM7zCm5VaL9a79TFvXbGymSP4A+vzB28zkWg=</latexit>

L(g, a) = (g � a)2
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x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>



Recall
Classification 
• Datum   : feature vector  

• Label 
• Hypothesis 
• Loss: 0-1, asymmetric, NLL 
• Example: linear classification

x(i) = (x(i)
1 , . . . , x(i)

d )> 2 Rd

<latexit sha1_base64="E5PXGaP/huhuW7UrjJGwGk73mVA="></latexit>

y(i) 2 {�1,+1}

<latexit sha1_base64="713ykEbssIo/Rc2amVUhyV5Oe0I=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIFbUkUlB3RTcuK9gHNLFMppN26GQSZiZCCQV/xY0LRdz6He78G6ePhVoPXDiccy/33hMknCntOF9WbmFxaXklv1pYW9/Y3LK3dxoqTiWhdRLzWLYCrChngtY105y2EklxFHDaDAbXY7/5QKVisbjTw4T6Ee4JFjKCtZE69t7wPiuxoxHymEBeduqeHLveqGMXnbIzAZon7owUYYZax/70ujFJIyo04Viptusk2s+w1IxwOip4qaIJJgPco21DBY6o8rPJ+SN0aJQuCmNpSmg0UX9OZDhSahgFpjPCuq/+emPxP6+d6vDCz5hIUk0FmS4KU450jMZZoC6TlGg+NAQTycytiPSxxESbxAomBPfvy/OkcVZ2K+XL20qxejWLIw/7cAAlcOEcqnADNagDgQye4AVerUfr2Xqz3qetOWs2swu/YH18A8uWlBs=</latexit>

<latexit sha1_base64="NwnGgyyvYL2tr0azWgbitwOJH0Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx5bsLbQhrLZTtq1m03Y3Qgl9Bd48aAgXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnDzpOFcM2i0WsugHVKLjEtuFGYDdRSKNAYCeY3M79zhMqzWN5b6YJ+hEdSR5yRo2VWnxQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQmv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ56rq1aqe16pVGjd5HkU4g3O4BA/q0IA7aEIbGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AGWOjSY=</latexit>

i

Compare

h : Rd ! {�1,+1}

<latexit sha1_base64="Qglo07NTvoHTsQPcH9BIBVMHQAI=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhZBUEsiBR+rohuXVewDmlgmk0k7dDIJMxOhhCzd+CtuXCji1k9w5984bbPQ1gMDh3PuZe45XsyoVJb1bRTm5hcWl4rLpZXVtfUNc3OrKaNEYNLAEYtE20OSMMpJQ1HFSDsWBIUeIy1vcDXyWw9ESBrxOzWMiRuiHqcBxUhpqWvu9i+gEyLV97z0NrtP/Qw6KoJOemwfHdpO1jXLVsUaA84SOydlkKPeNb8cP8JJSLjCDEnZsa1YuSkSimJGspKTSBIjPEA90tGUo5BINx0HyeC+VnwYREI/ruBY/b2RolDKYejpydHNctobif95nUQFZ25KeZwowvHkoyBhUEcdtQJ9KghWbKgJwoLqWyHuI4Gw0t2VdAn2dORZ0jyp2NXK+U21XLvM6yiCHbAHDoANTkENXIM6aAAMHsEzeAVvxpPxYrwbH5PRgpHvbIM/MD5/AM4nmJI=</latexit>

Regression 
• Datum   : feature vector  

• Label 
• Hypothesis 
• Loss:  
• Example: linear regression

<latexit sha1_base64="NwnGgyyvYL2tr0azWgbitwOJH0Y=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx5bsLbQhrLZTtq1m03Y3Qgl9Bd48aAgXv1H3vw3btsctPXBwOO9GWbmBYng2rjut1PY2Nza3inulvb2Dw6PyscnDzpOFcM2i0WsugHVKLjEtuFGYDdRSKNAYCeY3M79zhMqzWN5b6YJ+hEdSR5yRo2VWnxQrrhVdwGyTrycVCBHc1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQmv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ56rq1aqe16pVGjd5HkU4g3O4BA/q0IA7aEIbGCA8wyu8OY/Oi/PufCxbC04+cwp/4Hz+AGWOjSY=</latexit>

i

x(i) = (x(i)
1 , . . . , x(i)

d )> 2 Rd

<latexit sha1_base64="E5PXGaP/huhuW7UrjJGwGk73mVA="></latexit>

<latexit sha1_base64="6zTd0UL33htTUupyJ/1rdZ+m2wM=">AAACAHicbVDLSsNAFL2pr1pfVcGNm8Ei1E1JpKDLohuXVawtNLFMppN26GQSZiZCiFn4K25cKIhbP8Odf+P0sdDWAwOHc+7lnjl+zJnStv1tFZaWV1bXiuuljc2t7Z3y7t6dihJJaItEPJIdHyvKmaAtzTSnnVhSHPqctv3R5dhvP1CpWCRudRpTL8QDwQJGsDZSr3yQ3mdVdpIjlwnkhlgPfT+7yXvlil2zJ0CLxJmRCszQ7JW/3H5EkpAKTThWquvYsfYyLDUjnOYlN1E0xmSEB7RrqMAhVV42yZ+jY6P0URBJ84RGE/X3RoZDpdLQN5PjhGreG4v/ed1EB+dexkScaCrI9FCQcKQjNC4D9ZmkRPPUEEwkM1kRGWKJiTaVlUwJzvyXF0n7tObUa45zXa80LmZ9FOEQjqAKDpxBA66gCS0g8AjP8Apv1pP1Yr1bH9PRgjXb2Yc/sD5/ANmxldA=</latexit>

y(i) 2 R
<latexit sha1_base64="71bj+db3xhC3HXk1setvwH8PAXE=">AAACEHicbVBNS8NAEN34WetX1KOXxaJ4KokUFE9FLx6rWFtoYtlsNs3SzW7Y3Sgl9B948a948aAgXj1689+4aXuorQ8GHu/NMDMvSBlV2nF+rIXFpeWV1dJaeX1jc2vb3tm9UyKTmDSxYEK2A6QIo5w0NdWMtFNJUBIw0gr6l4XfeiBSUcFv9SAlfoJ6nEYUI22krn0Un0MvQToOgvxmeB9CT9JerJGU4nHK6NoVp+qMAOeJOyEVMEGja397ocBZQrjGDCnVcZ1U+zmSmmJGhmUvUyRFuI96pGMoRwlRfj76ZwgPjRLCSEhTXMOROj2Ro0SpQRKYzuJCNesV4n9eJ9PRmZ9TnmaacDxeFGUMagGLcGBIJcGaDQxBWFJzK8QxkghrE2HZhODOvjxPWidVt1Z13etapX4xyaME9sEBOAYuOAV1cAUaoAkweAIv4A28W8/Wq/VhfY5bF6zJzB74A+vrF8PhnPE=</latexit>

h : Rd ! R
<latexit sha1_base64="mzqaYdgcFCqj7/uaVlTQkSDmCG8=">AAAB+nicbVBNS8NAEJ34WetX1KOXxSK0oCUpBb0IRS8ePFSwttDGstlu2qWbTdjdFEroP/HiQUG8+ku8+W/ctjlo64OBx3szzMzzY86Udpxva2V1bX1jM7eV397Z3du3Dw4fVZRIQhsk4pFs+VhRzgRtaKY5bcWS4tDntOkPb6Z+c0SlYpF40OOYeiHuCxYwgrWRurZ9V+yf4RK6QsX+OS49Vbp2wSk7M6Bl4makABnqXfur04tIElKhCcdKtV0n1l6KpWaE00m+kygaYzLEfdo2VOCQKi+dXT5Bp0bpoSCSpoRGM/X3RIpDpcahbzpDrAdq0ZuK/3ntRAeXXspEnGgqyHxRkHCkIzSNAfWYpETzsSGYSGZuRWSAJSbahJU3IbiLLy+TZqXsVsuue18t1K6zPHJwDCdQBBcuoAa3UIcGEBjBM7zCm5VaL9a79TFvXbGymSP4A+vzB28zkWg=</latexit>

L(g, a) = (g � a)2
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x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

3 x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

x2

<latexit sha1_base64="O76kjDC2rk5pOTxbQq6SNK3hW1I=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEY0TwgWcLspDcZMju7zMyKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81g+mHGCfkQHkoecUWOl+6depVcsuWV3DrJKvIyUIEO9V/zq9mOWRigNE1Trjucmxp9QZTgTOC10U40JZSM6wI6lkkao/cn81Ck5s0qfhLGyJQ2Zq78nJjTSehwFtjOiZqiXvZn4n9dJTXjpT7hMUoOSLRaFqSAmJrO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt+eZU0K2WvWr66q5Zq11kceTiBUzgHDy6gBrdQhwYwGMAzvMKbI5wX5935WLTmnGzmGP7A+fwBERSNrQ==</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y



4

Linear regression
• Hypotheses for linear regression:

<latexit sha1_base64="nKSbXozpoZKvTDDrP9ajW/Lrya4=">AAACG3icbZDLSgMxFIYz9VbrrerSTbAIFaXMSEFBhKIblxWsLbTjkEkzndDMheSMtAx9Dje+ihsXCuJKcOHbmLaDaPVAyMf/n0NyfjcWXIFpfhq5ufmFxaX8cmFldW19o7i5daOiRFLWoJGIZMsligkesgZwEKwVS0YCV7Cm278Y+807JhWPwmsYxswOSC/kHqcEtOQULb88OMUd8BmQw+x2zH18lvFtB6IYD/DBt+cUS2bFnBT+C1YGJZRV3Sm+d7oRTQIWAhVEqbZlxmCnRAKngo0KnUSxmNA+6bG2xpAETNnpZLUR3tNKF3uR1CcEPFF/TqQkUGoYuLozIOCrWW8s/ue1E/BO7JSHcQIspNOHvERgiPA4J9zlklEQQw2ESq7/iqlPJKGg0yzoEKzZlf9C86hiVSuWdVUt1c6zPPJoB+2iMrLQMaqhS1RHDUTRPXpEz+jFeDCejFfjbdqaM7KZbfSrjI8vfhWfGQ==</latexit>

h(x; ✓, ✓0) = ✓>x+ ✓0



Linear regression
• Hypotheses for linear regression:

<latexit sha1_base64="nKSbXozpoZKvTDDrP9ajW/Lrya4=">AAACG3icbZDLSgMxFIYz9VbrrerSTbAIFaXMSEFBhKIblxWsLbTjkEkzndDMheSMtAx9Dje+ihsXCuJKcOHbmLaDaPVAyMf/n0NyfjcWXIFpfhq5ufmFxaX8cmFldW19o7i5daOiRFLWoJGIZMsligkesgZwEKwVS0YCV7Cm278Y+807JhWPwmsYxswOSC/kHqcEtOQULb88OMUd8BmQw+x2zH18lvFtB6IYD/DBt+cUS2bFnBT+C1YGJZRV3Sm+d7oRTQIWAhVEqbZlxmCnRAKngo0KnUSxmNA+6bG2xpAETNnpZLUR3tNKF3uR1CcEPFF/TqQkUGoYuLozIOCrWW8s/ue1E/BO7JSHcQIspNOHvERgiPA4J9zlklEQQw2ESq7/iqlPJKGg0yzoEKzZlf9C86hiVSuWdVUt1c6zPPJoB+2iMrLQMaqhS1RHDUTRPXpEz+jFeDCejFfjbdqaM7KZbfSrjI8vfhWfGQ==</latexit>

h(x; ✓, ✓0) = ✓>x+ ✓0

• Training error (using squared error loss)

4



Linear regression
• Hypotheses for linear regression:

<latexit sha1_base64="nKSbXozpoZKvTDDrP9ajW/Lrya4=">AAACG3icbZDLSgMxFIYz9VbrrerSTbAIFaXMSEFBhKIblxWsLbTjkEkzndDMheSMtAx9Dje+ihsXCuJKcOHbmLaDaPVAyMf/n0NyfjcWXIFpfhq5ufmFxaX8cmFldW19o7i5daOiRFLWoJGIZMsligkesgZwEKwVS0YCV7Cm278Y+807JhWPwmsYxswOSC/kHqcEtOQULb88OMUd8BmQw+x2zH18lvFtB6IYD/DBt+cUS2bFnBT+C1YGJZRV3Sm+d7oRTQIWAhVEqbZlxmCnRAKngo0KnUSxmNA+6bG2xpAETNnpZLUR3tNKF3uR1CcEPFF/TqQkUGoYuLozIOCrWW8s/ue1E/BO7JSHcQIspNOHvERgiPA4J9zlklEQQw2ESq7/iqlPJKGg0yzoEKzZlf9C86hiVSuWdVUt1c6zPPJoB+2iMrLQMaqhS1RHDUTRPXpEz+jFeDCejFfjbdqaM7KZbfSrjI8vfhWfGQ==</latexit>

h(x; ✓, ✓0) = ✓>x+ ✓0

• Training error (using squared error loss)
<latexit sha1_base64="uqQnPnWN3rBckZuMUXKbtIx2Edc="></latexit>

J(✓, ✓0) =
1

n

nX

i=1

L(h(x(i); ✓, ✓0), y
(i))

4



Linear regression
• Hypotheses for linear regression:

<latexit sha1_base64="nKSbXozpoZKvTDDrP9ajW/Lrya4=">AAACG3icbZDLSgMxFIYz9VbrrerSTbAIFaXMSEFBhKIblxWsLbTjkEkzndDMheSMtAx9Dje+ihsXCuJKcOHbmLaDaPVAyMf/n0NyfjcWXIFpfhq5ufmFxaX8cmFldW19o7i5daOiRFLWoJGIZMsligkesgZwEKwVS0YCV7Cm278Y+807JhWPwmsYxswOSC/kHqcEtOQULb88OMUd8BmQw+x2zH18lvFtB6IYD/DBt+cUS2bFnBT+C1YGJZRV3Sm+d7oRTQIWAhVEqbZlxmCnRAKngo0KnUSxmNA+6bG2xpAETNnpZLUR3tNKF3uR1CcEPFF/TqQkUGoYuLozIOCrWW8s/ue1E/BO7JSHcQIspNOHvERgiPA4J9zlklEQQw2ESq7/iqlPJKGg0yzoEKzZlf9C86hiVSuWdVUt1c6zPPJoB+2iMrLQMaqhS1RHDUTRPXpEz+jFeDCejFfjbdqaM7KZbfSrjI8vfhWfGQ==</latexit>

h(x; ✓, ✓0) = ✓>x+ ✓0

• Training error (using squared error loss)
<latexit sha1_base64="jL8KcBNWTYBnKbAHdt8H6rzNXuk="></latexit>

=
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2
<latexit sha1_base64="uqQnPnWN3rBckZuMUXKbtIx2Edc="></latexit>

J(✓, ✓0) =
1

n

nX

i=1

L(h(x(i); ✓, ✓0), y
(i))

4



Linear regression
• Hypotheses for linear regression:

<latexit sha1_base64="nKSbXozpoZKvTDDrP9ajW/Lrya4=">AAACG3icbZDLSgMxFIYz9VbrrerSTbAIFaXMSEFBhKIblxWsLbTjkEkzndDMheSMtAx9Dje+ihsXCuJKcOHbmLaDaPVAyMf/n0NyfjcWXIFpfhq5ufmFxaX8cmFldW19o7i5daOiRFLWoJGIZMsligkesgZwEKwVS0YCV7Cm278Y+807JhWPwmsYxswOSC/kHqcEtOQULb88OMUd8BmQw+x2zH18lvFtB6IYD/DBt+cUS2bFnBT+C1YGJZRV3Sm+d7oRTQIWAhVEqbZlxmCnRAKngo0KnUSxmNA+6bG2xpAETNnpZLUR3tNKF3uR1CcEPFF/TqQkUGoYuLozIOCrWW8s/ue1E/BO7JSHcQIspNOHvERgiPA4J9zlklEQQw2ESq7/iqlPJKGg0yzoEKzZlf9C86hiVSuWdVUt1c6zPPJoB+2iMrLQMaqhS1RHDUTRPXpEz+jFeDCejFfjbdqaM7KZbfSrjI8vfhWfGQ==</latexit>
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Linear regression
• Hypotheses for linear regression:
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• Hypotheses for linear regression:
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• Hypotheses for linear regression:
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• Hypotheses for linear regression:
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• Hypotheses for linear regression:
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• Hypotheses for linear regression:
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Linear regression
• Hypotheses for linear regression:
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Linear regression
• Hypotheses for linear regression:
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<latexit sha1_base64="nRNyGWg3m2huvT4AzYq8UNZJYTQ=">AAACHHicbVBNSwMxEM3Wr1q/qh69BIvgxbJbBL0IohePFaytdGvJprM2NJtdklmhrP0fXvwrXjwoiBcPgv/G9ENQ64OBl/dmyMwLEikMuu6nk5uZnZtfyC8WlpZXVteK6xuXJk41hxqPZawbATMghYIaCpTQSDSwKJBQD3qnQ79+C9qIWF1gP4FWxG6UCAVnaKV2sXJE/VAznnmDTA2of0d9FLIDWcM+sAvI6N63dDX0ryvtYsktuyPQaeJNSIlMUG0X3/1OzNMIFHLJjGl6boKtjGkUXMKg4KcGEsZ77AaalioWgWllo9sGdMcqHRrG2pZCOlJ/TmQsMqYfBbYzYtg1f72h+J/XTDE8bGVCJSmC4uOPwlRSjOkwKNoRGjjKviWMa2F3pbzLbFRo4yzYELy/J0+TeqXs7Zc973y/dHwyySNPtsg22SUeOSDH5IxUSY1wck8eyTN5cR6cJ+fVeRu35pzJzCb5BefjC3F/oNg=</latexit>

=
1

n
kX̃✓ � Ỹ k2

4



Linear regression
• Hypotheses for linear regression:

<latexit sha1_base64="nKSbXozpoZKvTDDrP9ajW/Lrya4=">AAACG3icbZDLSgMxFIYz9VbrrerSTbAIFaXMSEFBhKIblxWsLbTjkEkzndDMheSMtAx9Dje+ihsXCuJKcOHbmLaDaPVAyMf/n0NyfjcWXIFpfhq5ufmFxaX8cmFldW19o7i5daOiRFLWoJGIZMsligkesgZwEKwVS0YCV7Cm278Y+807JhWPwmsYxswOSC/kHqcEtOQULb88OMUd8BmQw+x2zH18lvFtB6IYD/DBt+cUS2bFnBT+C1YGJZRV3Sm+d7oRTQIWAhVEqbZlxmCnRAKngo0KnUSxmNA+6bG2xpAETNnpZLUR3tNKF3uR1CcEPFF/TqQkUGoYuLozIOCrWW8s/ue1E/BO7JSHcQIspNOHvERgiPA4J9zlklEQQw2ESq7/iqlPJKGg0yzoEKzZlf9C86hiVSuWdVUt1c6zPPJoB+2iMrLQMaqhS1RHDUTRPXpEz+jFeDCejFfjbdqaM7KZbfSrjI8vfhWfGQ==</latexit>

h(x; ✓, ✓0) = ✓>x+ ✓0

• Training error (using squared error loss)
<latexit sha1_base64="jL8KcBNWTYBnKbAHdt8H6rzNXuk="></latexit>

=
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2

• Training error if we augment features with feature “1”

<latexit sha1_base64="uqQnPnWN3rBckZuMUXKbtIx2Edc="></latexit>

J(✓, ✓0) =
1

n

nX

i=1

L(h(x(i); ✓, ✓0), y
(i))

<latexit sha1_base64="KCeK9zFFm0GT24V6ueMYP2R74Mo="></latexit>

J(✓) =
1

n

nX

i=1

(✓>x(i) � y(i))2

1xd,dx1 1x1

<latexit sha1_base64="u/ygbQ9x4Lhtm5bf8cxkkfuBLRE="></latexit>

=
1

n

nX

i=1

((x(i))>✓ � y(i))2

1xd,dx1 1x1

<latexit sha1_base64="BkYMpL5mcRFwEIZJSEviO78YkRg="></latexit>
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d
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<latexit sha1_base64="gq3l7zPySZokeTAAvnBfp/hzgIY="></latexit>

Ỹ =

2

64
y(1)

...
y(n)

3

75
nx1

<latexit sha1_base64="nRNyGWg3m2huvT4AzYq8UNZJYTQ=">AAACHHicbVBNSwMxEM3Wr1q/qh69BIvgxbJbBL0IohePFaytdGvJprM2NJtdklmhrP0fXvwrXjwoiBcPgv/G9ENQ64OBl/dmyMwLEikMuu6nk5uZnZtfyC8WlpZXVteK6xuXJk41hxqPZawbATMghYIaCpTQSDSwKJBQD3qnQ79+C9qIWF1gP4FWxG6UCAVnaKV2sXJE/VAznnmDTA2of0d9FLIDWcM+sAvI6N63dDX0ryvtYsktuyPQaeJNSIlMUG0X3/1OzNMIFHLJjGl6boKtjGkUXMKg4KcGEsZ77AaalioWgWllo9sGdMcqHRrG2pZCOlJ/TmQsMqYfBbYzYtg1f72h+J/XTDE8bGVCJSmC4uOPwlRSjOkwKNoRGjjKviWMa2F3pbzLbFRo4yzYELy/J0+TeqXs7Zc973y/dHwyySNPtsg22SUeOSDH5IxUSY1wck8eyTN5cR6cJ+fVeRu35pzJzCb5BefjC3F/oNg=</latexit>

=
1

n
kX̃✓ � Ỹ k2

4



Linear regression
• Hypotheses for linear regression:

<latexit sha1_base64="nKSbXozpoZKvTDDrP9ajW/Lrya4=">AAACG3icbZDLSgMxFIYz9VbrrerSTbAIFaXMSEFBhKIblxWsLbTjkEkzndDMheSMtAx9Dje+ihsXCuJKcOHbmLaDaPVAyMf/n0NyfjcWXIFpfhq5ufmFxaX8cmFldW19o7i5daOiRFLWoJGIZMsligkesgZwEKwVS0YCV7Cm278Y+807JhWPwmsYxswOSC/kHqcEtOQULb88OMUd8BmQw+x2zH18lvFtB6IYD/DBt+cUS2bFnBT+C1YGJZRV3Sm+d7oRTQIWAhVEqbZlxmCnRAKngo0KnUSxmNA+6bG2xpAETNnpZLUR3tNKF3uR1CcEPFF/TqQkUGoYuLozIOCrWW8s/ue1E/BO7JSHcQIspNOHvERgiPA4J9zlklEQQw2ESq7/iqlPJKGg0yzoEKzZlf9C86hiVSuWdVUt1c6zPPJoB+2iMrLQMaqhS1RHDUTRPXpEz+jFeDCejFfjbdqaM7KZbfSrjI8vfhWfGQ==</latexit>

h(x; ✓, ✓0) = ✓>x+ ✓0

• Training error (using squared error loss)
<latexit sha1_base64="jL8KcBNWTYBnKbAHdt8H6rzNXuk="></latexit>

=
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2

• Training error if we augment features with feature “1”

<latexit sha1_base64="uqQnPnWN3rBckZuMUXKbtIx2Edc="></latexit>

J(✓, ✓0) =
1

n

nX

i=1

L(h(x(i); ✓, ✓0), y
(i))

<latexit sha1_base64="KCeK9zFFm0GT24V6ueMYP2R74Mo="></latexit>

J(✓) =
1

n

nX

i=1

(✓>x(i) � y(i))2

1xd,dx1 1x1

<latexit sha1_base64="u/ygbQ9x4Lhtm5bf8cxkkfuBLRE="></latexit>

=
1

n

nX

i=1

((x(i))>✓ � y(i))2

1xd,dx1 1x1

<latexit sha1_base64="BkYMpL5mcRFwEIZJSEviO78YkRg="></latexit>

X̃ =

2
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d
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x(n)
1 · · · x(n)

d

3
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<latexit sha1_base64="gq3l7zPySZokeTAAvnBfp/hzgIY="></latexit>
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2

64
y(1)

...
y(n)

3
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nx1

<latexit sha1_base64="nRNyGWg3m2huvT4AzYq8UNZJYTQ=">AAACHHicbVBNSwMxEM3Wr1q/qh69BIvgxbJbBL0IohePFaytdGvJprM2NJtdklmhrP0fXvwrXjwoiBcPgv/G9ENQ64OBl/dmyMwLEikMuu6nk5uZnZtfyC8WlpZXVteK6xuXJk41hxqPZawbATMghYIaCpTQSDSwKJBQD3qnQ79+C9qIWF1gP4FWxG6UCAVnaKV2sXJE/VAznnmDTA2of0d9FLIDWcM+sAvI6N63dDX0ryvtYsktuyPQaeJNSIlMUG0X3/1OzNMIFHLJjGl6boKtjGkUXMKg4KcGEsZ77AaalioWgWllo9sGdMcqHRrG2pZCOlJ/TmQsMqYfBbYzYtg1f72h+J/XTDE8bGVCJSmC4uOPwlRSjOkwKNoRGjjKviWMa2F3pbzLbFRo4yzYELy/J0+TeqXs7Zc973y/dHwyySNPtsg22SUeOSDH5IxUSY1wck8eyTN5cR6cJ+fVeRu35pzJzCb5BefjC3F/oNg=</latexit>

=
1

n
kX̃✓ � Ỹ k2
nxd

4



Linear regression
• Hypotheses for linear regression:

<latexit sha1_base64="nKSbXozpoZKvTDDrP9ajW/Lrya4=">AAACG3icbZDLSgMxFIYz9VbrrerSTbAIFaXMSEFBhKIblxWsLbTjkEkzndDMheSMtAx9Dje+ihsXCuJKcOHbmLaDaPVAyMf/n0NyfjcWXIFpfhq5ufmFxaX8cmFldW19o7i5daOiRFLWoJGIZMsligkesgZwEKwVS0YCV7Cm278Y+807JhWPwmsYxswOSC/kHqcEtOQULb88OMUd8BmQw+x2zH18lvFtB6IYD/DBt+cUS2bFnBT+C1YGJZRV3Sm+d7oRTQIWAhVEqbZlxmCnRAKngo0KnUSxmNA+6bG2xpAETNnpZLUR3tNKF3uR1CcEPFF/TqQkUGoYuLozIOCrWW8s/ue1E/BO7JSHcQIspNOHvERgiPA4J9zlklEQQw2ESq7/iqlPJKGg0yzoEKzZlf9C86hiVSuWdVUt1c6zPPJoB+2iMrLQMaqhS1RHDUTRPXpEz+jFeDCejFfjbdqaM7KZbfSrjI8vfhWfGQ==</latexit>

h(x; ✓, ✓0) = ✓>x+ ✓0

• Training error (using squared error loss)
<latexit sha1_base64="jL8KcBNWTYBnKbAHdt8H6rzNXuk="></latexit>

=
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2

• Training error if we augment features with feature “1”

<latexit sha1_base64="uqQnPnWN3rBckZuMUXKbtIx2Edc="></latexit>

J(✓, ✓0) =
1

n

nX

i=1

L(h(x(i); ✓, ✓0), y
(i))

<latexit sha1_base64="KCeK9zFFm0GT24V6ueMYP2R74Mo="></latexit>

J(✓) =
1

n

nX

i=1

(✓>x(i) � y(i))2

1xd,dx1 1x1

<latexit sha1_base64="u/ygbQ9x4Lhtm5bf8cxkkfuBLRE="></latexit>

=
1

n

nX

i=1

((x(i))>✓ � y(i))2

1xd,dx1 1x1

<latexit sha1_base64="BkYMpL5mcRFwEIZJSEviO78YkRg="></latexit>

X̃ =

2

664

x(1)
1 · · · x(1)

d
...

. . .
...

x(n)
1 · · · x(n)

d

3

775Define
nxd

<latexit sha1_base64="gq3l7zPySZokeTAAvnBfp/hzgIY="></latexit>

Ỹ =

2

64
y(1)

...
y(n)

3

75
nx1

<latexit sha1_base64="nRNyGWg3m2huvT4AzYq8UNZJYTQ=">AAACHHicbVBNSwMxEM3Wr1q/qh69BIvgxbJbBL0IohePFaytdGvJprM2NJtdklmhrP0fXvwrXjwoiBcPgv/G9ENQ64OBl/dmyMwLEikMuu6nk5uZnZtfyC8WlpZXVteK6xuXJk41hxqPZawbATMghYIaCpTQSDSwKJBQD3qnQ79+C9qIWF1gP4FWxG6UCAVnaKV2sXJE/VAznnmDTA2of0d9FLIDWcM+sAvI6N63dDX0ryvtYsktuyPQaeJNSIlMUG0X3/1OzNMIFHLJjGl6boKtjGkUXMKg4KcGEsZ77AaalioWgWllo9sGdMcqHRrG2pZCOlJ/TmQsMqYfBbYzYtg1f72h+J/XTDE8bGVCJSmC4uOPwlRSjOkwKNoRGjjKviWMa2F3pbzLbFRo4yzYELy/J0+TeqXs7Zc973y/dHwyySNPtsg22SUeOSDH5IxUSY1wck8eyTN5cR6cJ+fVeRu35pzJzCb5BefjC3F/oNg=</latexit>

=
1

n
kX̃✓ � Ỹ k2
nxd,dx1

4



Linear regression
• Hypotheses for linear regression:

<latexit sha1_base64="nKSbXozpoZKvTDDrP9ajW/Lrya4=">AAACG3icbZDLSgMxFIYz9VbrrerSTbAIFaXMSEFBhKIblxWsLbTjkEkzndDMheSMtAx9Dje+ihsXCuJKcOHbmLaDaPVAyMf/n0NyfjcWXIFpfhq5ufmFxaX8cmFldW19o7i5daOiRFLWoJGIZMsligkesgZwEKwVS0YCV7Cm278Y+807JhWPwmsYxswOSC/kHqcEtOQULb88OMUd8BmQw+x2zH18lvFtB6IYD/DBt+cUS2bFnBT+C1YGJZRV3Sm+d7oRTQIWAhVEqbZlxmCnRAKngo0KnUSxmNA+6bG2xpAETNnpZLUR3tNKF3uR1CcEPFF/TqQkUGoYuLozIOCrWW8s/ue1E/BO7JSHcQIspNOHvERgiPA4J9zlklEQQw2ESq7/iqlPJKGg0yzoEKzZlf9C86hiVSuWdVUt1c6zPPJoB+2iMrLQMaqhS1RHDUTRPXpEz+jFeDCejFfjbdqaM7KZbfSrjI8vfhWfGQ==</latexit>

h(x; ✓, ✓0) = ✓>x+ ✓0

• Training error (using squared error loss)
<latexit sha1_base64="jL8KcBNWTYBnKbAHdt8H6rzNXuk="></latexit>

=
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2

• Training error if we augment features with feature “1”

<latexit sha1_base64="uqQnPnWN3rBckZuMUXKbtIx2Edc="></latexit>

J(✓, ✓0) =
1

n

nX

i=1

L(h(x(i); ✓, ✓0), y
(i))

<latexit sha1_base64="KCeK9zFFm0GT24V6ueMYP2R74Mo="></latexit>

J(✓) =
1

n

nX

i=1

(✓>x(i) � y(i))2

1xd,dx1 1x1

<latexit sha1_base64="u/ygbQ9x4Lhtm5bf8cxkkfuBLRE="></latexit>

=
1

n

nX

i=1

((x(i))>✓ � y(i))2

1xd,dx1 1x1

<latexit sha1_base64="BkYMpL5mcRFwEIZJSEviO78YkRg="></latexit>

X̃ =

2

664

x(1)
1 · · · x(1)

d
...

. . .
...

x(n)
1 · · · x(n)

d

3

775Define
nxd

<latexit sha1_base64="gq3l7zPySZokeTAAvnBfp/hzgIY="></latexit>

Ỹ =

2

64
y(1)

...
y(n)

3

75
nx1

<latexit sha1_base64="nRNyGWg3m2huvT4AzYq8UNZJYTQ=">AAACHHicbVBNSwMxEM3Wr1q/qh69BIvgxbJbBL0IohePFaytdGvJprM2NJtdklmhrP0fXvwrXjwoiBcPgv/G9ENQ64OBl/dmyMwLEikMuu6nk5uZnZtfyC8WlpZXVteK6xuXJk41hxqPZawbATMghYIaCpTQSDSwKJBQD3qnQ79+C9qIWF1gP4FWxG6UCAVnaKV2sXJE/VAznnmDTA2of0d9FLIDWcM+sAvI6N63dDX0ryvtYsktuyPQaeJNSIlMUG0X3/1OzNMIFHLJjGl6boKtjGkUXMKg4KcGEsZ77AaalioWgWllo9sGdMcqHRrG2pZCOlJ/TmQsMqYfBbYzYtg1f72h+J/XTDE8bGVCJSmC4uOPwlRSjOkwKNoRGjjKviWMa2F3pbzLbFRo4yzYELy/J0+TeqXs7Zc973y/dHwyySNPtsg22SUeOSDH5IxUSY1wck8eyTN5cR6cJ+fVeRu35pzJzCb5BefjC3F/oNg=</latexit>

=
1

n
kX̃✓ � Ỹ k2
nxd,dx1 nx1

4



Linear regression
• Hypotheses for linear regression:

<latexit sha1_base64="nKSbXozpoZKvTDDrP9ajW/Lrya4=">AAACG3icbZDLSgMxFIYz9VbrrerSTbAIFaXMSEFBhKIblxWsLbTjkEkzndDMheSMtAx9Dje+ihsXCuJKcOHbmLaDaPVAyMf/n0NyfjcWXIFpfhq5ufmFxaX8cmFldW19o7i5daOiRFLWoJGIZMsligkesgZwEKwVS0YCV7Cm278Y+807JhWPwmsYxswOSC/kHqcEtOQULb88OMUd8BmQw+x2zH18lvFtB6IYD/DBt+cUS2bFnBT+C1YGJZRV3Sm+d7oRTQIWAhVEqbZlxmCnRAKngo0KnUSxmNA+6bG2xpAETNnpZLUR3tNKF3uR1CcEPFF/TqQkUGoYuLozIOCrWW8s/ue1E/BO7JSHcQIspNOHvERgiPA4J9zlklEQQw2ESq7/iqlPJKGg0yzoEKzZlf9C86hiVSuWdVUt1c6zPPJoB+2iMrLQMaqhS1RHDUTRPXpEz+jFeDCejFfjbdqaM7KZbfSrjI8vfhWfGQ==</latexit>

h(x; ✓, ✓0) = ✓>x+ ✓0

• Training error (using squared error loss)
<latexit sha1_base64="jL8KcBNWTYBnKbAHdt8H6rzNXuk="></latexit>

=
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2

• Training error if we augment features with feature “1”

<latexit sha1_base64="uqQnPnWN3rBckZuMUXKbtIx2Edc="></latexit>

J(✓, ✓0) =
1

n

nX

i=1

L(h(x(i); ✓, ✓0), y
(i))

<latexit sha1_base64="KCeK9zFFm0GT24V6ueMYP2R74Mo="></latexit>

J(✓) =
1

n

nX

i=1

(✓>x(i) � y(i))2

1xd,dx1 1x1

<latexit sha1_base64="u/ygbQ9x4Lhtm5bf8cxkkfuBLRE="></latexit>

=
1

n

nX

i=1

((x(i))>✓ � y(i))2

1xd,dx1 1x1

<latexit sha1_base64="BkYMpL5mcRFwEIZJSEviO78YkRg="></latexit>

X̃ =

2

664

x(1)
1 · · · x(1)

d
...

. . .
...

x(n)
1 · · · x(n)

d

3

775Define
nxd

<latexit sha1_base64="gq3l7zPySZokeTAAvnBfp/hzgIY="></latexit>

Ỹ =

2

64
y(1)

...
y(n)

3

75
nx1

<latexit sha1_base64="nRNyGWg3m2huvT4AzYq8UNZJYTQ=">AAACHHicbVBNSwMxEM3Wr1q/qh69BIvgxbJbBL0IohePFaytdGvJprM2NJtdklmhrP0fXvwrXjwoiBcPgv/G9ENQ64OBl/dmyMwLEikMuu6nk5uZnZtfyC8WlpZXVteK6xuXJk41hxqPZawbATMghYIaCpTQSDSwKJBQD3qnQ79+C9qIWF1gP4FWxG6UCAVnaKV2sXJE/VAznnmDTA2of0d9FLIDWcM+sAvI6N63dDX0ryvtYsktuyPQaeJNSIlMUG0X3/1OzNMIFHLJjGl6boKtjGkUXMKg4KcGEsZ77AaalioWgWllo9sGdMcqHRrG2pZCOlJ/TmQsMqYfBbYzYtg1f72h+J/XTDE8bGVCJSmC4uOPwlRSjOkwKNoRGjjKviWMa2F3pbzLbFRo4yzYELy/J0+TeqXs7Zc973y/dHwyySNPtsg22SUeOSDH5IxUSY1wck8eyTN5cR6cJ+fVeRu35pzJzCb5BefjC3F/oNg=</latexit>

=
1

n
kX̃✓ � Ỹ k2
nxd,dx1 nx1

4



Linear regression
• Hypotheses for linear regression:

<latexit sha1_base64="nKSbXozpoZKvTDDrP9ajW/Lrya4=">AAACG3icbZDLSgMxFIYz9VbrrerSTbAIFaXMSEFBhKIblxWsLbTjkEkzndDMheSMtAx9Dje+ihsXCuJKcOHbmLaDaPVAyMf/n0NyfjcWXIFpfhq5ufmFxaX8cmFldW19o7i5daOiRFLWoJGIZMsligkesgZwEKwVS0YCV7Cm278Y+807JhWPwmsYxswOSC/kHqcEtOQULb88OMUd8BmQw+x2zH18lvFtB6IYD/DBt+cUS2bFnBT+C1YGJZRV3Sm+d7oRTQIWAhVEqbZlxmCnRAKngo0KnUSxmNA+6bG2xpAETNnpZLUR3tNKF3uR1CcEPFF/TqQkUGoYuLozIOCrWW8s/ue1E/BO7JSHcQIspNOHvERgiPA4J9zlklEQQw2ESq7/iqlPJKGg0yzoEKzZlf9C86hiVSuWdVUt1c6zPPJoB+2iMrLQMaqhS1RHDUTRPXpEz+jFeDCejFfjbdqaM7KZbfSrjI8vfhWfGQ==</latexit>

h(x; ✓, ✓0) = ✓>x+ ✓0

• Training error (using squared error loss)
<latexit sha1_base64="jL8KcBNWTYBnKbAHdt8H6rzNXuk="></latexit>

=
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2

• Training error if we augment features with feature “1”

<latexit sha1_base64="uqQnPnWN3rBckZuMUXKbtIx2Edc="></latexit>

J(✓, ✓0) =
1

n

nX

i=1

L(h(x(i); ✓, ✓0), y
(i))

<latexit sha1_base64="KCeK9zFFm0GT24V6ueMYP2R74Mo="></latexit>

J(✓) =
1

n

nX

i=1

(✓>x(i) � y(i))2

1xd,dx1 1x1

<latexit sha1_base64="u/ygbQ9x4Lhtm5bf8cxkkfuBLRE="></latexit>

=
1

n

nX

i=1

((x(i))>✓ � y(i))2

1xd,dx1 1x1

<latexit sha1_base64="BkYMpL5mcRFwEIZJSEviO78YkRg="></latexit>

X̃ =

2

664

x(1)
1 · · · x(1)

d
...

. . .
...

x(n)
1 · · · x(n)

d

3

775Define
nxd

<latexit sha1_base64="gq3l7zPySZokeTAAvnBfp/hzgIY="></latexit>

Ỹ =

2

64
y(1)

...
y(n)

3

75
nx1

<latexit sha1_base64="nRNyGWg3m2huvT4AzYq8UNZJYTQ=">AAACHHicbVBNSwMxEM3Wr1q/qh69BIvgxbJbBL0IohePFaytdGvJprM2NJtdklmhrP0fXvwrXjwoiBcPgv/G9ENQ64OBl/dmyMwLEikMuu6nk5uZnZtfyC8WlpZXVteK6xuXJk41hxqPZawbATMghYIaCpTQSDSwKJBQD3qnQ79+C9qIWF1gP4FWxG6UCAVnaKV2sXJE/VAznnmDTA2of0d9FLIDWcM+sAvI6N63dDX0ryvtYsktuyPQaeJNSIlMUG0X3/1OzNMIFHLJjGl6boKtjGkUXMKg4KcGEsZ77AaalioWgWllo9sGdMcqHRrG2pZCOlJ/TmQsMqYfBbYzYtg1f72h+J/XTDE8bGVCJSmC4uOPwlRSjOkwKNoRGjjKviWMa2F3pbzLbFRo4yzYELy/J0+TeqXs7Zc973y/dHwyySNPtsg22SUeOSDH5IxUSY1wck8eyTN5cR6cJ+fVeRu35pzJzCb5BefjC3F/oNg=</latexit>

=
1

n
kX̃✓ � Ỹ k2
nxd,dx1 nx1

4



Linear regression
• Hypotheses for linear regression:

<latexit sha1_base64="nKSbXozpoZKvTDDrP9ajW/Lrya4=">AAACG3icbZDLSgMxFIYz9VbrrerSTbAIFaXMSEFBhKIblxWsLbTjkEkzndDMheSMtAx9Dje+ihsXCuJKcOHbmLaDaPVAyMf/n0NyfjcWXIFpfhq5ufmFxaX8cmFldW19o7i5daOiRFLWoJGIZMsligkesgZwEKwVS0YCV7Cm278Y+807JhWPwmsYxswOSC/kHqcEtOQULb88OMUd8BmQw+x2zH18lvFtB6IYD/DBt+cUS2bFnBT+C1YGJZRV3Sm+d7oRTQIWAhVEqbZlxmCnRAKngo0KnUSxmNA+6bG2xpAETNnpZLUR3tNKF3uR1CcEPFF/TqQkUGoYuLozIOCrWW8s/ue1E/BO7JSHcQIspNOHvERgiPA4J9zlklEQQw2ESq7/iqlPJKGg0yzoEKzZlf9C86hiVSuWdVUt1c6zPPJoB+2iMrLQMaqhS1RHDUTRPXpEz+jFeDCejFfjbdqaM7KZbfSrjI8vfhWfGQ==</latexit>

h(x; ✓, ✓0) = ✓>x+ ✓0

• Training error (using squared error loss)
<latexit sha1_base64="jL8KcBNWTYBnKbAHdt8H6rzNXuk="></latexit>

=
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2

• Training error if we augment features with feature “1”

<latexit sha1_base64="uqQnPnWN3rBckZuMUXKbtIx2Edc="></latexit>

J(✓, ✓0) =
1

n

nX

i=1

L(h(x(i); ✓, ✓0), y
(i))

<latexit sha1_base64="KCeK9zFFm0GT24V6ueMYP2R74Mo="></latexit>

J(✓) =
1

n

nX

i=1

(✓>x(i) � y(i))2

1xd,dx1 1x1

<latexit sha1_base64="u/ygbQ9x4Lhtm5bf8cxkkfuBLRE="></latexit>

=
1

n

nX

i=1

((x(i))>✓ � y(i))2

1xd,dx1 1x1

<latexit sha1_base64="BkYMpL5mcRFwEIZJSEviO78YkRg="></latexit>

X̃ =

2

664

x(1)
1 · · · x(1)

d
...

. . .
...

x(n)
1 · · · x(n)

d

3

775Define
nxd

<latexit sha1_base64="gq3l7zPySZokeTAAvnBfp/hzgIY="></latexit>

Ỹ =

2

64
y(1)

...
y(n)

3

75
nx1

<latexit sha1_base64="nRNyGWg3m2huvT4AzYq8UNZJYTQ=">AAACHHicbVBNSwMxEM3Wr1q/qh69BIvgxbJbBL0IohePFaytdGvJprM2NJtdklmhrP0fXvwrXjwoiBcPgv/G9ENQ64OBl/dmyMwLEikMuu6nk5uZnZtfyC8WlpZXVteK6xuXJk41hxqPZawbATMghYIaCpTQSDSwKJBQD3qnQ79+C9qIWF1gP4FWxG6UCAVnaKV2sXJE/VAznnmDTA2of0d9FLIDWcM+sAvI6N63dDX0ryvtYsktuyPQaeJNSIlMUG0X3/1OzNMIFHLJjGl6boKtjGkUXMKg4KcGEsZ77AaalioWgWllo9sGdMcqHRrG2pZCOlJ/TmQsMqYfBbYzYtg1f72h+J/XTDE8bGVCJSmC4uOPwlRSjOkwKNoRGjjKviWMa2F3pbzLbFRo4yzYELy/J0+TeqXs7Zc973y/dHwyySNPtsg22SUeOSDH5IxUSY1wck8eyTN5cR6cJ+fVeRu35pzJzCb5BefjC3F/oNg=</latexit>

=
1

n
kX̃✓ � Ỹ k2
nxd,dx1 nx1

<latexit sha1_base64="Jzla9bKf8qR++fXtCa32T+XNYrw=">AAACPnichVA9SwNBFNyL3/ErammzGAQtDHciaCOINpYKxkRyMext3pkle3vH7jshHPfHbPwPdnY2Fgpia+kmRtBEcGBhmJnH2zdBIoVB1310ChOTU9Mzs3PF+YXFpeXSyuqliVPNocpjGet6wAxIoaCKAiXUEw0sCiTUgu5J36/dgjYiVhfYS6AZsRslQsEZWqlVujikfqgZz7w8Uzndoj4K2YasnlvWAWR051u6yun2tY9x8m+qVSq7FXcAOk68ISmTIc5apQe/HfM0AoVcMmManptgM2MaBZeQF/3UQMJ4l91Aw1LFIjDNbHB9Tjet0qZhrO1TSAfqz4mMRcb0osAmI4YdM+r1xb+8RorhQTMTKkkRFP9aFKaSYkz7VdK20MBR9ixhXAv7V8o7zJaJtvCiLcEbPXmc1HYr3l7F8873ykfHwz5myTrZIFvEI/vkiJySM1IlnNyRJ/JCXp1759l5c96/ogVnOLNGfsH5+ASjHK13</latexit>

=
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ )

4

?



Linear regression
• Hypotheses for linear regression:

<latexit sha1_base64="nKSbXozpoZKvTDDrP9ajW/Lrya4=">AAACG3icbZDLSgMxFIYz9VbrrerSTbAIFaXMSEFBhKIblxWsLbTjkEkzndDMheSMtAx9Dje+ihsXCuJKcOHbmLaDaPVAyMf/n0NyfjcWXIFpfhq5ufmFxaX8cmFldW19o7i5daOiRFLWoJGIZMsligkesgZwEKwVS0YCV7Cm278Y+807JhWPwmsYxswOSC/kHqcEtOQULb88OMUd8BmQw+x2zH18lvFtB6IYD/DBt+cUS2bFnBT+C1YGJZRV3Sm+d7oRTQIWAhVEqbZlxmCnRAKngo0KnUSxmNA+6bG2xpAETNnpZLUR3tNKF3uR1CcEPFF/TqQkUGoYuLozIOCrWW8s/ue1E/BO7JSHcQIspNOHvERgiPA4J9zlklEQQw2ESq7/iqlPJKGg0yzoEKzZlf9C86hiVSuWdVUt1c6zPPJoB+2iMrLQMaqhS1RHDUTRPXpEz+jFeDCejFfjbdqaM7KZbfSrjI8vfhWfGQ==</latexit>

h(x; ✓, ✓0) = ✓>x+ ✓0

• Training error (using squared error loss)
<latexit sha1_base64="jL8KcBNWTYBnKbAHdt8H6rzNXuk="></latexit>

=
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2

• Training error if we augment features with feature “1”

<latexit sha1_base64="uqQnPnWN3rBckZuMUXKbtIx2Edc="></latexit>

J(✓, ✓0) =
1

n

nX

i=1

L(h(x(i); ✓, ✓0), y
(i))

<latexit sha1_base64="KCeK9zFFm0GT24V6ueMYP2R74Mo="></latexit>

J(✓) =
1

n

nX

i=1

(✓>x(i) � y(i))2

1xd,dx1 1x1

<latexit sha1_base64="u/ygbQ9x4Lhtm5bf8cxkkfuBLRE="></latexit>

=
1

n

nX

i=1

((x(i))>✓ � y(i))2

1xd,dx1 1x1

<latexit sha1_base64="BkYMpL5mcRFwEIZJSEviO78YkRg="></latexit>

X̃ =

2

664

x(1)
1 · · · x(1)

d
...

. . .
...

x(n)
1 · · · x(n)

d

3

775Define
nxd

<latexit sha1_base64="gq3l7zPySZokeTAAvnBfp/hzgIY="></latexit>

Ỹ =

2

64
y(1)

...
y(n)

3

75
nx1

<latexit sha1_base64="nRNyGWg3m2huvT4AzYq8UNZJYTQ=">AAACHHicbVBNSwMxEM3Wr1q/qh69BIvgxbJbBL0IohePFaytdGvJprM2NJtdklmhrP0fXvwrXjwoiBcPgv/G9ENQ64OBl/dmyMwLEikMuu6nk5uZnZtfyC8WlpZXVteK6xuXJk41hxqPZawbATMghYIaCpTQSDSwKJBQD3qnQ79+C9qIWF1gP4FWxG6UCAVnaKV2sXJE/VAznnmDTA2of0d9FLIDWcM+sAvI6N63dDX0ryvtYsktuyPQaeJNSIlMUG0X3/1OzNMIFHLJjGl6boKtjGkUXMKg4KcGEsZ77AaalioWgWllo9sGdMcqHRrG2pZCOlJ/TmQsMqYfBbYzYtg1f72h+J/XTDE8bGVCJSmC4uOPwlRSjOkwKNoRGjjKviWMa2F3pbzLbFRo4yzYELy/J0+TeqXs7Zc973y/dHwyySNPtsg22SUeOSDH5IxUSY1wck8eyTN5cR6cJ+fVeRu35pzJzCb5BefjC3F/oNg=</latexit>

=
1

n
kX̃✓ � Ỹ k2
nxd,dx1 nx1

<latexit sha1_base64="Jzla9bKf8qR++fXtCa32T+XNYrw=">AAACPnichVA9SwNBFNyL3/ErammzGAQtDHciaCOINpYKxkRyMext3pkle3vH7jshHPfHbPwPdnY2Fgpia+kmRtBEcGBhmJnH2zdBIoVB1310ChOTU9Mzs3PF+YXFpeXSyuqliVPNocpjGet6wAxIoaCKAiXUEw0sCiTUgu5J36/dgjYiVhfYS6AZsRslQsEZWqlVujikfqgZz7w8Uzndoj4K2YasnlvWAWR051u6yun2tY9x8m+qVSq7FXcAOk68ISmTIc5apQe/HfM0AoVcMmManptgM2MaBZeQF/3UQMJ4l91Aw1LFIjDNbHB9Tjet0qZhrO1TSAfqz4mMRcb0osAmI4YdM+r1xb+8RorhQTMTKkkRFP9aFKaSYkz7VdK20MBR9ixhXAv7V8o7zJaJtvCiLcEbPXmc1HYr3l7F8873ykfHwz5myTrZIFvEI/vkiJySM1IlnNyRJ/JCXp1759l5c96/ogVnOLNGfsH5+ASjHK13</latexit>

=
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ )

4



Linear regression
• Hypotheses for linear regression:

<latexit sha1_base64="nKSbXozpoZKvTDDrP9ajW/Lrya4=">AAACG3icbZDLSgMxFIYz9VbrrerSTbAIFaXMSEFBhKIblxWsLbTjkEkzndDMheSMtAx9Dje+ihsXCuJKcOHbmLaDaPVAyMf/n0NyfjcWXIFpfhq5ufmFxaX8cmFldW19o7i5daOiRFLWoJGIZMsligkesgZwEKwVS0YCV7Cm278Y+807JhWPwmsYxswOSC/kHqcEtOQULb88OMUd8BmQw+x2zH18lvFtB6IYD/DBt+cUS2bFnBT+C1YGJZRV3Sm+d7oRTQIWAhVEqbZlxmCnRAKngo0KnUSxmNA+6bG2xpAETNnpZLUR3tNKF3uR1CcEPFF/TqQkUGoYuLozIOCrWW8s/ue1E/BO7JSHcQIspNOHvERgiPA4J9zlklEQQw2ESq7/iqlPJKGg0yzoEKzZlf9C86hiVSuWdVUt1c6zPPJoB+2iMrLQMaqhS1RHDUTRPXpEz+jFeDCejFfjbdqaM7KZbfSrjI8vfhWfGQ==</latexit>

h(x; ✓, ✓0) = ✓>x+ ✓0

• Training error (using squared error loss)
<latexit sha1_base64="jL8KcBNWTYBnKbAHdt8H6rzNXuk="></latexit>

=
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2

• Training error if we augment features with feature “1”

<latexit sha1_base64="gq3l7zPySZokeTAAvnBfp/hzgIY="></latexit>

Ỹ =

2

64
y(1)

...
y(n)

3

75

<latexit sha1_base64="BkYMpL5mcRFwEIZJSEviO78YkRg="></latexit>

X̃ =

2

664

x(1)
1 · · · x(1)

d
...

. . .
...

x(n)
1 · · · x(n)

d

3

775

<latexit sha1_base64="u/ygbQ9x4Lhtm5bf8cxkkfuBLRE="></latexit>

=
1

n

nX

i=1

((x(i))>✓ � y(i))2

<latexit sha1_base64="nRNyGWg3m2huvT4AzYq8UNZJYTQ=">AAACHHicbVBNSwMxEM3Wr1q/qh69BIvgxbJbBL0IohePFaytdGvJprM2NJtdklmhrP0fXvwrXjwoiBcPgv/G9ENQ64OBl/dmyMwLEikMuu6nk5uZnZtfyC8WlpZXVteK6xuXJk41hxqPZawbATMghYIaCpTQSDSwKJBQD3qnQ79+C9qIWF1gP4FWxG6UCAVnaKV2sXJE/VAznnmDTA2of0d9FLIDWcM+sAvI6N63dDX0ryvtYsktuyPQaeJNSIlMUG0X3/1OzNMIFHLJjGl6boKtjGkUXMKg4KcGEsZ77AaalioWgWllo9sGdMcqHRrG2pZCOlJ/TmQsMqYfBbYzYtg1f72h+J/XTDE8bGVCJSmC4uOPwlRSjOkwKNoRGjjKviWMa2F3pbzLbFRo4yzYELy/J0+TeqXs7Zc973y/dHwyySNPtsg22SUeOSDH5IxUSY1wck8eyTN5cR6cJ+fVeRu35pzJzCb5BefjC3F/oNg=</latexit>

=
1

n
kX̃✓ � Ỹ k2

<latexit sha1_base64="Jzla9bKf8qR++fXtCa32T+XNYrw=">AAACPnichVA9SwNBFNyL3/ErammzGAQtDHciaCOINpYKxkRyMext3pkle3vH7jshHPfHbPwPdnY2Fgpia+kmRtBEcGBhmJnH2zdBIoVB1310ChOTU9Mzs3PF+YXFpeXSyuqliVPNocpjGet6wAxIoaCKAiXUEw0sCiTUgu5J36/dgjYiVhfYS6AZsRslQsEZWqlVujikfqgZz7w8Uzndoj4K2YasnlvWAWR051u6yun2tY9x8m+qVSq7FXcAOk68ISmTIc5apQe/HfM0AoVcMmManptgM2MaBZeQF/3UQMJ4l91Aw1LFIjDNbHB9Tjet0qZhrO1TSAfqz4mMRcb0osAmI4YdM+r1xb+8RorhQTMTKkkRFP9aFKaSYkz7VdK20MBR9ixhXAv7V8o7zJaJtvCiLcEbPXmc1HYr3l7F8873ykfHwz5myTrZIFvEI/vkiJySM1IlnNyRJ/JCXp1759l5c96/ogVnOLNGfsH5+ASjHK13</latexit>

=
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ )

1xd,dx1 1xd,dx1

nxd,dx1

1x1 1x1

nx1 1xn nx1

Define
nxd nx1

<latexit sha1_base64="KCeK9zFFm0GT24V6ueMYP2R74Mo="></latexit>

J(✓) =
1

n

nX

i=1

(✓>x(i) � y(i))2

<latexit sha1_base64="uqQnPnWN3rBckZuMUXKbtIx2Edc="></latexit>

J(✓, ✓0) =
1

n

nX

i=1

L(h(x(i); ✓, ✓0), y
(i))

4



• Goal: minimize
<latexit sha1_base64="NAfrY8ovjd66089S/ILvMHKxC8A="></latexit>

J(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ )

5



• Goal: minimize
<latexit sha1_base64="NAfrY8ovjd66089S/ILvMHKxC8A="></latexit>

J(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ )

Linear regression: A Direct Solution
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• Goal: minimize
<latexit sha1_base64="NAfrY8ovjd66089S/ILvMHKxC8A="></latexit>

J(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ )

Linear regression: A Direct Solution

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

5



• Goal: minimize
<latexit sha1_base64="NAfrY8ovjd66089S/ILvMHKxC8A="></latexit>

J(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ )

Linear regression: A Direct Solution

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

5



• Goal: minimize
<latexit sha1_base64="NAfrY8ovjd66089S/ILvMHKxC8A="></latexit>

J(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ )

Linear regression: A Direct Solution

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

5



• Goal: minimize
<latexit sha1_base64="NAfrY8ovjd66089S/ILvMHKxC8A="></latexit>

J(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ )

Linear regression: A Direct Solution

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2
<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

5



• Goal: minimize
<latexit sha1_base64="NAfrY8ovjd66089S/ILvMHKxC8A="></latexit>

J(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ )

Linear regression: A Direct Solution

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2
<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1
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6



• Goal: minimize
<latexit sha1_base64="NAfrY8ovjd66089S/ILvMHKxC8A="></latexit>

J(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ )

Linear regression: A Direct Solution

<latexit sha1_base64="qEoV6EYp9sQVsXlXcUXt2ds10OI="></latexit>

r✓J(✓) =
2

n
X̃>(X̃✓ � Ỹ ) = 0
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(X̃✓ � Ỹ )>(X̃✓ � Ỹ )
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Linear regression: A Direct Solution

dx1

<latexit sha1_base64="qEoV6EYp9sQVsXlXcUXt2ds10OI="></latexit>

r✓J(✓) =
2

n
X̃>(X̃✓ � Ỹ ) = 0
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X̃>(X̃✓ � Ỹ ) = 0set

<latexit sha1_base64="qZ4funisTOJlZG+63ysNOnGub48=">AAACKHicbVBNS0JBFJ1nX2ZfVss2QxK0Sd4LoTaF1KalQabhM5k3XnVw3gcz9wXy8N+06a+0CSoIt/2SRn1EqQcGzpxzLjP3eJEUGm17ZGWWlldW17LruY3Nre2d/O7evQ5jxaHKQxmqusc0SBFAFQVKqEcKmO9JqHn967FfewKlRRjc4SCCps+6gegIztBIrfyli0K2IakPH10MI/p7NawHyOgJXZx4GNILarfyBbtoT0DniZOSAklRaeXf3XbIYx8C5JJp3XDsCJsJUyi4hGHOjTVEjPdZFxqGBswH3Uwmew7pkVHatBMqcwKkE/XvRMJ8rQe+Z5I+w56e9cbiIq8RY+e8mYggihECPn2oE0uKIR2XRttCAUc5MIRxJcxfKe8xxTiaanOmBGd25XlSOy06paLj3JYK5au0jyw5IIfkmDjkjJTJDamQKuHkmbySD/JpvVhv1pc1mkYzVjqzT/7B+v4B6BymTw==</latexit>

X̃>X̃✓ � X̃>Ỹ = 0
<latexit sha1_base64="yz9pwUvLMdRhIQD/xDPecZweHYE=">AAACZHicnVHLSgMxFM2M7/oaLa4ECRZBF5YZEXQjFN24rGBtpdOWTHprg5kHyR2hDvOT7ty58T9M20G06sYDgZNz7r1JToJECo2u+2rZc/MLi0vLK6XVtfWNTWdr+07HqeLQ4LGMVStgGqSIoIECJbQSBSwMJDSDx6ux33wCpUUc3eIogU7IHiIxEJyhkXrO86GPQvYha+VdH+OEfm6Putmxl9O/bMOGgIxe0P9NuM97TsWtuhPQn8QrSIUUqPecF78f8zSECLlkWrc9N8FOxhQKLiEv+amGhPFH9gBtQyMWgu5kk4xyemCUPh3EyqwI6UT92pGxUOtRGJjKkOFQz3pj8TevneLgvJOJKEkRIj49aJBKijEdB077QgFHOTKEcSXMXSkfMsU4mm8pmRC82Sf/JM2Tqnda9byb00rtsshjmeySfXJIPHJGauSa1EmDcPJmLVqblmO926t22d6ZltpW0VMm32DvfQDFELit</latexit>

(X̃>X̃)�1X̃>X̃✓ = (X̃>X̃)�1X̃>Ỹ
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<latexit sha1_base64="reXLuxK9cRVqsOmLtl1HQra3A8Q=">AAACK3icbVDJSgNBEO1xjXEb9eilMQjxYJgRQS+Cy8WjgjGRzCT0dCqmSc9Cd40QhvkeL/6KlxwUxav/YScO4vag4PV7VXTVCxIpNDrOizU1PTM7N19aKC8uLa+s2mvr1zpOFYc6j2WsmgHTIEUEdRQooZkoYGEgoREMzsZ+4w6UFnF0hcME/JDdRqInOEMjdewTD/uAjB7RqodCdiFr5m0P44R+PXfa2a6b0//tm7xjV5yaMwH9S9yCVEiBi4498roxT0OIkEumdct1EvQzplBwCXnZSzUkjA/YLbQMjVgI2s8mp+Z02yhd2ouVqQjpRP0+kbFQ62EYmM6QYV//9sbif14rxd6hn4koSREi/vlRL5UUYzrOjXaFAo5yaAjjSphdKe8zxTiadMsmBPf3yX9JY6/m7tdc93K/cnxa5FEim2SLVIlLDsgxOScXpE44uSeP5Ik8Ww/WyHq13j5bp6xiZoP8gPX+AZ5Sp9U=</latexit>

✓ = (X̃>X̃)�1X̃>Ỹ
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(X̃>X̃)�1X̃>X̃✓ = (X̃>X̃)�1X̃>Ỹ
<latexit sha1_base64="reXLuxK9cRVqsOmLtl1HQra3A8Q=">AAACK3icbVDJSgNBEO1xjXEb9eilMQjxYJgRQS+Cy8WjgjGRzCT0dCqmSc9Cd40QhvkeL/6KlxwUxav/YScO4vag4PV7VXTVCxIpNDrOizU1PTM7N19aKC8uLa+s2mvr1zpOFYc6j2WsmgHTIEUEdRQooZkoYGEgoREMzsZ+4w6UFnF0hcME/JDdRqInOEMjdewTD/uAjB7RqodCdiFr5m0P44R+PXfa2a6b0//tm7xjV5yaMwH9S9yCVEiBi4498roxT0OIkEumdct1EvQzplBwCXnZSzUkjA/YLbQMjVgI2s8mp+Z02yhd2ouVqQjpRP0+kbFQ62EYmM6QYV//9sbif14rxd6hn4koSREi/vlRL5UUYzrOjXaFAo5yaAjjSphdKe8zxTiadMsmBPf3yX9JY6/m7tdc93K/cnxa5FEim2SLVIlLDsgxOScXpE44uSeP5Ik8Ww/WyHq13j5bp6xiZoP8gPX+AZ5Sp9U=</latexit>

✓ = (X̃>X̃)�1X̃>Ỹ
<latexit sha1_base64="CSMYWzCeuNHVIGeK1Cx62XR38rQ=">AAACDnicbVBNS8NAEN34WetX1KOXxSp4Kkkp6LHoxWMFawtNLZvNpl262YTdiVBC/oAX/4oXDwri1bM3/43bNqC2Phh4+94MO/P8RHANjvNlLS2vrK6tlzbKm1vbO7v23v6tjlNFWYvGIlYdn2gmuGQt4CBYJ1GMRL5gbX90OfHb90xpHssbGCesF5GB5CGnBIzUt4+9UBGa1fJM5tgDLgKWdfI7D+Lk59m3K07VmQIvErcgFVSg2bc/vSCmacQkUEG07rpOAr2MKOBUsLzspZolhI7IgHUNlSRiupdNr8nxiVECHMbKlAQ8VX9PZCTSehz5pjMiMNTz3kT8z+umEJ73Mi6TFJiks4/CVGCI8SQaHHDFKIixIYQqbnbFdEhMPGACLJsQ3PmTF0m7VnXrVde9rlcaF0UeJXSIjtApctEZaqAr1EQtRNEDekIv6NV6tJ6tN+t91rpkFTMH6A+sj28MFJyd</latexit>

2

n
X̃>X̃• Matrix of second derivatives 

6

• Uniquely minimized at a point if gradient at that point 
is zero and function “curves up” [see linear algebra] 

• Gradient Exercise: 

check n,d=1



• Goal: minimize
<latexit sha1_base64="NAfrY8ovjd66089S/ILvMHKxC8A="></latexit>

J(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ )

Linear regression: A Direct Solution

dx1
Exercise: 

check the 

vector 
elements

dxn nxd,dx1 nx1

<latexit sha1_base64="qEoV6EYp9sQVsXlXcUXt2ds10OI="></latexit>

r✓J(✓) =
2

n
X̃>(X̃✓ � Ỹ ) = 0set

<latexit sha1_base64="qZ4funisTOJlZG+63ysNOnGub48=">AAACKHicbVBNS0JBFJ1nX2ZfVss2QxK0Sd4LoTaF1KalQabhM5k3XnVw3gcz9wXy8N+06a+0CSoIt/2SRn1EqQcGzpxzLjP3eJEUGm17ZGWWlldW17LruY3Nre2d/O7evQ5jxaHKQxmqusc0SBFAFQVKqEcKmO9JqHn967FfewKlRRjc4SCCps+6gegIztBIrfyli0K2IakPH10MI/p7NawHyOgJXZx4GNILarfyBbtoT0DniZOSAklRaeXf3XbIYx8C5JJp3XDsCJsJUyi4hGHOjTVEjPdZFxqGBswH3Uwmew7pkVHatBMqcwKkE/XvRMJ8rQe+Z5I+w56e9cbiIq8RY+e8mYggihECPn2oE0uKIR2XRttCAUc5MIRxJcxfKe8xxTiaanOmBGd25XlSOy06paLj3JYK5au0jyw5IIfkmDjkjJTJDamQKuHkmbySD/JpvVhv1pc1mkYzVjqzT/7B+v4B6BymTw==</latexit>

X̃>X̃✓ � X̃>Ỹ = 0
<latexit sha1_base64="yz9pwUvLMdRhIQD/xDPecZweHYE=">AAACZHicnVHLSgMxFM2M7/oaLa4ECRZBF5YZEXQjFN24rGBtpdOWTHprg5kHyR2hDvOT7ty58T9M20G06sYDgZNz7r1JToJECo2u+2rZc/MLi0vLK6XVtfWNTWdr+07HqeLQ4LGMVStgGqSIoIECJbQSBSwMJDSDx6ux33wCpUUc3eIogU7IHiIxEJyhkXrO86GPQvYha+VdH+OEfm6Putmxl9O/bMOGgIxe0P9NuM97TsWtuhPQn8QrSIUUqPecF78f8zSECLlkWrc9N8FOxhQKLiEv+amGhPFH9gBtQyMWgu5kk4xyemCUPh3EyqwI6UT92pGxUOtRGJjKkOFQz3pj8TevneLgvJOJKEkRIj49aJBKijEdB077QgFHOTKEcSXMXSkfMsU4mm8pmRC82Sf/JM2Tqnda9byb00rtsshjmeySfXJIPHJGauSa1EmDcPJmLVqblmO926t22d6ZltpW0VMm32DvfQDFELit</latexit>

(X̃>X̃)�1X̃>X̃✓ = (X̃>X̃)�1X̃>Ỹ
<latexit sha1_base64="reXLuxK9cRVqsOmLtl1HQra3A8Q=">AAACK3icbVDJSgNBEO1xjXEb9eilMQjxYJgRQS+Cy8WjgjGRzCT0dCqmSc9Cd40QhvkeL/6KlxwUxav/YScO4vag4PV7VXTVCxIpNDrOizU1PTM7N19aKC8uLa+s2mvr1zpOFYc6j2WsmgHTIEUEdRQooZkoYGEgoREMzsZ+4w6UFnF0hcME/JDdRqInOEMjdewTD/uAjB7RqodCdiFr5m0P44R+PXfa2a6b0//tm7xjV5yaMwH9S9yCVEiBi4498roxT0OIkEumdct1EvQzplBwCXnZSzUkjA/YLbQMjVgI2s8mp+Z02yhd2ouVqQjpRP0+kbFQ62EYmM6QYV//9sbif14rxd6hn4koSREi/vlRL5UUYzrOjXaFAo5yaAjjSphdKe8zxTiadMsmBPf3yX9JY6/m7tdc93K/cnxa5FEim2SLVIlLDsgxOScXpE44uSeP5Ik8Ww/WyHq13j5bp6xiZoP8gPX+AZ5Sp9U=</latexit>

✓ = (X̃>X̃)�1X̃>Ỹ
<latexit sha1_base64="CSMYWzCeuNHVIGeK1Cx62XR38rQ=">AAACDnicbVBNS8NAEN34WetX1KOXxSp4Kkkp6LHoxWMFawtNLZvNpl262YTdiVBC/oAX/4oXDwri1bM3/43bNqC2Phh4+94MO/P8RHANjvNlLS2vrK6tlzbKm1vbO7v23v6tjlNFWYvGIlYdn2gmuGQt4CBYJ1GMRL5gbX90OfHb90xpHssbGCesF5GB5CGnBIzUt4+9UBGa1fJM5tgDLgKWdfI7D+Lk59m3K07VmQIvErcgFVSg2bc/vSCmacQkUEG07rpOAr2MKOBUsLzspZolhI7IgHUNlSRiupdNr8nxiVECHMbKlAQ8VX9PZCTSehz5pjMiMNTz3kT8z+umEJ73Mi6TFJiks4/CVGCI8SQaHHDFKIixIYQqbnbFdEhMPGACLJsQ3PmTF0m7VnXrVde9rlcaF0UeJXSIjtApctEZaqAr1EQtRNEDekIv6NV6tJ6tN+t91rpkFTMH6A+sj28MFJyd</latexit>

2

n
X̃>X̃• Matrix of second derivatives 

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAq eVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

6

• Uniquely minimized at a point if gradient at that point 
is zero and function “curves up” [see linear algebra] 

• Gradient Exercise: 

check n,d=1



• Goal: minimize
<latexit sha1_base64="NAfrY8ovjd66089S/ILvMHKxC8A="></latexit>

J(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ )

Linear regression: A Direct Solution

dx1
Exercise: 

check the 

vector 
elements

dxn nxd,dx1 nx1

<latexit sha1_base64="qEoV6EYp9sQVsXlXcUXt2ds10OI="></latexit>

r✓J(✓) =
2

n
X̃>(X̃✓ � Ỹ ) = 0set

<latexit sha1_base64="qZ4funisTOJlZG+63ysNOnGub48=">AAACKHicbVBNS0JBFJ1nX2ZfVss2QxK0Sd4LoTaF1KalQabhM5k3XnVw3gcz9wXy8N+06a+0CSoIt/2SRn1EqQcGzpxzLjP3eJEUGm17ZGWWlldW17LruY3Nre2d/O7evQ5jxaHKQxmqusc0SBFAFQVKqEcKmO9JqHn967FfewKlRRjc4SCCps+6gegIztBIrfyli0K2IakPH10MI/p7NawHyOgJXZx4GNILarfyBbtoT0DniZOSAklRaeXf3XbIYx8C5JJp3XDsCJsJUyi4hGHOjTVEjPdZFxqGBswH3Uwmew7pkVHatBMqcwKkE/XvRMJ8rQe+Z5I+w56e9cbiIq8RY+e8mYggihECPn2oE0uKIR2XRttCAUc5MIRxJcxfKe8xxTiaanOmBGd25XlSOy06paLj3JYK5au0jyw5IIfkmDjkjJTJDamQKuHkmbySD/JpvVhv1pc1mkYzVjqzT/7B+v4B6BymTw==</latexit>

X̃>X̃✓ � X̃>Ỹ = 0
<latexit sha1_base64="yz9pwUvLMdRhIQD/xDPecZweHYE=">AAACZHicnVHLSgMxFM2M7/oaLa4ECRZBF5YZEXQjFN24rGBtpdOWTHprg5kHyR2hDvOT7ty58T9M20G06sYDgZNz7r1JToJECo2u+2rZc/MLi0vLK6XVtfWNTWdr+07HqeLQ4LGMVStgGqSIoIECJbQSBSwMJDSDx6ux33wCpUUc3eIogU7IHiIxEJyhkXrO86GPQvYha+VdH+OEfm6Putmxl9O/bMOGgIxe0P9NuM97TsWtuhPQn8QrSIUUqPecF78f8zSECLlkWrc9N8FOxhQKLiEv+amGhPFH9gBtQyMWgu5kk4xyemCUPh3EyqwI6UT92pGxUOtRGJjKkOFQz3pj8TevneLgvJOJKEkRIj49aJBKijEdB077QgFHOTKEcSXMXSkfMsU4mm8pmRC82Sf/JM2Tqnda9byb00rtsshjmeySfXJIPHJGauSa1EmDcPJmLVqblmO926t22d6ZltpW0VMm32DvfQDFELit</latexit>

(X̃>X̃)�1X̃>X̃✓ = (X̃>X̃)�1X̃>Ỹ
<latexit sha1_base64="reXLuxK9cRVqsOmLtl1HQra3A8Q=">AAACK3icbVDJSgNBEO1xjXEb9eilMQjxYJgRQS+Cy8WjgjGRzCT0dCqmSc9Cd40QhvkeL/6KlxwUxav/YScO4vag4PV7VXTVCxIpNDrOizU1PTM7N19aKC8uLa+s2mvr1zpOFYc6j2WsmgHTIEUEdRQooZkoYGEgoREMzsZ+4w6UFnF0hcME/JDdRqInOEMjdewTD/uAjB7RqodCdiFr5m0P44R+PXfa2a6b0//tm7xjV5yaMwH9S9yCVEiBi4498roxT0OIkEumdct1EvQzplBwCXnZSzUkjA/YLbQMjVgI2s8mp+Z02yhd2ouVqQjpRP0+kbFQ62EYmM6QYV//9sbif14rxd6hn4koSREi/vlRL5UUYzrOjXaFAo5yaAjjSphdKe8zxTiadMsmBPf3yX9JY6/m7tdc93K/cnxa5FEim2SLVIlLDsgxOScXpE44uSeP5Ik8Ww/WyHq13j5bp6xiZoP8gPX+AZ5Sp9U=</latexit>

✓ = (X̃>X̃)�1X̃>Ỹ
<latexit sha1_base64="CSMYWzCeuNHVIGeK1Cx62XR38rQ=">AAACDnicbVBNS8NAEN34WetX1KOXxSp4Kkkp6LHoxWMFawtNLZvNpl262YTdiVBC/oAX/4oXDwri1bM3/43bNqC2Phh4+94MO/P8RHANjvNlLS2vrK6tlzbKm1vbO7v23v6tjlNFWYvGIlYdn2gmuGQt4CBYJ1GMRL5gbX90OfHb90xpHssbGCesF5GB5CGnBIzUt4+9UBGa1fJM5tgDLgKWdfI7D+Lk59m3K07VmQIvErcgFVSg2bc/vSCmacQkUEG07rpOAr2MKOBUsLzspZolhI7IgHUNlSRiupdNr8nxiVECHMbKlAQ8VX9PZCTSehz5pjMiMNTz3kT8z+umEJ73Mi6TFJiks4/CVGCI8SQaHHDFKIixIYQqbnbFdEhMPGACLJsQ3PmTF0m7VnXrVde9rlcaF0UeJXSIjtApctEZaqAr1EQtRNEDekIv6NV6tJ6tN+t91rpkFTMH6A+sj28MFJyd</latexit>

2

n
X̃>X̃• Matrix of second derivatives 

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAq eVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

6

• Uniquely minimized at a point if gradient at that point 
is zero and function “curves up” [see linear algebra] 

• Gradient Exercise: 

check n,d=1



<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

• Goal: minimize
<latexit sha1_base64="NAfrY8ovjd66089S/ILvMHKxC8A="></latexit>

J(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ )

Linear regression: A Direct Solution

dx1
Exercise: 

check the 

vector 
elements

dxn nxd,dx1 nx1

<latexit sha1_base64="qEoV6EYp9sQVsXlXcUXt2ds10OI="></latexit>

r✓J(✓) =
2

n
X̃>(X̃✓ � Ỹ ) = 0set

<latexit sha1_base64="qZ4funisTOJlZG+63ysNOnGub48=">AAACKHicbVBNS0JBFJ1nX2ZfVss2QxK0Sd4LoTaF1KalQabhM5k3XnVw3gcz9wXy8N+06a+0CSoIt/2SRn1EqQcGzpxzLjP3eJEUGm17ZGWWlldW17LruY3Nre2d/O7evQ5jxaHKQxmqusc0SBFAFQVKqEcKmO9JqHn967FfewKlRRjc4SCCps+6gegIztBIrfyli0K2IakPH10MI/p7NawHyOgJXZx4GNILarfyBbtoT0DniZOSAklRaeXf3XbIYx8C5JJp3XDsCJsJUyi4hGHOjTVEjPdZFxqGBswH3Uwmew7pkVHatBMqcwKkE/XvRMJ8rQe+Z5I+w56e9cbiIq8RY+e8mYggihECPn2oE0uKIR2XRttCAUc5MIRxJcxfKe8xxTiaanOmBGd25XlSOy06paLj3JYK5au0jyw5IIfkmDjkjJTJDamQKuHkmbySD/JpvVhv1pc1mkYzVjqzT/7B+v4B6BymTw==</latexit>

X̃>X̃✓ � X̃>Ỹ = 0
<latexit sha1_base64="yz9pwUvLMdRhIQD/xDPecZweHYE=">AAACZHicnVHLSgMxFM2M7/oaLa4ECRZBF5YZEXQjFN24rGBtpdOWTHprg5kHyR2hDvOT7ty58T9M20G06sYDgZNz7r1JToJECo2u+2rZc/MLi0vLK6XVtfWNTWdr+07HqeLQ4LGMVStgGqSIoIECJbQSBSwMJDSDx6ux33wCpUUc3eIogU7IHiIxEJyhkXrO86GPQvYha+VdH+OEfm6Putmxl9O/bMOGgIxe0P9NuM97TsWtuhPQn8QrSIUUqPecF78f8zSECLlkWrc9N8FOxhQKLiEv+amGhPFH9gBtQyMWgu5kk4xyemCUPh3EyqwI6UT92pGxUOtRGJjKkOFQz3pj8TevneLgvJOJKEkRIj49aJBKijEdB077QgFHOTKEcSXMXSkfMsU4mm8pmRC82Sf/JM2Tqnda9byb00rtsshjmeySfXJIPHJGauSa1EmDcPJmLVqblmO926t22d6ZltpW0VMm32DvfQDFELit</latexit>

(X̃>X̃)�1X̃>X̃✓ = (X̃>X̃)�1X̃>Ỹ
<latexit sha1_base64="reXLuxK9cRVqsOmLtl1HQra3A8Q=">AAACK3icbVDJSgNBEO1xjXEb9eilMQjxYJgRQS+Cy8WjgjGRzCT0dCqmSc9Cd40QhvkeL/6KlxwUxav/YScO4vag4PV7VXTVCxIpNDrOizU1PTM7N19aKC8uLa+s2mvr1zpOFYc6j2WsmgHTIEUEdRQooZkoYGEgoREMzsZ+4w6UFnF0hcME/JDdRqInOEMjdewTD/uAjB7RqodCdiFr5m0P44R+PXfa2a6b0//tm7xjV5yaMwH9S9yCVEiBi4498roxT0OIkEumdct1EvQzplBwCXnZSzUkjA/YLbQMjVgI2s8mp+Z02yhd2ouVqQjpRP0+kbFQ62EYmM6QYV//9sbif14rxd6hn4koSREi/vlRL5UUYzrOjXaFAo5yaAjjSphdKe8zxTiadMsmBPf3yX9JY6/m7tdc93K/cnxa5FEim2SLVIlLDsgxOScXpE44uSeP5Ik8Ww/WyHq13j5bp6xiZoP8gPX+AZ5Sp9U=</latexit>

✓ = (X̃>X̃)�1X̃>Ỹ
<latexit sha1_base64="CSMYWzCeuNHVIGeK1Cx62XR38rQ=">AAACDnicbVBNS8NAEN34WetX1KOXxSp4Kkkp6LHoxWMFawtNLZvNpl262YTdiVBC/oAX/4oXDwri1bM3/43bNqC2Phh4+94MO/P8RHANjvNlLS2vrK6tlzbKm1vbO7v23v6tjlNFWYvGIlYdn2gmuGQt4CBYJ1GMRL5gbX90OfHb90xpHssbGCesF5GB5CGnBIzUt4+9UBGa1fJM5tgDLgKWdfI7D+Lk59m3K07VmQIvErcgFVSg2bc/vSCmacQkUEG07rpOAr2MKOBUsLzspZolhI7IgHUNlSRiupdNr8nxiVECHMbKlAQ8VX9PZCTSehz5pjMiMNTz3kT8z+umEJ73Mi6TFJiks4/CVGCI8SQaHHDFKIixIYQqbnbFdEhMPGACLJsQ3PmTF0m7VnXrVde9rlcaF0UeJXSIjtApctEZaqAr1EQtRNEDekIv6NV6tJ6tN+t91rpkFTMH6A+sj28MFJyd</latexit>

2

n
X̃>X̃• Matrix of second derivatives 

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAq eVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y <latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

6

• Uniquely minimized at a point if gradient at that point 
is zero and function “curves up” [see linear algebra] 

• Gradient Exercise: 

check n,d=1



<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

• Goal: minimize
<latexit sha1_base64="NAfrY8ovjd66089S/ILvMHKxC8A="></latexit>

J(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ )

Linear regression: A Direct Solution

dx1
Exercise: 

check the 

vector 
elements

dxn nxd,dx1 nx1

<latexit sha1_base64="qEoV6EYp9sQVsXlXcUXt2ds10OI="></latexit>

r✓J(✓) =
2

n
X̃>(X̃✓ � Ỹ ) = 0set

<latexit sha1_base64="qZ4funisTOJlZG+63ysNOnGub48=">AAACKHicbVBNS0JBFJ1nX2ZfVss2QxK0Sd4LoTaF1KalQabhM5k3XnVw3gcz9wXy8N+06a+0CSoIt/2SRn1EqQcGzpxzLjP3eJEUGm17ZGWWlldW17LruY3Nre2d/O7evQ5jxaHKQxmqusc0SBFAFQVKqEcKmO9JqHn967FfewKlRRjc4SCCps+6gegIztBIrfyli0K2IakPH10MI/p7NawHyOgJXZx4GNILarfyBbtoT0DniZOSAklRaeXf3XbIYx8C5JJp3XDsCJsJUyi4hGHOjTVEjPdZFxqGBswH3Uwmew7pkVHatBMqcwKkE/XvRMJ8rQe+Z5I+w56e9cbiIq8RY+e8mYggihECPn2oE0uKIR2XRttCAUc5MIRxJcxfKe8xxTiaanOmBGd25XlSOy06paLj3JYK5au0jyw5IIfkmDjkjJTJDamQKuHkmbySD/JpvVhv1pc1mkYzVjqzT/7B+v4B6BymTw==</latexit>

X̃>X̃✓ � X̃>Ỹ = 0
<latexit sha1_base64="yz9pwUvLMdRhIQD/xDPecZweHYE=">AAACZHicnVHLSgMxFM2M7/oaLa4ECRZBF5YZEXQjFN24rGBtpdOWTHprg5kHyR2hDvOT7ty58T9M20G06sYDgZNz7r1JToJECo2u+2rZc/MLi0vLK6XVtfWNTWdr+07HqeLQ4LGMVStgGqSIoIECJbQSBSwMJDSDx6ux33wCpUUc3eIogU7IHiIxEJyhkXrO86GPQvYha+VdH+OEfm6Putmxl9O/bMOGgIxe0P9NuM97TsWtuhPQn8QrSIUUqPecF78f8zSECLlkWrc9N8FOxhQKLiEv+amGhPFH9gBtQyMWgu5kk4xyemCUPh3EyqwI6UT92pGxUOtRGJjKkOFQz3pj8TevneLgvJOJKEkRIj49aJBKijEdB077QgFHOTKEcSXMXSkfMsU4mm8pmRC82Sf/JM2Tqnda9byb00rtsshjmeySfXJIPHJGauSa1EmDcPJmLVqblmO926t22d6ZltpW0VMm32DvfQDFELit</latexit>

(X̃>X̃)�1X̃>X̃✓ = (X̃>X̃)�1X̃>Ỹ
<latexit sha1_base64="reXLuxK9cRVqsOmLtl1HQra3A8Q=">AAACK3icbVDJSgNBEO1xjXEb9eilMQjxYJgRQS+Cy8WjgjGRzCT0dCqmSc9Cd40QhvkeL/6KlxwUxav/YScO4vag4PV7VXTVCxIpNDrOizU1PTM7N19aKC8uLa+s2mvr1zpOFYc6j2WsmgHTIEUEdRQooZkoYGEgoREMzsZ+4w6UFnF0hcME/JDdRqInOEMjdewTD/uAjB7RqodCdiFr5m0P44R+PXfa2a6b0//tm7xjV5yaMwH9S9yCVEiBi4498roxT0OIkEumdct1EvQzplBwCXnZSzUkjA/YLbQMjVgI2s8mp+Z02yhd2ouVqQjpRP0+kbFQ62EYmM6QYV//9sbif14rxd6hn4koSREi/vlRL5UUYzrOjXaFAo5yaAjjSphdKe8zxTiadMsmBPf3yX9JY6/m7tdc93K/cnxa5FEim2SLVIlLDsgxOScXpE44uSeP5Ik8Ww/WyHq13j5bp6xiZoP8gPX+AZ5Sp9U=</latexit>

✓ = (X̃>X̃)�1X̃>Ỹ
<latexit sha1_base64="CSMYWzCeuNHVIGeK1Cx62XR38rQ=">AAACDnicbVBNS8NAEN34WetX1KOXxSp4Kkkp6LHoxWMFawtNLZvNpl262YTdiVBC/oAX/4oXDwri1bM3/43bNqC2Phh4+94MO/P8RHANjvNlLS2vrK6tlzbKm1vbO7v23v6tjlNFWYvGIlYdn2gmuGQt4CBYJ1GMRL5gbX90OfHb90xpHssbGCesF5GB5CGnBIzUt4+9UBGa1fJM5tgDLgKWdfI7D+Lk59m3K07VmQIvErcgFVSg2bc/vSCmacQkUEG07rpOAr2MKOBUsLzspZolhI7IgHUNlSRiupdNr8nxiVECHMbKlAQ8VX9PZCTSehz5pjMiMNTz3kT8z+umEJ73Mi6TFJiks4/CVGCI8SQaHHDFKIixIYQqbnbFdEhMPGACLJsQ3PmTF0m7VnXrVde9rlcaF0UeJXSIjtApctEZaqAr1EQtRNEDekIv6NV6tJ6tN+t91rpkFTMH6A+sj28MFJyd</latexit>

2

n
X̃>X̃• Matrix of second derivatives 

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAq eVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y <latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

6

• Uniquely minimized at a point if gradient at that point 
is zero and function “curves up” [see linear algebra] 

• Gradient Exercise: 

check n,d=1



<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

• Goal: minimize
<latexit sha1_base64="NAfrY8ovjd66089S/ILvMHKxC8A="></latexit>

J(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ )

Linear regression: A Direct Solution

dx1
Exercise: 

check the 

vector 
elements

dxn nxd,dx1 nx1

<latexit sha1_base64="qEoV6EYp9sQVsXlXcUXt2ds10OI="></latexit>

r✓J(✓) =
2

n
X̃>(X̃✓ � Ỹ ) = 0set

<latexit sha1_base64="qZ4funisTOJlZG+63ysNOnGub48=">AAACKHicbVBNS0JBFJ1nX2ZfVss2QxK0Sd4LoTaF1KalQabhM5k3XnVw3gcz9wXy8N+06a+0CSoIt/2SRn1EqQcGzpxzLjP3eJEUGm17ZGWWlldW17LruY3Nre2d/O7evQ5jxaHKQxmqusc0SBFAFQVKqEcKmO9JqHn967FfewKlRRjc4SCCps+6gegIztBIrfyli0K2IakPH10MI/p7NawHyOgJXZx4GNILarfyBbtoT0DniZOSAklRaeXf3XbIYx8C5JJp3XDsCJsJUyi4hGHOjTVEjPdZFxqGBswH3Uwmew7pkVHatBMqcwKkE/XvRMJ8rQe+Z5I+w56e9cbiIq8RY+e8mYggihECPn2oE0uKIR2XRttCAUc5MIRxJcxfKe8xxTiaanOmBGd25XlSOy06paLj3JYK5au0jyw5IIfkmDjkjJTJDamQKuHkmbySD/JpvVhv1pc1mkYzVjqzT/7B+v4B6BymTw==</latexit>

X̃>X̃✓ � X̃>Ỹ = 0
<latexit sha1_base64="yz9pwUvLMdRhIQD/xDPecZweHYE=">AAACZHicnVHLSgMxFM2M7/oaLa4ECRZBF5YZEXQjFN24rGBtpdOWTHprg5kHyR2hDvOT7ty58T9M20G06sYDgZNz7r1JToJECo2u+2rZc/MLi0vLK6XVtfWNTWdr+07HqeLQ4LGMVStgGqSIoIECJbQSBSwMJDSDx6ux33wCpUUc3eIogU7IHiIxEJyhkXrO86GPQvYha+VdH+OEfm6Putmxl9O/bMOGgIxe0P9NuM97TsWtuhPQn8QrSIUUqPecF78f8zSECLlkWrc9N8FOxhQKLiEv+amGhPFH9gBtQyMWgu5kk4xyemCUPh3EyqwI6UT92pGxUOtRGJjKkOFQz3pj8TevneLgvJOJKEkRIj49aJBKijEdB077QgFHOTKEcSXMXSkfMsU4mm8pmRC82Sf/JM2Tqnda9byb00rtsshjmeySfXJIPHJGauSa1EmDcPJmLVqblmO926t22d6ZltpW0VMm32DvfQDFELit</latexit>

(X̃>X̃)�1X̃>X̃✓ = (X̃>X̃)�1X̃>Ỹ
<latexit sha1_base64="reXLuxK9cRVqsOmLtl1HQra3A8Q=">AAACK3icbVDJSgNBEO1xjXEb9eilMQjxYJgRQS+Cy8WjgjGRzCT0dCqmSc9Cd40QhvkeL/6KlxwUxav/YScO4vag4PV7VXTVCxIpNDrOizU1PTM7N19aKC8uLa+s2mvr1zpOFYc6j2WsmgHTIEUEdRQooZkoYGEgoREMzsZ+4w6UFnF0hcME/JDdRqInOEMjdewTD/uAjB7RqodCdiFr5m0P44R+PXfa2a6b0//tm7xjV5yaMwH9S9yCVEiBi4498roxT0OIkEumdct1EvQzplBwCXnZSzUkjA/YLbQMjVgI2s8mp+Z02yhd2ouVqQjpRP0+kbFQ62EYmM6QYV//9sbif14rxd6hn4koSREi/vlRL5UUYzrOjXaFAo5yaAjjSphdKe8zxTiadMsmBPf3yX9JY6/m7tdc93K/cnxa5FEim2SLVIlLDsgxOScXpE44uSeP5Ik8Ww/WyHq13j5bp6xiZoP8gPX+AZ5Sp9U=</latexit>

✓ = (X̃>X̃)�1X̃>Ỹ
<latexit sha1_base64="CSMYWzCeuNHVIGeK1Cx62XR38rQ=">AAACDnicbVBNS8NAEN34WetX1KOXxSp4Kkkp6LHoxWMFawtNLZvNpl262YTdiVBC/oAX/4oXDwri1bM3/43bNqC2Phh4+94MO/P8RHANjvNlLS2vrK6tlzbKm1vbO7v23v6tjlNFWYvGIlYdn2gmuGQt4CBYJ1GMRL5gbX90OfHb90xpHssbGCesF5GB5CGnBIzUt4+9UBGa1fJM5tgDLgKWdfI7D+Lk59m3K07VmQIvErcgFVSg2bc/vSCmacQkUEG07rpOAr2MKOBUsLzspZolhI7IgHUNlSRiupdNr8nxiVECHMbKlAQ8VX9PZCTSehz5pjMiMNTz3kT8z+umEJ73Mi6TFJiks4/CVGCI8SQaHHDFKIixIYQqbnbFdEhMPGACLJsQ3PmTF0m7VnXrVde9rlcaF0UeJXSIjtApctEZaqAr1EQtRNEDekIv6NV6tJ6tN+t91rpkFTMH6A+sj28MFJyd</latexit>

2

n
X̃>X̃• Matrix of second derivatives 

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAq eVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y <latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)
<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x16

• Uniquely minimized at a point if gradient at that point 
is zero and function “curves up” [see linear algebra] 

• Gradient Exercise: 

check n,d=1



• Goal: minimize
<latexit sha1_base64="NAfrY8ovjd66089S/ILvMHKxC8A="></latexit>

J(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ )

7

Linear regression: A Direct Solution

dx1
Exercise: 

check the 

vector 
elements

dxn nxd,dx1 nx1

<latexit sha1_base64="qEoV6EYp9sQVsXlXcUXt2ds10OI="></latexit>

r✓J(✓) =
2

n
X̃>(X̃✓ � Ỹ ) = 0set

<latexit sha1_base64="qZ4funisTOJlZG+63ysNOnGub48=">AAACKHicbVBNS0JBFJ1nX2ZfVss2QxK0Sd4LoTaF1KalQabhM5k3XnVw3gcz9wXy8N+06a+0CSoIt/2SRn1EqQcGzpxzLjP3eJEUGm17ZGWWlldW17LruY3Nre2d/O7evQ5jxaHKQxmqusc0SBFAFQVKqEcKmO9JqHn967FfewKlRRjc4SCCps+6gegIztBIrfyli0K2IakPH10MI/p7NawHyOgJXZx4GNILarfyBbtoT0DniZOSAklRaeXf3XbIYx8C5JJp3XDsCJsJUyi4hGHOjTVEjPdZFxqGBswH3Uwmew7pkVHatBMqcwKkE/XvRMJ8rQe+Z5I+w56e9cbiIq8RY+e8mYggihECPn2oE0uKIR2XRttCAUc5MIRxJcxfKe8xxTiaanOmBGd25XlSOy06paLj3JYK5au0jyw5IIfkmDjkjJTJDamQKuHkmbySD/JpvVhv1pc1mkYzVjqzT/7B+v4B6BymTw==</latexit>

X̃>X̃✓ � X̃>Ỹ = 0
<latexit sha1_base64="yz9pwUvLMdRhIQD/xDPecZweHYE=">AAACZHicnVHLSgMxFM2M7/oaLa4ECRZBF5YZEXQjFN24rGBtpdOWTHprg5kHyR2hDvOT7ty58T9M20G06sYDgZNz7r1JToJECo2u+2rZc/MLi0vLK6XVtfWNTWdr+07HqeLQ4LGMVStgGqSIoIECJbQSBSwMJDSDx6ux33wCpUUc3eIogU7IHiIxEJyhkXrO86GPQvYha+VdH+OEfm6Putmxl9O/bMOGgIxe0P9NuM97TsWtuhPQn8QrSIUUqPecF78f8zSECLlkWrc9N8FOxhQKLiEv+amGhPFH9gBtQyMWgu5kk4xyemCUPh3EyqwI6UT92pGxUOtRGJjKkOFQz3pj8TevneLgvJOJKEkRIj49aJBKijEdB077QgFHOTKEcSXMXSkfMsU4mm8pmRC82Sf/JM2Tqnda9byb00rtsshjmeySfXJIPHJGauSa1EmDcPJmLVqblmO926t22d6ZltpW0VMm32DvfQDFELit</latexit>

(X̃>X̃)�1X̃>X̃✓ = (X̃>X̃)�1X̃>Ỹ
<latexit sha1_base64="reXLuxK9cRVqsOmLtl1HQra3A8Q=">AAACK3icbVDJSgNBEO1xjXEb9eilMQjxYJgRQS+Cy8WjgjGRzCT0dCqmSc9Cd40QhvkeL/6KlxwUxav/YScO4vag4PV7VXTVCxIpNDrOizU1PTM7N19aKC8uLa+s2mvr1zpOFYc6j2WsmgHTIEUEdRQooZkoYGEgoREMzsZ+4w6UFnF0hcME/JDdRqInOEMjdewTD/uAjB7RqodCdiFr5m0P44R+PXfa2a6b0//tm7xjV5yaMwH9S9yCVEiBi4498roxT0OIkEumdct1EvQzplBwCXnZSzUkjA/YLbQMjVgI2s8mp+Z02yhd2ouVqQjpRP0+kbFQ62EYmM6QYV//9sbif14rxd6hn4koSREi/vlRL5UUYzrOjXaFAo5yaAjjSphdKe8zxTiadMsmBPf3yX9JY6/m7tdc93K/cnxa5FEim2SLVIlLDsgxOScXpE44uSeP5Ik8Ww/WyHq13j5bp6xiZoP8gPX+AZ5Sp9U=</latexit>

✓ = (X̃>X̃)�1X̃>Ỹ
<latexit sha1_base64="CSMYWzCeuNHVIGeK1Cx62XR38rQ=">AAACDnicbVBNS8NAEN34WetX1KOXxSp4Kkkp6LHoxWMFawtNLZvNpl262YTdiVBC/oAX/4oXDwri1bM3/43bNqC2Phh4+94MO/P8RHANjvNlLS2vrK6tlzbKm1vbO7v23v6tjlNFWYvGIlYdn2gmuGQt4CBYJ1GMRL5gbX90OfHb90xpHssbGCesF5GB5CGnBIzUt4+9UBGa1fJM5tgDLgKWdfI7D+Lk59m3K07VmQIvErcgFVSg2bc/vSCmacQkUEG07rpOAr2MKOBUsLzspZolhI7IgHUNlSRiupdNr8nxiVECHMbKlAQ8VX9PZCTSehz5pjMiMNTz3kT8z+umEJ73Mi6TFJiks4/CVGCI8SQaHHDFKIixIYQqbnbFdEhMPGACLJsQ3PmTF0m7VnXrVde9rlcaF0UeJXSIjtApctEZaqAr1EQtRNEDekIv6NV6tJ6tN+t91rpkFTMH6A+sj28MFJyd</latexit>

2

n
X̃>X̃• Matrix of second derivatives 

• Uniquely minimized at a point if gradient at that point 
is zero and function “curves up” [see linear algebra] 

• Gradient Exercise: 

check n,d=1



• Goal: minimize
<latexit sha1_base64="NAfrY8ovjd66089S/ILvMHKxC8A="></latexit>

J(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ )
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Linear regression: A Direct Solution

dx1
Exercise: 

check the 

vector 
elements

dxn nxd,dx1 nx1

<latexit sha1_base64="qEoV6EYp9sQVsXlXcUXt2ds10OI="></latexit>

r✓J(✓) =
2

n
X̃>(X̃✓ � Ỹ ) = 0set

<latexit sha1_base64="qZ4funisTOJlZG+63ysNOnGub48=">AAACKHicbVBNS0JBFJ1nX2ZfVss2QxK0Sd4LoTaF1KalQabhM5k3XnVw3gcz9wXy8N+06a+0CSoIt/2SRn1EqQcGzpxzLjP3eJEUGm17ZGWWlldW17LruY3Nre2d/O7evQ5jxaHKQxmqusc0SBFAFQVKqEcKmO9JqHn967FfewKlRRjc4SCCps+6gegIztBIrfyli0K2IakPH10MI/p7NawHyOgJXZx4GNILarfyBbtoT0DniZOSAklRaeXf3XbIYx8C5JJp3XDsCJsJUyi4hGHOjTVEjPdZFxqGBswH3Uwmew7pkVHatBMqcwKkE/XvRMJ8rQe+Z5I+w56e9cbiIq8RY+e8mYggihECPn2oE0uKIR2XRttCAUc5MIRxJcxfKe8xxTiaanOmBGd25XlSOy06paLj3JYK5au0jyw5IIfkmDjkjJTJDamQKuHkmbySD/JpvVhv1pc1mkYzVjqzT/7B+v4B6BymTw==</latexit>

X̃>X̃✓ � X̃>Ỹ = 0
<latexit sha1_base64="yz9pwUvLMdRhIQD/xDPecZweHYE=">AAACZHicnVHLSgMxFM2M7/oaLa4ECRZBF5YZEXQjFN24rGBtpdOWTHprg5kHyR2hDvOT7ty58T9M20G06sYDgZNz7r1JToJECo2u+2rZc/MLi0vLK6XVtfWNTWdr+07HqeLQ4LGMVStgGqSIoIECJbQSBSwMJDSDx6ux33wCpUUc3eIogU7IHiIxEJyhkXrO86GPQvYha+VdH+OEfm6Putmxl9O/bMOGgIxe0P9NuM97TsWtuhPQn8QrSIUUqPecF78f8zSECLlkWrc9N8FOxhQKLiEv+amGhPFH9gBtQyMWgu5kk4xyemCUPh3EyqwI6UT92pGxUOtRGJjKkOFQz3pj8TevneLgvJOJKEkRIj49aJBKijEdB077QgFHOTKEcSXMXSkfMsU4mm8pmRC82Sf/JM2Tqnda9byb00rtsshjmeySfXJIPHJGauSa1EmDcPJmLVqblmO926t22d6ZltpW0VMm32DvfQDFELit</latexit>

(X̃>X̃)�1X̃>X̃✓ = (X̃>X̃)�1X̃>Ỹ
<latexit sha1_base64="reXLuxK9cRVqsOmLtl1HQra3A8Q=">AAACK3icbVDJSgNBEO1xjXEb9eilMQjxYJgRQS+Cy8WjgjGRzCT0dCqmSc9Cd40QhvkeL/6KlxwUxav/YScO4vag4PV7VXTVCxIpNDrOizU1PTM7N19aKC8uLa+s2mvr1zpOFYc6j2WsmgHTIEUEdRQooZkoYGEgoREMzsZ+4w6UFnF0hcME/JDdRqInOEMjdewTD/uAjB7RqodCdiFr5m0P44R+PXfa2a6b0//tm7xjV5yaMwH9S9yCVEiBi4498roxT0OIkEumdct1EvQzplBwCXnZSzUkjA/YLbQMjVgI2s8mp+Z02yhd2ouVqQjpRP0+kbFQ62EYmM6QYV//9sbif14rxd6hn4koSREi/vlRL5UUYzrOjXaFAo5yaAjjSphdKe8zxTiadMsmBPf3yX9JY6/m7tdc93K/cnxa5FEim2SLVIlLDsgxOScXpE44uSeP5Ik8Ww/WyHq13j5bp6xiZoP8gPX+AZ5Sp9U=</latexit>

✓ = (X̃>X̃)�1X̃>Ỹ
<latexit sha1_base64="CSMYWzCeuNHVIGeK1Cx62XR38rQ=">AAACDnicbVBNS8NAEN34WetX1KOXxSp4Kkkp6LHoxWMFawtNLZvNpl262YTdiVBC/oAX/4oXDwri1bM3/43bNqC2Phh4+94MO/P8RHANjvNlLS2vrK6tlzbKm1vbO7v23v6tjlNFWYvGIlYdn2gmuGQt4CBYJ1GMRL5gbX90OfHb90xpHssbGCesF5GB5CGnBIzUt4+9UBGa1fJM5tgDLgKWdfI7D+Lk59m3K07VmQIvErcgFVSg2bc/vSCmacQkUEG07rpOAr2MKOBUsLzspZolhI7IgHUNlSRiupdNr8nxiVECHMbKlAQ8VX9PZCTSehz5pjMiMNTz3kT8z+umEJ73Mi6TFJiks4/CVGCI8SQaHHDFKIixIYQqbnbFdEhMPGACLJsQ3PmTF0m7VnXrVde9rlcaF0UeJXSIjtApctEZaqAr1EQtRNEDekIv6NV6tJ6tN+t91rpkFTMH6A+sj28MFJyd</latexit>

2

n
X̃>X̃• Matrix of second derivatives 

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAq eVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

• Uniquely minimized at a point if gradient at that point 
is zero and function “curves up” [see linear algebra] 

• Gradient Exercise: 

check n,d=1



• Goal: minimize
<latexit sha1_base64="NAfrY8ovjd66089S/ILvMHKxC8A="></latexit>

J(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ )
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Linear regression: A Direct Solution

dx1
Exercise: 

check the 

vector 
elements

dxn nxd,dx1 nx1

<latexit sha1_base64="qEoV6EYp9sQVsXlXcUXt2ds10OI="></latexit>

r✓J(✓) =
2

n
X̃>(X̃✓ � Ỹ ) = 0set

<latexit sha1_base64="qZ4funisTOJlZG+63ysNOnGub48=">AAACKHicbVBNS0JBFJ1nX2ZfVss2QxK0Sd4LoTaF1KalQabhM5k3XnVw3gcz9wXy8N+06a+0CSoIt/2SRn1EqQcGzpxzLjP3eJEUGm17ZGWWlldW17LruY3Nre2d/O7evQ5jxaHKQxmqusc0SBFAFQVKqEcKmO9JqHn967FfewKlRRjc4SCCps+6gegIztBIrfyli0K2IakPH10MI/p7NawHyOgJXZx4GNILarfyBbtoT0DniZOSAklRaeXf3XbIYx8C5JJp3XDsCJsJUyi4hGHOjTVEjPdZFxqGBswH3Uwmew7pkVHatBMqcwKkE/XvRMJ8rQe+Z5I+w56e9cbiIq8RY+e8mYggihECPn2oE0uKIR2XRttCAUc5MIRxJcxfKe8xxTiaanOmBGd25XlSOy06paLj3JYK5au0jyw5IIfkmDjkjJTJDamQKuHkmbySD/JpvVhv1pc1mkYzVjqzT/7B+v4B6BymTw==</latexit>

X̃>X̃✓ � X̃>Ỹ = 0
<latexit sha1_base64="yz9pwUvLMdRhIQD/xDPecZweHYE=">AAACZHicnVHLSgMxFM2M7/oaLa4ECRZBF5YZEXQjFN24rGBtpdOWTHprg5kHyR2hDvOT7ty58T9M20G06sYDgZNz7r1JToJECo2u+2rZc/MLi0vLK6XVtfWNTWdr+07HqeLQ4LGMVStgGqSIoIECJbQSBSwMJDSDx6ux33wCpUUc3eIogU7IHiIxEJyhkXrO86GPQvYha+VdH+OEfm6Putmxl9O/bMOGgIxe0P9NuM97TsWtuhPQn8QrSIUUqPecF78f8zSECLlkWrc9N8FOxhQKLiEv+amGhPFH9gBtQyMWgu5kk4xyemCUPh3EyqwI6UT92pGxUOtRGJjKkOFQz3pj8TevneLgvJOJKEkRIj49aJBKijEdB077QgFHOTKEcSXMXSkfMsU4mm8pmRC82Sf/JM2Tqnda9byb00rtsshjmeySfXJIPHJGauSa1EmDcPJmLVqblmO926t22d6ZltpW0VMm32DvfQDFELit</latexit>

(X̃>X̃)�1X̃>X̃✓ = (X̃>X̃)�1X̃>Ỹ
<latexit sha1_base64="reXLuxK9cRVqsOmLtl1HQra3A8Q=">AAACK3icbVDJSgNBEO1xjXEb9eilMQjxYJgRQS+Cy8WjgjGRzCT0dCqmSc9Cd40QhvkeL/6KlxwUxav/YScO4vag4PV7VXTVCxIpNDrOizU1PTM7N19aKC8uLa+s2mvr1zpOFYc6j2WsmgHTIEUEdRQooZkoYGEgoREMzsZ+4w6UFnF0hcME/JDdRqInOEMjdewTD/uAjB7RqodCdiFr5m0P44R+PXfa2a6b0//tm7xjV5yaMwH9S9yCVEiBi4498roxT0OIkEumdct1EvQzplBwCXnZSzUkjA/YLbQMjVgI2s8mp+Z02yhd2ouVqQjpRP0+kbFQ62EYmM6QYV//9sbif14rxd6hn4koSREi/vlRL5UUYzrOjXaFAo5yaAjjSphdKe8zxTiadMsmBPf3yX9JY6/m7tdc93K/cnxa5FEim2SLVIlLDsgxOScXpE44uSeP5Ik8Ww/WyHq13j5bp6xiZoP8gPX+AZ5Sp9U=</latexit>

✓ = (X̃>X̃)�1X̃>Ỹ
<latexit sha1_base64="CSMYWzCeuNHVIGeK1Cx62XR38rQ=">AAACDnicbVBNS8NAEN34WetX1KOXxSp4Kkkp6LHoxWMFawtNLZvNpl262YTdiVBC/oAX/4oXDwri1bM3/43bNqC2Phh4+94MO/P8RHANjvNlLS2vrK6tlzbKm1vbO7v23v6tjlNFWYvGIlYdn2gmuGQt4CBYJ1GMRL5gbX90OfHb90xpHssbGCesF5GB5CGnBIzUt4+9UBGa1fJM5tgDLgKWdfI7D+Lk59m3K07VmQIvErcgFVSg2bc/vSCmacQkUEG07rpOAr2MKOBUsLzspZolhI7IgHUNlSRiupdNr8nxiVECHMbKlAQ8VX9PZCTSehz5pjMiMNTz3kT8z+umEJ73Mi6TFJiks4/CVGCI8SQaHHDFKIixIYQqbnbFdEhMPGACLJsQ3PmTF0m7VnXrVde9rlcaF0UeJXSIjtApctEZaqAr1EQtRNEDekIv6NV6tJ6tN+t91rpkFTMH6A+sj28MFJyd</latexit>

2

n
X̃>X̃• Matrix of second derivatives 

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAq eVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

• Uniquely minimized at a point if gradient at that point 
is zero and function “curves up” [see linear algebra] 

• Gradient Exercise: 

check n,d=1



• Goal: minimize
<latexit sha1_base64="NAfrY8ovjd66089S/ILvMHKxC8A="></latexit>

J(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ )
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Linear regression: A Direct Solution

dx1
Exercise: 

check the 

vector 
elements

dxn nxd,dx1 nx1

<latexit sha1_base64="qEoV6EYp9sQVsXlXcUXt2ds10OI="></latexit>

r✓J(✓) =
2

n
X̃>(X̃✓ � Ỹ ) = 0set

<latexit sha1_base64="qZ4funisTOJlZG+63ysNOnGub48=">AAACKHicbVBNS0JBFJ1nX2ZfVss2QxK0Sd4LoTaF1KalQabhM5k3XnVw3gcz9wXy8N+06a+0CSoIt/2SRn1EqQcGzpxzLjP3eJEUGm17ZGWWlldW17LruY3Nre2d/O7evQ5jxaHKQxmqusc0SBFAFQVKqEcKmO9JqHn967FfewKlRRjc4SCCps+6gegIztBIrfyli0K2IakPH10MI/p7NawHyOgJXZx4GNILarfyBbtoT0DniZOSAklRaeXf3XbIYx8C5JJp3XDsCJsJUyi4hGHOjTVEjPdZFxqGBswH3Uwmew7pkVHatBMqcwKkE/XvRMJ8rQe+Z5I+w56e9cbiIq8RY+e8mYggihECPn2oE0uKIR2XRttCAUc5MIRxJcxfKe8xxTiaanOmBGd25XlSOy06paLj3JYK5au0jyw5IIfkmDjkjJTJDamQKuHkmbySD/JpvVhv1pc1mkYzVjqzT/7B+v4B6BymTw==</latexit>

X̃>X̃✓ � X̃>Ỹ = 0
<latexit sha1_base64="yz9pwUvLMdRhIQD/xDPecZweHYE=">AAACZHicnVHLSgMxFM2M7/oaLa4ECRZBF5YZEXQjFN24rGBtpdOWTHprg5kHyR2hDvOT7ty58T9M20G06sYDgZNz7r1JToJECo2u+2rZc/MLi0vLK6XVtfWNTWdr+07HqeLQ4LGMVStgGqSIoIECJbQSBSwMJDSDx6ux33wCpUUc3eIogU7IHiIxEJyhkXrO86GPQvYha+VdH+OEfm6Putmxl9O/bMOGgIxe0P9NuM97TsWtuhPQn8QrSIUUqPecF78f8zSECLlkWrc9N8FOxhQKLiEv+amGhPFH9gBtQyMWgu5kk4xyemCUPh3EyqwI6UT92pGxUOtRGJjKkOFQz3pj8TevneLgvJOJKEkRIj49aJBKijEdB077QgFHOTKEcSXMXSkfMsU4mm8pmRC82Sf/JM2Tqnda9byb00rtsshjmeySfXJIPHJGauSa1EmDcPJmLVqblmO926t22d6ZltpW0VMm32DvfQDFELit</latexit>

(X̃>X̃)�1X̃>X̃✓ = (X̃>X̃)�1X̃>Ỹ
<latexit sha1_base64="reXLuxK9cRVqsOmLtl1HQra3A8Q=">AAACK3icbVDJSgNBEO1xjXEb9eilMQjxYJgRQS+Cy8WjgjGRzCT0dCqmSc9Cd40QhvkeL/6KlxwUxav/YScO4vag4PV7VXTVCxIpNDrOizU1PTM7N19aKC8uLa+s2mvr1zpOFYc6j2WsmgHTIEUEdRQooZkoYGEgoREMzsZ+4w6UFnF0hcME/JDdRqInOEMjdewTD/uAjB7RqodCdiFr5m0P44R+PXfa2a6b0//tm7xjV5yaMwH9S9yCVEiBi4498roxT0OIkEumdct1EvQzplBwCXnZSzUkjA/YLbQMjVgI2s8mp+Z02yhd2ouVqQjpRP0+kbFQ62EYmM6QYV//9sbif14rxd6hn4koSREi/vlRL5UUYzrOjXaFAo5yaAjjSphdKe8zxTiadMsmBPf3yX9JY6/m7tdc93K/cnxa5FEim2SLVIlLDsgxOScXpE44uSeP5Ik8Ww/WyHq13j5bp6xiZoP8gPX+AZ5Sp9U=</latexit>

✓ = (X̃>X̃)�1X̃>Ỹ

• Matrix of second derivatives 

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAq eVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

• Uniquely minimized at a point if gradient at that point 
is zero and function “curves up” [see linear algebra] 

• Gradient

<latexit sha1_base64="CSMYWzCeuNHVIGeK1Cx62XR38rQ=">AAACDnicbVBNS8NAEN34WetX1KOXxSp4Kkkp6LHoxWMFawtNLZvNpl262YTdiVBC/oAX/4oXDwri1bM3/43bNqC2Phh4+94MO/P8RHANjvNlLS2vrK6tlzbKm1vbO7v23v6tjlNFWYvGIlYdn2gmuGQt4CBYJ1GMRL5gbX90OfHb90xpHssbGCesF5GB5CGnBIzUt4+9UBGa1fJM5tgDLgKWdfI7D+Lk59m3K07VmQIvErcgFVSg2bc/vSCmacQkUEG07rpOAr2MKOBUsLzspZolhI7IgHUNlSRiupdNr8nxiVECHMbKlAQ8VX9PZCTSehz5pjMiMNTz3kT8z+umEJ73Mi6TFJiks4/CVGCI8SQaHHDFKIixIYQqbnbFdEhMPGACLJsQ3PmTF0m7VnXrVde9rlcaF0UeJXSIjtApctEZaqAr1EQtRNEDekIv6NV6tJ6tN+t91rpkFTMH6A+sj28MFJyd</latexit>

2

n
X̃>X̃

Exercise: 

check n,d=1



• Goal: minimize
<latexit sha1_base64="NAfrY8ovjd66089S/ILvMHKxC8A="></latexit>

J(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ )
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Linear regression: A Direct Solution

dx1
Exercise: 

check the 

vector 
elements

dxn nxd,dx1 nx1

<latexit sha1_base64="qEoV6EYp9sQVsXlXcUXt2ds10OI="></latexit>

r✓J(✓) =
2

n
X̃>(X̃✓ � Ỹ ) = 0set

<latexit sha1_base64="qZ4funisTOJlZG+63ysNOnGub48=">AAACKHicbVBNS0JBFJ1nX2ZfVss2QxK0Sd4LoTaF1KalQabhM5k3XnVw3gcz9wXy8N+06a+0CSoIt/2SRn1EqQcGzpxzLjP3eJEUGm17ZGWWlldW17LruY3Nre2d/O7evQ5jxaHKQxmqusc0SBFAFQVKqEcKmO9JqHn967FfewKlRRjc4SCCps+6gegIztBIrfyli0K2IakPH10MI/p7NawHyOgJXZx4GNILarfyBbtoT0DniZOSAklRaeXf3XbIYx8C5JJp3XDsCJsJUyi4hGHOjTVEjPdZFxqGBswH3Uwmew7pkVHatBMqcwKkE/XvRMJ8rQe+Z5I+w56e9cbiIq8RY+e8mYggihECPn2oE0uKIR2XRttCAUc5MIRxJcxfKe8xxTiaanOmBGd25XlSOy06paLj3JYK5au0jyw5IIfkmDjkjJTJDamQKuHkmbySD/JpvVhv1pc1mkYzVjqzT/7B+v4B6BymTw==</latexit>

X̃>X̃✓ � X̃>Ỹ = 0
<latexit sha1_base64="yz9pwUvLMdRhIQD/xDPecZweHYE=">AAACZHicnVHLSgMxFM2M7/oaLa4ECRZBF5YZEXQjFN24rGBtpdOWTHprg5kHyR2hDvOT7ty58T9M20G06sYDgZNz7r1JToJECo2u+2rZc/MLi0vLK6XVtfWNTWdr+07HqeLQ4LGMVStgGqSIoIECJbQSBSwMJDSDx6ux33wCpUUc3eIogU7IHiIxEJyhkXrO86GPQvYha+VdH+OEfm6Putmxl9O/bMOGgIxe0P9NuM97TsWtuhPQn8QrSIUUqPecF78f8zSECLlkWrc9N8FOxhQKLiEv+amGhPFH9gBtQyMWgu5kk4xyemCUPh3EyqwI6UT92pGxUOtRGJjKkOFQz3pj8TevneLgvJOJKEkRIj49aJBKijEdB077QgFHOTKEcSXMXSkfMsU4mm8pmRC82Sf/JM2Tqnda9byb00rtsshjmeySfXJIPHJGauSa1EmDcPJmLVqblmO926t22d6ZltpW0VMm32DvfQDFELit</latexit>

(X̃>X̃)�1X̃>X̃✓ = (X̃>X̃)�1X̃>Ỹ
<latexit sha1_base64="reXLuxK9cRVqsOmLtl1HQra3A8Q=">AAACK3icbVDJSgNBEO1xjXEb9eilMQjxYJgRQS+Cy8WjgjGRzCT0dCqmSc9Cd40QhvkeL/6KlxwUxav/YScO4vag4PV7VXTVCxIpNDrOizU1PTM7N19aKC8uLa+s2mvr1zpOFYc6j2WsmgHTIEUEdRQooZkoYGEgoREMzsZ+4w6UFnF0hcME/JDdRqInOEMjdewTD/uAjB7RqodCdiFr5m0P44R+PXfa2a6b0//tm7xjV5yaMwH9S9yCVEiBi4498roxT0OIkEumdct1EvQzplBwCXnZSzUkjA/YLbQMjVgI2s8mp+Z02yhd2ouVqQjpRP0+kbFQ62EYmM6QYV//9sbif14rxd6hn4koSREi/vlRL5UUYzrOjXaFAo5yaAjjSphdKe8zxTiadMsmBPf3yX9JY6/m7tdc93K/cnxa5FEim2SLVIlLDsgxOScXpE44uSeP5Ik8Ww/WyHq13j5bp6xiZoP8gPX+AZ5Sp9U=</latexit>

✓ = (X̃>X̃)�1X̃>Ỹ

• Matrix of second derivatives 

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAq eVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y
Note: 

hypothesis is 

a hyperplane!

• Uniquely minimized at a point if gradient at that point 
is zero and function “curves up” [see linear algebra] 

• Gradient

<latexit sha1_base64="CSMYWzCeuNHVIGeK1Cx62XR38rQ=">AAACDnicbVBNS8NAEN34WetX1KOXxSp4Kkkp6LHoxWMFawtNLZvNpl262YTdiVBC/oAX/4oXDwri1bM3/43bNqC2Phh4+94MO/P8RHANjvNlLS2vrK6tlzbKm1vbO7v23v6tjlNFWYvGIlYdn2gmuGQt4CBYJ1GMRL5gbX90OfHb90xpHssbGCesF5GB5CGnBIzUt4+9UBGa1fJM5tgDLgKWdfI7D+Lk59m3K07VmQIvErcgFVSg2bc/vSCmacQkUEG07rpOAr2MKOBUsLzspZolhI7IgHUNlSRiupdNr8nxiVECHMbKlAQ8VX9PZCTSehz5pjMiMNTz3kT8z+umEJ73Mi6TFJiks4/CVGCI8SQaHHDFKIixIYQqbnbFdEhMPGACLJsQ3PmTF0m7VnXrVde9rlcaF0UeJXSIjtApctEZaqAr1EQtRNEDekIv6NV6tJ6tN+t91rpkFTMH6A+sj28MFJyd</latexit>

2

n
X̃>X̃

Exercise: 

check n,d=1
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What can go wrong in practice?
• Sometimes there isn’t a unique best hyperplane

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y
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What can go wrong in practice?
• Sometimes there isn’t a unique best hyperplane

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y
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What can go wrong in practice?
• Sometimes there isn’t a unique best hyperplane

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y
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What can go wrong in practice?
• Sometimes there isn’t a unique best hyperplane

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y
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What can go wrong in practice?
• Sometimes there isn’t a unique best hyperplane

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y
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What can go wrong in practice?
• Sometimes there isn’t a unique best hyperplane

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2
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What can go wrong in practice?
• Sometimes there isn’t a unique best hyperplane

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y
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What can go wrong in practice?
• Sometimes there isn’t a unique best hyperplane

• Sometimes there’s technically a unique best 
hyperplane, but just because of noise

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y



8

What can go wrong in practice?
• Sometimes there isn’t a unique best hyperplane

• Sometimes there’s technically a unique best 
hyperplane, but just because of noise

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y
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What can go wrong in practice?
• Sometimes there isn’t a unique best hyperplane

• Sometimes there’s technically a unique best 
hyperplane, but just because of noise

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y
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What can go wrong in practice?
• Sometimes there isn’t a unique best hyperplane

• Sometimes there’s technically a unique best 
hyperplane, but just because of noise

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y



• Feature encodings (cf. one-hot); 
real-life features often correlated; 
many feature dimensions

8

What can go wrong in practice?
• Sometimes there isn’t a unique best hyperplane

• Sometimes there’s technically a unique best 
hyperplane, but just because of noise

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y
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What can go wrong in practice?
• Sometimes there isn’t a unique best hyperplane

• Sometimes there’s technically a unique best 
hyperplane, but just because of noise

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y
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What can go wrong in practice?
• Sometimes there isn’t a unique best hyperplane

• Sometimes there’s technically a unique best 
hyperplane, but just because of noise

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y
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What can go wrong in practice?
• Sometimes there isn’t a unique best hyperplane

• Sometimes there’s technically a unique best 
hyperplane, but just because of noise

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y
• Feature encodings (cf. one-hot); 

real-life features often correlated; 
many feature dimensions
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What can go wrong in practice?
• Sometimes there isn’t a unique best hyperplane

• Sometimes there’s technically a unique best 
hyperplane, but just because of noise

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y
• Feature encodings (cf. one-hot); 

real-life features often correlated; 
many feature dimensions
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What can go wrong in practice?
• Sometimes there isn’t a unique best hyperplane

• Sometimes there’s technically a unique best 
hyperplane, but just because of noise

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y
• Feature encodings (cf. one-hot); 

real-life features often correlated; 
many feature dimensions
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What can go wrong in practice?
• Sometimes there isn’t a unique best hyperplane

• Sometimes there’s technically a unique best 
hyperplane, but just because of noise

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y
• Feature encodings (cf. one-hot); 

real-life features often correlated; 
many feature dimensions



• How to choose among planes? 
Preference for     components 
being near zero

<latexit sha1_base64="RQt//54cKz0CYuCKD2mS9wQiln0=">AAAB7nicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwcF8er3ePNvnCR70MSChqKqm+6uKJHCou9/e4W19Y3NreJ2aWd3b/+gfHjUtDo1HBpcS23aEbMghYIGCpTQTgywOJLQisa3M7/1BMYKrR5wkkAYs6ESA8EZOqnZxREg65UrftWfg66SICcVkqPeK391+5qnMSjkklnbCfwEw4wZFFzCtNRNLSSMj9kQOo4qFoMNs/m1U3rmlD4daONKIZ2rvycyFls7iSPXGTMc2WVvJv7ndVIcXIeZUEmKoPhi0SCVFDWdvU77wgBHOXGEcSPcrZSPmGEcXUAlF0Kw/PIqaV1Ug8tqENxfVmo3eR5FckJOyTkJyBWpkTtSJw3CySN5Jq/kzdPei/fufSxaC14+c0z+wPv8ATwWj2E=</latexit>

✓

8

What can go wrong in practice?
• Sometimes there isn’t a unique best hyperplane

• Sometimes there’s technically a unique best 
hyperplane, but just because of noise

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

<latexit sha1_base64="GZTWOlzBFAK3vDrkp8Tkm0Wyn/Y=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFW5F0DJoYxnRmEByhL3NJlmyt3fszonhyE+wsVAQW/+Qnf/GTXKFJj4YeLw3w8y8MFHSou9/e4WV1bX1jeJmaWt7Z3evvH/wYOPUcNHgsYpNK2RWKKlFAyUq0UqMYFGoRDMcXU/95qMwVsb6HseJCCI20LIvOUMn3T11abdc8av+DGSZ0JxUIEe9W/7q9GKeRkIjV8zaNvUTDDJmUHIlJqVOakXC+IgNRNtRzSJhg2x26oScOKVH+rFxpZHM1N8TGYusHUeh64wYDu2iNxX/89op9i+DTOokRaH5fFE/VQRjMv2b9KQRHNXYEcaNdLcSPmSGcXTplFwIdPHlZdI8q9LzKqW355XaVZ5HEY7gGE6BwgXU4Abq0AAOA3iGV3jzlPfivXsf89aCl88cwh94nz+iU43Z</latexit>x1

<latexit sha1_base64="MxUv0s9VtBtvT/RMhhoU3KYgiWA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKQY9FLx4rWltoQ9lsN+3SzSbsTsQS+hO8eFAQr/4hb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uHRg4lTzXiLxTLWnYAaLoXiLRQoeSfRnEaB5O1gfD3z249cGxGre5wk3I/oUIlQMIpWunvq1/rlilt15yCrxMtJBXI0++Wv3iBmacQVMkmN6Xpugn5GNQom+bTUSw1PKBvTIe9aqmjEjZ/NT52SM6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjpZ0IlKXLFFovCVBKMyexvMhCaM5QTSyjTwt5K2IhqytCmU7IheMsvr5J2rerVq553W680rvI8inACp3AOHlxAA26gCS1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDo9iN2g==</latexit>x2

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y

x1

<latexit sha1_base64="Zgso4r/5+qHuvA0cy8G5JHMuw8k=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2g9oQ9lsN+3SzSbsTsQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+65FrI2L1gOOE+xEdKBEKRtFK9089r1euuFV3BrJMvJxUIEe9V/7q9mOWRlwhk9SYjucm6GdUo2CST0rd1PCEshEd8I6likbc+Nns1Ak5sUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophpd+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06JRuCt/jyMmmeVb3z6tXdeaV2ncdRhCM4hlPw4AJqcAt1aACDATzDK7w50nlx3p2PeWvByWcO4Q+czx8PkI2s</latexit>

<latexit sha1_base64="pxbXhdCqc0FLKxbIyD0fl9NEoGg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWrC20oWy2k3btZhN2N0II/QVePCiIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777ZTW1jc2t8rblZ3dvf2D6uHRg45TxbDNYhGrbkA1Ci6xbbgR2E0U0igQ2AkmtzO/84RK81jemyxBP6IjyUPOqLFSKxtUa27dnYOsEq8gNSjQHFS/+sOYpRFKwwTVuue5ifFzqgxnAqeVfqoxoWxCR9izVNIItZ/PD52SM6sMSRgrW9KQufp7IqeR1lkU2M6ImrFe9mbif14vNeG1n3OZpAYlWywKU0FMTGZfkyFXyIzILKFMcXsrYWOqKDM2m4oNwVt+eZV0LureZd3zWpe1xk2RRxlO4BTOwYMraMAdNKENDBCe4RXenEfnxXl3PhatJaeYOYY/cD5/AH3ejTY=</latexit>y
• Feature encodings (cf. one-hot); 

real-life features often correlated; 
many feature dimensions
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Regularizing linear regression
• Linear regression with square penalty: ridge regression

<latexit sha1_base64="gB1dSLOQ88Y/ebTgCfDct+nlvv4="></latexit>

Jridge(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2 + �k✓k2
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Regularizing linear regression
• Linear regression with square penalty: ridge regression

<latexit sha1_base64="gB1dSLOQ88Y/ebTgCfDct+nlvv4="></latexit>

Jridge(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2 + �k✓k2
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Regularizing linear regression
• Linear regression with square penalty: ridge regression

<latexit sha1_base64="gB1dSLOQ88Y/ebTgCfDct+nlvv4="></latexit>

Jridge(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2 + �k✓k2
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Regularizing linear regression
• Linear regression with square penalty: ridge regression

<latexit sha1_base64="gB1dSLOQ88Y/ebTgCfDct+nlvv4="></latexit>

Jridge(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2 + �k✓k2
<latexit sha1_base64="Adxizv+3FX3Ov2SRNdwLpmVCamM=">AAAB9XicbVBNSwMxFHxbv2r9qnr0EixCvZSNFPQkRS8eK1hbaJeSzWbb0Gx2TbKFsvR3ePGgIF79L978N6btHrR1IDDMzOO9jJ8Iro3rfjuFtfWNza3idmlnd2//oHx49KjjVFHWorGIVccnmgkuWctwI1gnUYxEvmBtf3Q789tjpjSP5YOZJMyLyEDykFNirORVe8JmA4KukXveL1fcmjsHWiU4JxXI0eyXv3pBTNOISUMF0bqL3cR4GVGGU8GmpV6qWULoiAxY11JJIqa9bH70FJ1ZJUBhrOyTBs3V3xMZibSeRL5NRsQM9bI3E//zuqkJr7yMyyQ1TNLFojAVyMRo1gAKuGLUiIklhCpub0V0SBShxvZUsiXg5S+vkvZFDddrGN/XK42bvI8inMApVAHDJTTgDprQAgpP8Ayv8OaMnRfn3flYRAtOPnMMf+B8/gBHyJDx</latexit>

(� > 0)
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Regularizing linear regression
• Linear regression with square penalty: ridge regression

<latexit sha1_base64="gB1dSLOQ88Y/ebTgCfDct+nlvv4="></latexit>

Jridge(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2 + �k✓k2

What 
happens if             

  

<latexit sha1_base64="n4m5OtKnu/rohBBhntoV4ahYDdo=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5JIQQ8eil48VrC20Iay2WzapZtN2H0RSujP8OJBQbz6Z7z5b9y2OWjrwMIwM499b4JUCoOu++2U1tY3NrfK25Wd3b39g+rh0aNJMs14myUy0d2AGi6F4m0UKHk31ZzGgeSdYHw78ztPXBuRqAecpNyP6VCJSDCKVur1pY2GlFwTd1CtuXV3DrJKvILUoEBrUP3qhwnLYq6QSWpMz3NT9HOqUTDJp5V+ZnhK2ZgOec9SRWNu/Hy+8pScWSUkUaLtU0jm6u+JnMbGTOLAJmOKI7PszcT/vF6G0ZWfC5VmyBVbfBRlkmBCZveTUGjOUE4soUwLuythI6opQ9tSxZbgLZ+8SjoXda9R97z7Rq15U/RRhhM4hXPw4BKacActaAODBJ7hFd4cdF6cd+djES05xcwx/IHz+QN6V5CK</latexit>

� < 0 ?

<latexit sha1_base64="Adxizv+3FX3Ov2SRNdwLpmVCamM=">AAAB9XicbVBNSwMxFHxbv2r9qnr0EixCvZSNFPQkRS8eK1hbaJeSzWbb0Gx2TbKFsvR3ePGgIF79L978N6btHrR1IDDMzOO9jJ8Iro3rfjuFtfWNza3idmlnd2//oHx49KjjVFHWorGIVccnmgkuWctwI1gnUYxEvmBtf3Q789tjpjSP5YOZJMyLyEDykFNirORVe8JmA4KukXveL1fcmjsHWiU4JxXI0eyXv3pBTNOISUMF0bqL3cR4GVGGU8GmpV6qWULoiAxY11JJIqa9bH70FJ1ZJUBhrOyTBs3V3xMZibSeRL5NRsQM9bI3E//zuqkJr7yMyyQ1TNLFojAVyMRo1gAKuGLUiIklhCpub0V0SBShxvZUsiXg5S+vkvZFDddrGN/XK42bvI8inMApVAHDJTTgDprQAgpP8Ayv8OaMnRfn3flYRAtOPnMMf+B8/gBHyJDx</latexit>

(� > 0)
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Regularizing linear regression
• Linear regression with square penalty: ridge regression

<latexit sha1_base64="gB1dSLOQ88Y/ebTgCfDct+nlvv4="></latexit>

Jridge(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2 + �k✓k2

• Special case: ridge regression with no offset What 
happens if             

  

<latexit sha1_base64="n4m5OtKnu/rohBBhntoV4ahYDdo=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5JIQQ8eil48VrC20Iay2WzapZtN2H0RSujP8OJBQbz6Z7z5b9y2OWjrwMIwM499b4JUCoOu++2U1tY3NrfK25Wd3b39g+rh0aNJMs14myUy0d2AGi6F4m0UKHk31ZzGgeSdYHw78ztPXBuRqAecpNyP6VCJSDCKVur1pY2GlFwTd1CtuXV3DrJKvILUoEBrUP3qhwnLYq6QSWpMz3NT9HOqUTDJp5V+ZnhK2ZgOec9SRWNu/Hy+8pScWSUkUaLtU0jm6u+JnMbGTOLAJmOKI7PszcT/vF6G0ZWfC5VmyBVbfBRlkmBCZveTUGjOUE4soUwLuythI6opQ9tSxZbgLZ+8SjoXda9R97z7Rq15U/RRhhM4hXPw4BKacActaAODBJ7hFd4cdF6cd+djES05xcwx/IHz+QN6V5CK</latexit>

� < 0 ?

<latexit sha1_base64="Adxizv+3FX3Ov2SRNdwLpmVCamM=">AAAB9XicbVBNSwMxFHxbv2r9qnr0EixCvZSNFPQkRS8eK1hbaJeSzWbb0Gx2TbKFsvR3ePGgIF79L978N6btHrR1IDDMzOO9jJ8Iro3rfjuFtfWNza3idmlnd2//oHx49KjjVFHWorGIVccnmgkuWctwI1gnUYxEvmBtf3Q789tjpjSP5YOZJMyLyEDykFNirORVe8JmA4KukXveL1fcmjsHWiU4JxXI0eyXv3pBTNOISUMF0bqL3cR4GVGGU8GmpV6qWULoiAxY11JJIqa9bH70FJ1ZJUBhrOyTBs3V3xMZibSeRL5NRsQM9bI3E//zuqkJr7yMyyQ1TNLFojAVyMRo1gAKuGLUiIklhCpub0V0SBShxvZUsiXg5S+vkvZFDddrGN/XK42bvI8inMApVAHDJTTgDprQAgpP8Ayv8OaMnRfn3flYRAtOPnMMf+B8/gBHyJDx</latexit>

(� > 0)
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Regularizing linear regression
• Linear regression with square penalty: ridge regression

<latexit sha1_base64="gB1dSLOQ88Y/ebTgCfDct+nlvv4="></latexit>

Jridge(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2 + �k✓k2

• Special case: ridge regression with no offset
<latexit sha1_base64="PEbKooUAN6Rq9TNSOp7SHN32HXo="></latexit>

Jridge(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ ) + �k✓k2

What 
happens if             

  

<latexit sha1_base64="n4m5OtKnu/rohBBhntoV4ahYDdo=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5JIQQ8eil48VrC20Iay2WzapZtN2H0RSujP8OJBQbz6Z7z5b9y2OWjrwMIwM499b4JUCoOu++2U1tY3NrfK25Wd3b39g+rh0aNJMs14myUy0d2AGi6F4m0UKHk31ZzGgeSdYHw78ztPXBuRqAecpNyP6VCJSDCKVur1pY2GlFwTd1CtuXV3DrJKvILUoEBrUP3qhwnLYq6QSWpMz3NT9HOqUTDJp5V+ZnhK2ZgOec9SRWNu/Hy+8pScWSUkUaLtU0jm6u+JnMbGTOLAJmOKI7PszcT/vF6G0ZWfC5VmyBVbfBRlkmBCZveTUGjOUE4soUwLuythI6opQ9tSxZbgLZ+8SjoXda9R97z7Rq15U/RRhhM4hXPw4BKacActaAODBJ7hFd4cdF6cd+djES05xcwx/IHz+QN6V5CK</latexit>

� < 0 ?

<latexit sha1_base64="Adxizv+3FX3Ov2SRNdwLpmVCamM=">AAAB9XicbVBNSwMxFHxbv2r9qnr0EixCvZSNFPQkRS8eK1hbaJeSzWbb0Gx2TbKFsvR3ePGgIF79L978N6btHrR1IDDMzOO9jJ8Iro3rfjuFtfWNza3idmlnd2//oHx49KjjVFHWorGIVccnmgkuWctwI1gnUYxEvmBtf3Q789tjpjSP5YOZJMyLyEDykFNirORVe8JmA4KukXveL1fcmjsHWiU4JxXI0eyXv3pBTNOISUMF0bqL3cR4GVGGU8GmpV6qWULoiAxY11JJIqa9bH70FJ1ZJUBhrOyTBs3V3xMZibSeRL5NRsQM9bI3E//zuqkJr7yMyyQ1TNLFojAVyMRo1gAKuGLUiIklhCpub0V0SBShxvZUsiXg5S+vkvZFDddrGN/XK42bvI8inMApVAHDJTTgDprQAgpP8Ayv8OaMnRfn3flYRAtOPnMMf+B8/gBHyJDx</latexit>

(� > 0)
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Regularizing linear regression
• Linear regression with square penalty: ridge regression

<latexit sha1_base64="gB1dSLOQ88Y/ebTgCfDct+nlvv4="></latexit>

Jridge(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2 + �k✓k2

• Special case: ridge regression with no offset
<latexit sha1_base64="PEbKooUAN6Rq9TNSOp7SHN32HXo="></latexit>

Jridge(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ ) + �k✓k2

What 
happens if             

  

<latexit sha1_base64="n4m5OtKnu/rohBBhntoV4ahYDdo=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5JIQQ8eil48VrC20Iay2WzapZtN2H0RSujP8OJBQbz6Z7z5b9y2OWjrwMIwM499b4JUCoOu++2U1tY3NrfK25Wd3b39g+rh0aNJMs14myUy0d2AGi6F4m0UKHk31ZzGgeSdYHw78ztPXBuRqAecpNyP6VCJSDCKVur1pY2GlFwTd1CtuXV3DrJKvILUoEBrUP3qhwnLYq6QSWpMz3NT9HOqUTDJp5V+ZnhK2ZgOec9SRWNu/Hy+8pScWSUkUaLtU0jm6u+JnMbGTOLAJmOKI7PszcT/vF6G0ZWfC5VmyBVbfBRlkmBCZveTUGjOUE4soUwLuythI6opQ9tSxZbgLZ+8SjoXda9R97z7Rq15U/RRhhM4hXPw4BKacActaAODBJ7hFd4cdF6cd+djES05xcwx/IHz+QN6V5CK</latexit>

� < 0 ?

<latexit sha1_base64="Adxizv+3FX3Ov2SRNdwLpmVCamM=">AAAB9XicbVBNSwMxFHxbv2r9qnr0EixCvZSNFPQkRS8eK1hbaJeSzWbb0Gx2TbKFsvR3ePGgIF79L978N6btHrR1IDDMzOO9jJ8Iro3rfjuFtfWNza3idmlnd2//oHx49KjjVFHWorGIVccnmgkuWctwI1gnUYxEvmBtf3Q789tjpjSP5YOZJMyLyEDykFNirORVe8JmA4KukXveL1fcmjsHWiU4JxXI0eyXv3pBTNOISUMF0bqL3cR4GVGGU8GmpV6qWULoiAxY11JJIqa9bH70FJ1ZJUBhrOyTBs3V3xMZibSeRL5NRsQM9bI3E//zuqkJr7yMyyQ1TNLFojAVyMRo1gAKuGLUiIklhCpub0V0SBShxvZUsiXg5S+vkvZFDddrGN/XK42bvI8inMApVAHDJTTgDprQAgpP8Ayv8OaMnRfn3flYRAtOPnMMf+B8/gBHyJDx</latexit>

(� > 0)

9

<latexit sha1_base64="5Ssy5LRaBdARcm0KkvAQe4Sq3ac="></latexit>

=
1

n
kX̃✓ � Ỹ k2 + �k✓k2



Regularizing linear regression
• Linear regression with square penalty: ridge regression

<latexit sha1_base64="gB1dSLOQ88Y/ebTgCfDct+nlvv4="></latexit>

Jridge(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2 + �k✓k2

• Special case: ridge regression with no offset

• Min at:
<latexit sha1_base64="Bougis4TxXTlja7CjziP2bO70VE=">AAACGHicbZA9SwNBEIb3/DZ+RS1tFoOgTbiTgDaCaCNWEYwRkhDmNpNkcW/v2J0Tw3H/wsa/YmOhILbp/DduPgq/BhYe3neG2XnDRElLvv/pzczOzS8sLi0XVlbX1jeKm1s3Nk6NwJqIVWxuQ7CopMYaSVJ4mxiEKFRYD+/OR379Ho2Vsb6mQYKtCHpadqUAclK7WG5qCBW0syb1kSDnlyPEBzJRZmSnh3m+P7EO+An328WSX/bHxf9CMIUSm1a1XRw2O7FII9QkFFjbCPyEWhkYkkJhXmimFhMQd9DDhkMNEdpWNr4r53tO6fBubNzTxMfq94kMImsHUeg6I6C+/e2NxP+8Rkrd41YmdZISajFZ1E0Vp5iPQuIdaVCQGjgAYaT7Kxd9MCDIRVlwIQS/T/4L9cNyUCkHwVWldHo2zWOJ7bBdts8CdsRO2QWrshoT7JE9s1f25j15L9679zFpnfGmM9vsR3nDL7zgoAc=</latexit>

r✓Jridge(✓) = 0

<latexit sha1_base64="PEbKooUAN6Rq9TNSOp7SHN32HXo="></latexit>

Jridge(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ ) + �k✓k2

What 
happens if             

  

<latexit sha1_base64="n4m5OtKnu/rohBBhntoV4ahYDdo=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5JIQQ8eil48VrC20Iay2WzapZtN2H0RSujP8OJBQbz6Z7z5b9y2OWjrwMIwM499b4JUCoOu++2U1tY3NrfK25Wd3b39g+rh0aNJMs14myUy0d2AGi6F4m0UKHk31ZzGgeSdYHw78ztPXBuRqAecpNyP6VCJSDCKVur1pY2GlFwTd1CtuXV3DrJKvILUoEBrUP3qhwnLYq6QSWpMz3NT9HOqUTDJp5V+ZnhK2ZgOec9SRWNu/Hy+8pScWSUkUaLtU0jm6u+JnMbGTOLAJmOKI7PszcT/vF6G0ZWfC5VmyBVbfBRlkmBCZveTUGjOUE4soUwLuythI6opQ9tSxZbgLZ+8SjoXda9R97z7Rq15U/RRhhM4hXPw4BKacActaAODBJ7hFd4cdF6cd+djES05xcwx/IHz+QN6V5CK</latexit>

� < 0 ?

<latexit sha1_base64="Adxizv+3FX3Ov2SRNdwLpmVCamM=">AAAB9XicbVBNSwMxFHxbv2r9qnr0EixCvZSNFPQkRS8eK1hbaJeSzWbb0Gx2TbKFsvR3ePGgIF79L978N6btHrR1IDDMzOO9jJ8Iro3rfjuFtfWNza3idmlnd2//oHx49KjjVFHWorGIVccnmgkuWctwI1gnUYxEvmBtf3Q789tjpjSP5YOZJMyLyEDykFNirORVe8JmA4KukXveL1fcmjsHWiU4JxXI0eyXv3pBTNOISUMF0bqL3cR4GVGGU8GmpV6qWULoiAxY11JJIqa9bH70FJ1ZJUBhrOyTBs3V3xMZibSeRL5NRsQM9bI3E//zuqkJr7yMyyQ1TNLFojAVyMRo1gAKuGLUiIklhCpub0V0SBShxvZUsiXg5S+vkvZFDddrGN/XK42bvI8inMApVAHDJTTgDprQAgpP8Ayv8OaMnRfn3flYRAtOPnMMf+B8/gBHyJDx</latexit>

(� > 0)

9

<latexit sha1_base64="5Ssy5LRaBdARcm0KkvAQe4Sq3ac="></latexit>

=
1

n
kX̃✓ � Ỹ k2 + �k✓k2



Regularizing linear regression
• Linear regression with square penalty: ridge regression

<latexit sha1_base64="gB1dSLOQ88Y/ebTgCfDct+nlvv4="></latexit>

Jridge(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2 + �k✓k2

• Special case: ridge regression with no offset

• Min at:
<latexit sha1_base64="Bougis4TxXTlja7CjziP2bO70VE=">AAACGHicbZA9SwNBEIb3/DZ+RS1tFoOgTbiTgDaCaCNWEYwRkhDmNpNkcW/v2J0Tw3H/wsa/YmOhILbp/DduPgq/BhYe3neG2XnDRElLvv/pzczOzS8sLi0XVlbX1jeKm1s3Nk6NwJqIVWxuQ7CopMYaSVJ4mxiEKFRYD+/OR379Ho2Vsb6mQYKtCHpadqUAclK7WG5qCBW0syb1kSDnlyPEBzJRZmSnh3m+P7EO+An328WSX/bHxf9CMIUSm1a1XRw2O7FII9QkFFjbCPyEWhkYkkJhXmimFhMQd9DDhkMNEdpWNr4r53tO6fBubNzTxMfq94kMImsHUeg6I6C+/e2NxP+8Rkrd41YmdZISajFZ1E0Vp5iPQuIdaVCQGjgAYaT7Kxd9MCDIRVlwIQS/T/4L9cNyUCkHwVWldHo2zWOJ7bBdts8CdsRO2QWrshoT7JE9s1f25j15L9679zFpnfGmM9vsR3nDL7zgoAc=</latexit>

r✓Jridge(✓) = 0
<latexit sha1_base64="zYWLDu0ZPqhopa8HNQ5Xo7JO7v8="></latexit>

) ✓ = (X̃>X̃ + n�I)�1X̃>Ỹ

<latexit sha1_base64="PEbKooUAN6Rq9TNSOp7SHN32HXo="></latexit>

Jridge(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ ) + �k✓k2

What 
happens if             

  

<latexit sha1_base64="n4m5OtKnu/rohBBhntoV4ahYDdo=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5JIQQ8eil48VrC20Iay2WzapZtN2H0RSujP8OJBQbz6Z7z5b9y2OWjrwMIwM499b4JUCoOu++2U1tY3NrfK25Wd3b39g+rh0aNJMs14myUy0d2AGi6F4m0UKHk31ZzGgeSdYHw78ztPXBuRqAecpNyP6VCJSDCKVur1pY2GlFwTd1CtuXV3DrJKvILUoEBrUP3qhwnLYq6QSWpMz3NT9HOqUTDJp5V+ZnhK2ZgOec9SRWNu/Hy+8pScWSUkUaLtU0jm6u+JnMbGTOLAJmOKI7PszcT/vF6G0ZWfC5VmyBVbfBRlkmBCZveTUGjOUE4soUwLuythI6opQ9tSxZbgLZ+8SjoXda9R97z7Rq15U/RRhhM4hXPw4BKacActaAODBJ7hFd4cdF6cd+djES05xcwx/IHz+QN6V5CK</latexit>

� < 0 ?

<latexit sha1_base64="Adxizv+3FX3Ov2SRNdwLpmVCamM=">AAAB9XicbVBNSwMxFHxbv2r9qnr0EixCvZSNFPQkRS8eK1hbaJeSzWbb0Gx2TbKFsvR3ePGgIF79L978N6btHrR1IDDMzOO9jJ8Iro3rfjuFtfWNza3idmlnd2//oHx49KjjVFHWorGIVccnmgkuWctwI1gnUYxEvmBtf3Q789tjpjSP5YOZJMyLyEDykFNirORVe8JmA4KukXveL1fcmjsHWiU4JxXI0eyXv3pBTNOISUMF0bqL3cR4GVGGU8GmpV6qWULoiAxY11JJIqa9bH70FJ1ZJUBhrOyTBs3V3xMZibSeRL5NRsQM9bI3E//zuqkJr7yMyyQ1TNLFojAVyMRo1gAKuGLUiIklhCpub0V0SBShxvZUsiXg5S+vkvZFDddrGN/XK42bvI8inMApVAHDJTTgDprQAgpP8Ayv8OaMnRfn3flYRAtOPnMMf+B8/gBHyJDx</latexit>

(� > 0)

9

<latexit sha1_base64="5Ssy5LRaBdARcm0KkvAQe4Sq3ac="></latexit>

=
1

n
kX̃✓ � Ỹ k2 + �k✓k2



Regularizing linear regression
• Linear regression with square penalty: ridge regression

<latexit sha1_base64="gB1dSLOQ88Y/ebTgCfDct+nlvv4="></latexit>

Jridge(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2 + �k✓k2

• Special case: ridge regression with no offset

• Min at:
<latexit sha1_base64="Bougis4TxXTlja7CjziP2bO70VE=">AAACGHicbZA9SwNBEIb3/DZ+RS1tFoOgTbiTgDaCaCNWEYwRkhDmNpNkcW/v2J0Tw3H/wsa/YmOhILbp/DduPgq/BhYe3neG2XnDRElLvv/pzczOzS8sLi0XVlbX1jeKm1s3Nk6NwJqIVWxuQ7CopMYaSVJ4mxiEKFRYD+/OR379Ho2Vsb6mQYKtCHpadqUAclK7WG5qCBW0syb1kSDnlyPEBzJRZmSnh3m+P7EO+An328WSX/bHxf9CMIUSm1a1XRw2O7FII9QkFFjbCPyEWhkYkkJhXmimFhMQd9DDhkMNEdpWNr4r53tO6fBubNzTxMfq94kMImsHUeg6I6C+/e2NxP+8Rkrd41YmdZISajFZ1E0Vp5iPQuIdaVCQGjgAYaT7Kxd9MCDIRVlwIQS/T/4L9cNyUCkHwVWldHo2zWOJ7bBdts8CdsRO2QWrshoT7JE9s1f25j15L9679zFpnfGmM9vsR3nDL7zgoAc=</latexit>

r✓Jridge(✓) = 0
<latexit sha1_base64="zYWLDu0ZPqhopa8HNQ5Xo7JO7v8="></latexit>

) ✓ = (X̃>X̃ + n�I)�1X̃>Ỹ

<latexit sha1_base64="PEbKooUAN6Rq9TNSOp7SHN32HXo="></latexit>

Jridge(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ ) + �k✓k2

What 
happens if             

  

<latexit sha1_base64="n4m5OtKnu/rohBBhntoV4ahYDdo=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5JIQQ8eil48VrC20Iay2WzapZtN2H0RSujP8OJBQbz6Z7z5b9y2OWjrwMIwM499b4JUCoOu++2U1tY3NrfK25Wd3b39g+rh0aNJMs14myUy0d2AGi6F4m0UKHk31ZzGgeSdYHw78ztPXBuRqAecpNyP6VCJSDCKVur1pY2GlFwTd1CtuXV3DrJKvILUoEBrUP3qhwnLYq6QSWpMz3NT9HOqUTDJp5V+ZnhK2ZgOec9SRWNu/Hy+8pScWSUkUaLtU0jm6u+JnMbGTOLAJmOKI7PszcT/vF6G0ZWfC5VmyBVbfBRlkmBCZveTUGjOUE4soUwLuythI6opQ9tSxZbgLZ+8SjoXda9R97z7Rq15U/RRhhM4hXPw4BKacActaAODBJ7hFd4cdF6cd+djES05xcwx/IHz+QN6V5CK</latexit>

� < 0 ?

<latexit sha1_base64="Adxizv+3FX3Ov2SRNdwLpmVCamM=">AAAB9XicbVBNSwMxFHxbv2r9qnr0EixCvZSNFPQkRS8eK1hbaJeSzWbb0Gx2TbKFsvR3ePGgIF79L978N6btHrR1IDDMzOO9jJ8Iro3rfjuFtfWNza3idmlnd2//oHx49KjjVFHWorGIVccnmgkuWctwI1gnUYxEvmBtf3Q789tjpjSP5YOZJMyLyEDykFNirORVe8JmA4KukXveL1fcmjsHWiU4JxXI0eyXv3pBTNOISUMF0bqL3cR4GVGGU8GmpV6qWULoiAxY11JJIqa9bH70FJ1ZJUBhrOyTBs3V3xMZibSeRL5NRsQM9bI3E//zuqkJr7yMyyQ1TNLFojAVyMRo1gAKuGLUiIklhCpub0V0SBShxvZUsiXg5S+vkvZFDddrGN/XK42bvI8inMApVAHDJTTgDprQAgpP8Ayv8OaMnRfn3flYRAtOPnMMf+B8/gBHyJDx</latexit>

(� > 0)

9

<latexit sha1_base64="5Ssy5LRaBdARcm0KkvAQe4Sq3ac="></latexit>

=
1

n
kX̃✓ � Ỹ k2 + �k✓k2



Regularizing linear regression
• Linear regression with square penalty: ridge regression

<latexit sha1_base64="gB1dSLOQ88Y/ebTgCfDct+nlvv4="></latexit>

Jridge(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2 + �k✓k2

• Special case: ridge regression with no offset

• Min at:
<latexit sha1_base64="Bougis4TxXTlja7CjziP2bO70VE=">AAACGHicbZA9SwNBEIb3/DZ+RS1tFoOgTbiTgDaCaCNWEYwRkhDmNpNkcW/v2J0Tw3H/wsa/YmOhILbp/DduPgq/BhYe3neG2XnDRElLvv/pzczOzS8sLi0XVlbX1jeKm1s3Nk6NwJqIVWxuQ7CopMYaSVJ4mxiEKFRYD+/OR379Ho2Vsb6mQYKtCHpadqUAclK7WG5qCBW0syb1kSDnlyPEBzJRZmSnh3m+P7EO+An328WSX/bHxf9CMIUSm1a1XRw2O7FII9QkFFjbCPyEWhkYkkJhXmimFhMQd9DDhkMNEdpWNr4r53tO6fBubNzTxMfq94kMImsHUeg6I6C+/e2NxP+8Rkrd41YmdZISajFZ1E0Vp5iPQuIdaVCQGjgAYaT7Kxd9MCDIRVlwIQS/T/4L9cNyUCkHwVWldHo2zWOJ7bBdts8CdsRO2QWrshoT7JE9s1f25j15L9679zFpnfGmM9vsR3nDL7zgoAc=</latexit>

r✓Jridge(✓) = 0
<latexit sha1_base64="zYWLDu0ZPqhopa8HNQ5Xo7JO7v8="></latexit>

) ✓ = (X̃>X̃ + n�I)�1X̃>Ỹ

<latexit sha1_base64="PEbKooUAN6Rq9TNSOp7SHN32HXo="></latexit>

Jridge(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ ) + �k✓k2

What 
happens if             

  

<latexit sha1_base64="n4m5OtKnu/rohBBhntoV4ahYDdo=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5JIQQ8eil48VrC20Iay2WzapZtN2H0RSujP8OJBQbz6Z7z5b9y2OWjrwMIwM499b4JUCoOu++2U1tY3NrfK25Wd3b39g+rh0aNJMs14myUy0d2AGi6F4m0UKHk31ZzGgeSdYHw78ztPXBuRqAecpNyP6VCJSDCKVur1pY2GlFwTd1CtuXV3DrJKvILUoEBrUP3qhwnLYq6QSWpMz3NT9HOqUTDJp5V+ZnhK2ZgOec9SRWNu/Hy+8pScWSUkUaLtU0jm6u+JnMbGTOLAJmOKI7PszcT/vF6G0ZWfC5VmyBVbfBRlkmBCZveTUGjOUE4soUwLuythI6opQ9tSxZbgLZ+8SjoXda9R97z7Rq15U/RRhhM4hXPw4BKacActaAODBJ7hFd4cdF6cd+djES05xcwx/IHz+QN6V5CK</latexit>

� < 0 ?

<latexit sha1_base64="Adxizv+3FX3Ov2SRNdwLpmVCamM=">AAAB9XicbVBNSwMxFHxbv2r9qnr0EixCvZSNFPQkRS8eK1hbaJeSzWbb0Gx2TbKFsvR3ePGgIF79L978N6btHrR1IDDMzOO9jJ8Iro3rfjuFtfWNza3idmlnd2//oHx49KjjVFHWorGIVccnmgkuWctwI1gnUYxEvmBtf3Q789tjpjSP5YOZJMyLyEDykFNirORVe8JmA4KukXveL1fcmjsHWiU4JxXI0eyXv3pBTNOISUMF0bqL3cR4GVGGU8GmpV6qWULoiAxY11JJIqa9bH70FJ1ZJUBhrOyTBs3V3xMZibSeRL5NRsQM9bI3E//zuqkJr7yMyyQ1TNLFojAVyMRo1gAKuGLUiIklhCpub0V0SBShxvZUsiXg5S+vkvZFDddrGN/XK42bvI8inMApVAHDJTTgDprQAgpP8Ayv8OaMnRfn3flYRAtOPnMMf+B8/gBHyJDx</latexit>

(� > 0)

9

nxd

<latexit sha1_base64="5Ssy5LRaBdARcm0KkvAQe4Sq3ac="></latexit>

=
1

n
kX̃✓ � Ỹ k2 + �k✓k2



Regularizing linear regression
• Linear regression with square penalty: ridge regression

<latexit sha1_base64="gB1dSLOQ88Y/ebTgCfDct+nlvv4="></latexit>

Jridge(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2 + �k✓k2

• Special case: ridge regression with no offset

• Min at:
<latexit sha1_base64="Bougis4TxXTlja7CjziP2bO70VE=">AAACGHicbZA9SwNBEIb3/DZ+RS1tFoOgTbiTgDaCaCNWEYwRkhDmNpNkcW/v2J0Tw3H/wsa/YmOhILbp/DduPgq/BhYe3neG2XnDRElLvv/pzczOzS8sLi0XVlbX1jeKm1s3Nk6NwJqIVWxuQ7CopMYaSVJ4mxiEKFRYD+/OR379Ho2Vsb6mQYKtCHpadqUAclK7WG5qCBW0syb1kSDnlyPEBzJRZmSnh3m+P7EO+An328WSX/bHxf9CMIUSm1a1XRw2O7FII9QkFFjbCPyEWhkYkkJhXmimFhMQd9DDhkMNEdpWNr4r53tO6fBubNzTxMfq94kMImsHUeg6I6C+/e2NxP+8Rkrd41YmdZISajFZ1E0Vp5iPQuIdaVCQGjgAYaT7Kxd9MCDIRVlwIQS/T/4L9cNyUCkHwVWldHo2zWOJ7bBdts8CdsRO2QWrshoT7JE9s1f25j15L9679zFpnfGmM9vsR3nDL7zgoAc=</latexit>

r✓Jridge(✓) = 0
<latexit sha1_base64="zYWLDu0ZPqhopa8HNQ5Xo7JO7v8="></latexit>

) ✓ = (X̃>X̃ + n�I)�1X̃>Ỹ

<latexit sha1_base64="PEbKooUAN6Rq9TNSOp7SHN32HXo="></latexit>

Jridge(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ ) + �k✓k2

What 
happens if             

  

<latexit sha1_base64="n4m5OtKnu/rohBBhntoV4ahYDdo=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5JIQQ8eil48VrC20Iay2WzapZtN2H0RSujP8OJBQbz6Z7z5b9y2OWjrwMIwM499b4JUCoOu++2U1tY3NrfK25Wd3b39g+rh0aNJMs14myUy0d2AGi6F4m0UKHk31ZzGgeSdYHw78ztPXBuRqAecpNyP6VCJSDCKVur1pY2GlFwTd1CtuXV3DrJKvILUoEBrUP3qhwnLYq6QSWpMz3NT9HOqUTDJp5V+ZnhK2ZgOec9SRWNu/Hy+8pScWSUkUaLtU0jm6u+JnMbGTOLAJmOKI7PszcT/vF6G0ZWfC5VmyBVbfBRlkmBCZveTUGjOUE4soUwLuythI6opQ9tSxZbgLZ+8SjoXda9R97z7Rq15U/RRhhM4hXPw4BKacActaAODBJ7hFd4cdF6cd+djES05xcwx/IHz+QN6V5CK</latexit>

� < 0 ?

<latexit sha1_base64="Adxizv+3FX3Ov2SRNdwLpmVCamM=">AAAB9XicbVBNSwMxFHxbv2r9qnr0EixCvZSNFPQkRS8eK1hbaJeSzWbb0Gx2TbKFsvR3ePGgIF79L978N6btHrR1IDDMzOO9jJ8Iro3rfjuFtfWNza3idmlnd2//oHx49KjjVFHWorGIVccnmgkuWctwI1gnUYxEvmBtf3Q789tjpjSP5YOZJMyLyEDykFNirORVe8JmA4KukXveL1fcmjsHWiU4JxXI0eyXv3pBTNOISUMF0bqL3cR4GVGGU8GmpV6qWULoiAxY11JJIqa9bH70FJ1ZJUBhrOyTBs3V3xMZibSeRL5NRsQM9bI3E//zuqkJr7yMyyQ1TNLFojAVyMRo1gAKuGLUiIklhCpub0V0SBShxvZUsiXg5S+vkvZFDddrGN/XK42bvI8inMApVAHDJTTgDprQAgpP8Ayv8OaMnRfn3flYRAtOPnMMf+B8/gBHyJDx</latexit>

(� > 0)

9

dxn,nxd

<latexit sha1_base64="5Ssy5LRaBdARcm0KkvAQe4Sq3ac="></latexit>

=
1

n
kX̃✓ � Ỹ k2 + �k✓k2



Regularizing linear regression
• Linear regression with square penalty: ridge regression

<latexit sha1_base64="gB1dSLOQ88Y/ebTgCfDct+nlvv4="></latexit>

Jridge(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2 + �k✓k2

• Special case: ridge regression with no offset

• Min at:
<latexit sha1_base64="Bougis4TxXTlja7CjziP2bO70VE=">AAACGHicbZA9SwNBEIb3/DZ+RS1tFoOgTbiTgDaCaCNWEYwRkhDmNpNkcW/v2J0Tw3H/wsa/YmOhILbp/DduPgq/BhYe3neG2XnDRElLvv/pzczOzS8sLi0XVlbX1jeKm1s3Nk6NwJqIVWxuQ7CopMYaSVJ4mxiEKFRYD+/OR379Ho2Vsb6mQYKtCHpadqUAclK7WG5qCBW0syb1kSDnlyPEBzJRZmSnh3m+P7EO+An328WSX/bHxf9CMIUSm1a1XRw2O7FII9QkFFjbCPyEWhkYkkJhXmimFhMQd9DDhkMNEdpWNr4r53tO6fBubNzTxMfq94kMImsHUeg6I6C+/e2NxP+8Rkrd41YmdZISajFZ1E0Vp5iPQuIdaVCQGjgAYaT7Kxd9MCDIRVlwIQS/T/4L9cNyUCkHwVWldHo2zWOJ7bBdts8CdsRO2QWrshoT7JE9s1f25j15L9679zFpnfGmM9vsR3nDL7zgoAc=</latexit>

r✓Jridge(✓) = 0
<latexit sha1_base64="zYWLDu0ZPqhopa8HNQ5Xo7JO7v8="></latexit>

) ✓ = (X̃>X̃ + n�I)�1X̃>Ỹ

<latexit sha1_base64="PEbKooUAN6Rq9TNSOp7SHN32HXo="></latexit>

Jridge(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ ) + �k✓k2

What 
happens if             

  

<latexit sha1_base64="n4m5OtKnu/rohBBhntoV4ahYDdo=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5JIQQ8eil48VrC20Iay2WzapZtN2H0RSujP8OJBQbz6Z7z5b9y2OWjrwMIwM499b4JUCoOu++2U1tY3NrfK25Wd3b39g+rh0aNJMs14myUy0d2AGi6F4m0UKHk31ZzGgeSdYHw78ztPXBuRqAecpNyP6VCJSDCKVur1pY2GlFwTd1CtuXV3DrJKvILUoEBrUP3qhwnLYq6QSWpMz3NT9HOqUTDJp5V+ZnhK2ZgOec9SRWNu/Hy+8pScWSUkUaLtU0jm6u+JnMbGTOLAJmOKI7PszcT/vF6G0ZWfC5VmyBVbfBRlkmBCZveTUGjOUE4soUwLuythI6opQ9tSxZbgLZ+8SjoXda9R97z7Rq15U/RRhhM4hXPw4BKacActaAODBJ7hFd4cdF6cd+djES05xcwx/IHz+QN6V5CK</latexit>

� < 0 ?

<latexit sha1_base64="Adxizv+3FX3Ov2SRNdwLpmVCamM=">AAAB9XicbVBNSwMxFHxbv2r9qnr0EixCvZSNFPQkRS8eK1hbaJeSzWbb0Gx2TbKFsvR3ePGgIF79L978N6btHrR1IDDMzOO9jJ8Iro3rfjuFtfWNza3idmlnd2//oHx49KjjVFHWorGIVccnmgkuWctwI1gnUYxEvmBtf3Q789tjpjSP5YOZJMyLyEDykFNirORVe8JmA4KukXveL1fcmjsHWiU4JxXI0eyXv3pBTNOISUMF0bqL3cR4GVGGU8GmpV6qWULoiAxY11JJIqa9bH70FJ1ZJUBhrOyTBs3V3xMZibSeRL5NRsQM9bI3E//zuqkJr7yMyyQ1TNLFojAVyMRo1gAKuGLUiIklhCpub0V0SBShxvZUsiXg5S+vkvZFDddrGN/XK42bvI8inMApVAHDJTTgDprQAgpP8Ayv8OaMnRfn3flYRAtOPnMMf+B8/gBHyJDx</latexit>

(� > 0)

9

dxddxn,nxd

<latexit sha1_base64="5Ssy5LRaBdARcm0KkvAQe4Sq3ac="></latexit>

=
1

n
kX̃✓ � Ỹ k2 + �k✓k2



Regularizing linear regression
• Linear regression with square penalty: ridge regression

<latexit sha1_base64="gB1dSLOQ88Y/ebTgCfDct+nlvv4="></latexit>

Jridge(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2 + �k✓k2

• Special case: ridge regression with no offset

• Min at:
<latexit sha1_base64="Bougis4TxXTlja7CjziP2bO70VE=">AAACGHicbZA9SwNBEIb3/DZ+RS1tFoOgTbiTgDaCaCNWEYwRkhDmNpNkcW/v2J0Tw3H/wsa/YmOhILbp/DduPgq/BhYe3neG2XnDRElLvv/pzczOzS8sLi0XVlbX1jeKm1s3Nk6NwJqIVWxuQ7CopMYaSVJ4mxiEKFRYD+/OR379Ho2Vsb6mQYKtCHpadqUAclK7WG5qCBW0syb1kSDnlyPEBzJRZmSnh3m+P7EO+An328WSX/bHxf9CMIUSm1a1XRw2O7FII9QkFFjbCPyEWhkYkkJhXmimFhMQd9DDhkMNEdpWNr4r53tO6fBubNzTxMfq94kMImsHUeg6I6C+/e2NxP+8Rkrd41YmdZISajFZ1E0Vp5iPQuIdaVCQGjgAYaT7Kxd9MCDIRVlwIQS/T/4L9cNyUCkHwVWldHo2zWOJ7bBdts8CdsRO2QWrshoT7JE9s1f25j15L9679zFpnfGmM9vsR3nDL7zgoAc=</latexit>

r✓Jridge(✓) = 0
<latexit sha1_base64="zYWLDu0ZPqhopa8HNQ5Xo7JO7v8="></latexit>

) ✓ = (X̃>X̃ + n�I)�1X̃>Ỹ

<latexit sha1_base64="PEbKooUAN6Rq9TNSOp7SHN32HXo="></latexit>

Jridge(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ ) + �k✓k2

What 
happens if             

  

<latexit sha1_base64="n4m5OtKnu/rohBBhntoV4ahYDdo=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5JIQQ8eil48VrC20Iay2WzapZtN2H0RSujP8OJBQbz6Z7z5b9y2OWjrwMIwM499b4JUCoOu++2U1tY3NrfK25Wd3b39g+rh0aNJMs14myUy0d2AGi6F4m0UKHk31ZzGgeSdYHw78ztPXBuRqAecpNyP6VCJSDCKVur1pY2GlFwTd1CtuXV3DrJKvILUoEBrUP3qhwnLYq6QSWpMz3NT9HOqUTDJp5V+ZnhK2ZgOec9SRWNu/Hy+8pScWSUkUaLtU0jm6u+JnMbGTOLAJmOKI7PszcT/vF6G0ZWfC5VmyBVbfBRlkmBCZveTUGjOUE4soUwLuythI6opQ9tSxZbgLZ+8SjoXda9R97z7Rq15U/RRhhM4hXPw4BKacActaAODBJ7hFd4cdF6cd+djES05xcwx/IHz+QN6V5CK</latexit>

� < 0 ?

<latexit sha1_base64="Adxizv+3FX3Ov2SRNdwLpmVCamM=">AAAB9XicbVBNSwMxFHxbv2r9qnr0EixCvZSNFPQkRS8eK1hbaJeSzWbb0Gx2TbKFsvR3ePGgIF79L978N6btHrR1IDDMzOO9jJ8Iro3rfjuFtfWNza3idmlnd2//oHx49KjjVFHWorGIVccnmgkuWctwI1gnUYxEvmBtf3Q789tjpjSP5YOZJMyLyEDykFNirORVe8JmA4KukXveL1fcmjsHWiU4JxXI0eyXv3pBTNOISUMF0bqL3cR4GVGGU8GmpV6qWULoiAxY11JJIqa9bH70FJ1ZJUBhrOyTBs3V3xMZibSeRL5NRsQM9bI3E//zuqkJr7yMyyQ1TNLFojAVyMRo1gAKuGLUiIklhCpub0V0SBShxvZUsiXg5S+vkvZFDddrGN/XK42bvI8inMApVAHDJTTgDprQAgpP8Ayv8OaMnRfn3flYRAtOPnMMf+B8/gBHyJDx</latexit>

(� > 0)

9

dxddxn,nxd

<latexit sha1_base64="5Ssy5LRaBdARcm0KkvAQe4Sq3ac="></latexit>

=
1

n
kX̃✓ � Ỹ k2 + �k✓k2



Regularizing linear regression
• Linear regression with square penalty: ridge regression

<latexit sha1_base64="gB1dSLOQ88Y/ebTgCfDct+nlvv4="></latexit>

Jridge(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2 + �k✓k2

• Special case: ridge regression with no offset

• Min at:
<latexit sha1_base64="Bougis4TxXTlja7CjziP2bO70VE=">AAACGHicbZA9SwNBEIb3/DZ+RS1tFoOgTbiTgDaCaCNWEYwRkhDmNpNkcW/v2J0Tw3H/wsa/YmOhILbp/DduPgq/BhYe3neG2XnDRElLvv/pzczOzS8sLi0XVlbX1jeKm1s3Nk6NwJqIVWxuQ7CopMYaSVJ4mxiEKFRYD+/OR379Ho2Vsb6mQYKtCHpadqUAclK7WG5qCBW0syb1kSDnlyPEBzJRZmSnh3m+P7EO+An328WSX/bHxf9CMIUSm1a1XRw2O7FII9QkFFjbCPyEWhkYkkJhXmimFhMQd9DDhkMNEdpWNr4r53tO6fBubNzTxMfq94kMImsHUeg6I6C+/e2NxP+8Rkrd41YmdZISajFZ1E0Vp5iPQuIdaVCQGjgAYaT7Kxd9MCDIRVlwIQS/T/4L9cNyUCkHwVWldHo2zWOJ7bBdts8CdsRO2QWrshoT7JE9s1f25j15L9679zFpnfGmM9vsR3nDL7zgoAc=</latexit>

r✓Jridge(✓) = 0

• Matrix of second derivatives:

<latexit sha1_base64="zYWLDu0ZPqhopa8HNQ5Xo7JO7v8="></latexit>

) ✓ = (X̃>X̃ + n�I)�1X̃>Ỹ
<latexit sha1_base64="BNMwa5pL1t50PAyJFr0WUF3qPNY=">AAACD3icbVDLSgMxFM3UV62vUZdugqUgCGVGCrosutFdBWsLnbFkMmkbmskMyR2hDP0CN/6KGxcK4tatO//GtB1EWw8ETs659yb3BIngGhznyyosLa+srhXXSxubW9s79u7erY5TRVmTxiJW7YBoJrhkTeAgWDtRjESBYK1geDHxW/dMaR7LGxglzI9IX/IepwSM1LUrHnARsqw9vvMgTvDPFR9j6QkzKCT4qmuXnaozBV4kbk7KKEeja396YUzTiEmggmjdcZ0E/Iwo4FSwcclLNUsIHZI+6xgqScS0n03XGeOKUULci5U5EvBU/d2RkUjrURSYyojAQM97E/E/r5NC78zPuExSYJLOHuqlAkOMJ9ngkCtGQYwMIVRx81dMB0QRCibBkgnBnV95kbROqm6t6rrXtXL9PM+jiA7QITpCLjpFdXSJGqiJKHpAT+gFvVqP1rP1Zr3PSgtW3rOP/sD6+AY6Vpv+</latexit>

X̃>X̃ + n�I

<latexit sha1_base64="PEbKooUAN6Rq9TNSOp7SHN32HXo="></latexit>

Jridge(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ ) + �k✓k2

What 
happens if             

  

<latexit sha1_base64="n4m5OtKnu/rohBBhntoV4ahYDdo=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5JIQQ8eil48VrC20Iay2WzapZtN2H0RSujP8OJBQbz6Z7z5b9y2OWjrwMIwM499b4JUCoOu++2U1tY3NrfK25Wd3b39g+rh0aNJMs14myUy0d2AGi6F4m0UKHk31ZzGgeSdYHw78ztPXBuRqAecpNyP6VCJSDCKVur1pY2GlFwTd1CtuXV3DrJKvILUoEBrUP3qhwnLYq6QSWpMz3NT9HOqUTDJp5V+ZnhK2ZgOec9SRWNu/Hy+8pScWSUkUaLtU0jm6u+JnMbGTOLAJmOKI7PszcT/vF6G0ZWfC5VmyBVbfBRlkmBCZveTUGjOUE4soUwLuythI6opQ9tSxZbgLZ+8SjoXda9R97z7Rq15U/RRhhM4hXPw4BKacActaAODBJ7hFd4cdF6cd+djES05xcwx/IHz+QN6V5CK</latexit>

� < 0 ?

(always “curves up” & invertible when          )
<latexit sha1_base64="k/AY0czyCmjpW0V7KZqea3ng8Ls=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5JIQU9S9OKxgrWFNpTNZtMu3WzC7otQQn+GFw8K4tU/481/47bNQVsHFoaZeex7E6RSGHTdb6e0tr6xuVXeruzs7u0fVA+PHk2SacbbLJGJ7gbUcCkUb6NAybup5jQOJO8E49uZ33ni2ohEPeAk5X5Mh0pEglG0Uq8vbTSk5Jq4g2rNrbtzkFXiFaQGBVqD6lc/TFgWc4VMUmN6npuin1ONgkk+rfQzw1PKxnTIe5YqGnPj5/OVp+TMKiGJEm2fQjJXf0/kNDZmEgc2GVMcmWVvJv7n9TKMrvxcqDRDrtjioyiTBBMyu5+EQnOGcmIJZVrYXQkbUU0Z2pYqtgRv+eRV0rmoe4265903as2boo8ynMApnIMHl9CEO2hBGxgk8Ayv8Oag8+K8Ox+LaMkpZo7hD5zPH31lkIw=</latexit>

� > 0

<latexit sha1_base64="Adxizv+3FX3Ov2SRNdwLpmVCamM=">AAAB9XicbVBNSwMxFHxbv2r9qnr0EixCvZSNFPQkRS8eK1hbaJeSzWbb0Gx2TbKFsvR3ePGgIF79L978N6btHrR1IDDMzOO9jJ8Iro3rfjuFtfWNza3idmlnd2//oHx49KjjVFHWorGIVccnmgkuWctwI1gnUYxEvmBtf3Q789tjpjSP5YOZJMyLyEDykFNirORVe8JmA4KukXveL1fcmjsHWiU4JxXI0eyXv3pBTNOISUMF0bqL3cR4GVGGU8GmpV6qWULoiAxY11JJIqa9bH70FJ1ZJUBhrOyTBs3V3xMZibSeRL5NRsQM9bI3E//zuqkJr7yMyyQ1TNLFojAVyMRo1gAKuGLUiIklhCpub0V0SBShxvZUsiXg5S+vkvZFDddrGN/XK42bvI8inMApVAHDJTTgDprQAgpP8Ayv8OaMnRfn3flYRAtOPnMMf+B8/gBHyJDx</latexit>

(� > 0)

9

dxddxn,nxd

<latexit sha1_base64="5Ssy5LRaBdARcm0KkvAQe4Sq3ac="></latexit>

=
1

n
kX̃✓ � Ỹ k2 + �k✓k2



Regularizing linear regression
• Linear regression with square penalty: ridge regression

<latexit sha1_base64="gB1dSLOQ88Y/ebTgCfDct+nlvv4="></latexit>

Jridge(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2 + �k✓k2

• Special case: ridge regression with no offset

• Min at:
<latexit sha1_base64="Bougis4TxXTlja7CjziP2bO70VE=">AAACGHicbZA9SwNBEIb3/DZ+RS1tFoOgTbiTgDaCaCNWEYwRkhDmNpNkcW/v2J0Tw3H/wsa/YmOhILbp/DduPgq/BhYe3neG2XnDRElLvv/pzczOzS8sLi0XVlbX1jeKm1s3Nk6NwJqIVWxuQ7CopMYaSVJ4mxiEKFRYD+/OR379Ho2Vsb6mQYKtCHpadqUAclK7WG5qCBW0syb1kSDnlyPEBzJRZmSnh3m+P7EO+An328WSX/bHxf9CMIUSm1a1XRw2O7FII9QkFFjbCPyEWhkYkkJhXmimFhMQd9DDhkMNEdpWNr4r53tO6fBubNzTxMfq94kMImsHUeg6I6C+/e2NxP+8Rkrd41YmdZISajFZ1E0Vp5iPQuIdaVCQGjgAYaT7Kxd9MCDIRVlwIQS/T/4L9cNyUCkHwVWldHo2zWOJ7bBdts8CdsRO2QWrshoT7JE9s1f25j15L9679zFpnfGmM9vsR3nDL7zgoAc=</latexit>

r✓Jridge(✓) = 0

• Matrix of second derivatives:

<latexit sha1_base64="zYWLDu0ZPqhopa8HNQ5Xo7JO7v8="></latexit>

) ✓ = (X̃>X̃ + n�I)�1X̃>Ỹ
<latexit sha1_base64="BNMwa5pL1t50PAyJFr0WUF3qPNY=">AAACD3icbVDLSgMxFM3UV62vUZdugqUgCGVGCrosutFdBWsLnbFkMmkbmskMyR2hDP0CN/6KGxcK4tatO//GtB1EWw8ETs659yb3BIngGhznyyosLa+srhXXSxubW9s79u7erY5TRVmTxiJW7YBoJrhkTeAgWDtRjESBYK1geDHxW/dMaR7LGxglzI9IX/IepwSM1LUrHnARsqw9vvMgTvDPFR9j6QkzKCT4qmuXnaozBV4kbk7KKEeja396YUzTiEmggmjdcZ0E/Iwo4FSwcclLNUsIHZI+6xgqScS0n03XGeOKUULci5U5EvBU/d2RkUjrURSYyojAQM97E/E/r5NC78zPuExSYJLOHuqlAkOMJ9ngkCtGQYwMIVRx81dMB0QRCibBkgnBnV95kbROqm6t6rrXtXL9PM+jiA7QITpCLjpFdXSJGqiJKHpAT+gFvVqP1rP1Zr3PSgtW3rOP/sD6+AY6Vpv+</latexit>

X̃>X̃ + n�I

<latexit sha1_base64="PEbKooUAN6Rq9TNSOp7SHN32HXo="></latexit>

Jridge(✓) =
1

n
(X̃✓ � Ỹ )>(X̃✓ � Ỹ ) + �k✓k2

What 
happens if             

  

<latexit sha1_base64="n4m5OtKnu/rohBBhntoV4ahYDdo=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5JIQQ8eil48VrC20Iay2WzapZtN2H0RSujP8OJBQbz6Z7z5b9y2OWjrwMIwM499b4JUCoOu++2U1tY3NrfK25Wd3b39g+rh0aNJMs14myUy0d2AGi6F4m0UKHk31ZzGgeSdYHw78ztPXBuRqAecpNyP6VCJSDCKVur1pY2GlFwTd1CtuXV3DrJKvILUoEBrUP3qhwnLYq6QSWpMz3NT9HOqUTDJp5V+ZnhK2ZgOec9SRWNu/Hy+8pScWSUkUaLtU0jm6u+JnMbGTOLAJmOKI7PszcT/vF6G0ZWfC5VmyBVbfBRlkmBCZveTUGjOUE4soUwLuythI6opQ9tSxZbgLZ+8SjoXda9R97z7Rq15U/RRhhM4hXPw4BKacActaAODBJ7hFd4cdF6cd+djES05xcwx/IHz+QN6V5CK</latexit>

� < 0 ?

• Can also solve for minimizing parameters in case with 
offset; just a bit more math

<latexit sha1_base64="Adxizv+3FX3Ov2SRNdwLpmVCamM=">AAAB9XicbVBNSwMxFHxbv2r9qnr0EixCvZSNFPQkRS8eK1hbaJeSzWbb0Gx2TbKFsvR3ePGgIF79L978N6btHrR1IDDMzOO9jJ8Iro3rfjuFtfWNza3idmlnd2//oHx49KjjVFHWorGIVccnmgkuWctwI1gnUYxEvmBtf3Q789tjpjSP5YOZJMyLyEDykFNirORVe8JmA4KukXveL1fcmjsHWiU4JxXI0eyXv3pBTNOISUMF0bqL3cR4GVGGU8GmpV6qWULoiAxY11JJIqa9bH70FJ1ZJUBhrOyTBs3V3xMZibSeRL5NRsQM9bI3E//zuqkJr7yMyyQ1TNLFojAVyMRo1gAKuGLUiIklhCpub0V0SBShxvZUsiXg5S+vkvZFDddrGN/XK42bvI8inMApVAHDJTTgDprQAgpP8Ayv8OaMnRfn3flYRAtOPnMMf+B8/gBHyJDx</latexit>

(� > 0)

9

dxn,nxd dxd

(always “curves up” & invertible when          )
<latexit sha1_base64="k/AY0czyCmjpW0V7KZqea3ng8Ls=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5JIQU9S9OKxgrWFNpTNZtMu3WzC7otQQn+GFw8K4tU/481/47bNQVsHFoaZeex7E6RSGHTdb6e0tr6xuVXeruzs7u0fVA+PHk2SacbbLJGJ7gbUcCkUb6NAybup5jQOJO8E49uZ33ni2ohEPeAk5X5Mh0pEglG0Uq8vbTSk5Jq4g2rNrbtzkFXiFaQGBVqD6lc/TFgWc4VMUmN6npuin1ONgkk+rfQzw1PKxnTIe5YqGnPj5/OVp+TMKiGJEm2fQjJXf0/kNDZmEgc2GVMcmWVvJv7n9TKMrvxcqDRDrtjioyiTBBMyu5+EQnOGcmIJZVrYXQkbUU0Z2pYqtgRv+eRV0rmoe4265903as2boo8ynMApnIMHl9CEO2hBGxgk8Ayv8Oag8+K8Ox+LaMkpZo7hD5zPH31lkIw=</latexit>

� > 0

<latexit sha1_base64="5Ssy5LRaBdARcm0KkvAQe4Sq3ac="></latexit>

=
1

n
kX̃✓ � Ỹ k2 + �k✓k2



• Linear regression with square penalty: ridge regression
<latexit sha1_base64="gB1dSLOQ88Y/ebTgCfDct+nlvv4="></latexit>

Jridge(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2 + �k✓k2
<latexit sha1_base64="Adxizv+3FX3Ov2SRNdwLpmVCamM=">AAAB9XicbVBNSwMxFHxbv2r9qnr0EixCvZSNFPQkRS8eK1hbaJeSzWbb0Gx2TbKFsvR3ePGgIF79L978N6btHrR1IDDMzOO9jJ8Iro3rfjuFtfWNza3idmlnd2//oHx49KjjVFHWorGIVccnmgkuWctwI1gnUYxEvmBtf3Q789tjpjSP5YOZJMyLyEDykFNirORVe8JmA4KukXveL1fcmjsHWiU4JxXI0eyXv3pBTNOISUMF0bqL3cR4GVGGU8GmpV6qWULoiAxY11JJIqa9bH70FJ1ZJUBhrOyTBs3V3xMZibSeRL5NRsQM9bI3E//zuqkJr7yMyyQ1TNLFojAVyMRo1gAKuGLUiIklhCpub0V0SBShxvZUsiXg5S+vkvZFDddrGN/XK42bvI8inMApVAHDJTTgDprQAgpP8Ayv8OaMnRfn3flYRAtOPnMMf+B8/gBHyJDx</latexit>

(� > 0)

10
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Gradient descent

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>



9

Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>
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Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>
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Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>
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Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>



9

Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

r⇥f =


@f

@⇥1
, . . . ,

@f

@⇥m

�>

<latexit sha1_base64="GWtVMMC+VGSEHA/wCI8TfPBzgkY="></latexit>

• Gradient
⇥ 2 Rm

<latexit sha1_base64="aA41nu929lm+fWbUGSJaVYWHZS4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFNy6r9AVNLJPppB06MwkzE6GE4MZfceNCEbd+hTv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+rKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvc7/zQKSikWjqSUx8joaChhQjbaS+feg1R0Qj6FEBPY70KAjSu+w+5VnfrjhVZwq4SNyCVECBRt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSGDJ0YZwDCSpoSGU/X3RIq4UhMemM78SjXv5eJ/Xi/R4YWfUhEnmgg8WxQmDOoI5nnAAZUEazYxBGFJza0Qj5BEWJvUyiYEd/7lRdI+q7q16uVtrVK/KuIogSNwDE6BC85BHdyABmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gAjzZdN</latexit>

• with



9

Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

r⇥f =


@f

@⇥1
, . . . ,

@f

@⇥m

�>

<latexit sha1_base64="GWtVMMC+VGSEHA/wCI8TfPBzgkY="></latexit>

• Gradient
⇥ 2 Rm

<latexit sha1_base64="aA41nu929lm+fWbUGSJaVYWHZS4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFNy6r9AVNLJPppB06MwkzE6GE4MZfceNCEbd+hTv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+rKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvc7/zQKSikWjqSUx8joaChhQjbaS+feg1R0Qj6FEBPY70KAjSu+w+5VnfrjhVZwq4SNyCVECBRt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSGDJ0YZwDCSpoSGU/X3RIq4UhMemM78SjXv5eJ/Xi/R4YWfUhEnmgg8WxQmDOoI5nnAAZUEazYxBGFJza0Qj5BEWJvUyiYEd/7lRdI+q7q16uVtrVK/KuIogSNwDE6BC85BHdyABmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gAjzZdN</latexit>

• with
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Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

r⇥f =


@f

@⇥1
, . . . ,

@f

@⇥m

�>

<latexit sha1_base64="GWtVMMC+VGSEHA/wCI8TfPBzgkY="></latexit>

• Gradient
⇥ 2 Rm

<latexit sha1_base64="aA41nu929lm+fWbUGSJaVYWHZS4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFNy6r9AVNLJPppB06MwkzE6GE4MZfceNCEbd+hTv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+rKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvc7/zQKSikWjqSUx8joaChhQjbaS+feg1R0Qj6FEBPY70KAjSu+w+5VnfrjhVZwq4SNyCVECBRt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSGDJ0YZwDCSpoSGU/X3RIq4UhMemM78SjXv5eJ/Xi/R4YWfUhEnmgg8WxQmDOoI5nnAAZUEazYxBGFJza0Qj5BEWJvUyiYEd/7lRdI+q7q16uVtrVK/KuIogSNwDE6BC85BHdyABmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gAjzZdN</latexit>

• with
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Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

r⇥f =


@f

@⇥1
, . . . ,

@f

@⇥m

�>

<latexit sha1_base64="GWtVMMC+VGSEHA/wCI8TfPBzgkY="></latexit>

• Gradient
⇥ 2 Rm

<latexit sha1_base64="aA41nu929lm+fWbUGSJaVYWHZS4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFNy6r9AVNLJPppB06MwkzE6GE4MZfceNCEbd+hTv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+rKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvc7/zQKSikWjqSUx8joaChhQjbaS+feg1R0Qj6FEBPY70KAjSu+w+5VnfrjhVZwq4SNyCVECBRt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSGDJ0YZwDCSpoSGU/X3RIq4UhMemM78SjXv5eJ/Xi/R4YWfUhEnmgg8WxQmDOoI5nnAAZUEazYxBGFJza0Qj5BEWJvUyiYEd/7lRdI+q7q16uVtrVK/KuIogSNwDE6BC85BHdyABmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gAjzZdN</latexit>

• with
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Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

r⇥f =


@f

@⇥1
, . . . ,

@f

@⇥m

�>

<latexit sha1_base64="GWtVMMC+VGSEHA/wCI8TfPBzgkY="></latexit>

• Gradient
⇥ 2 Rm

<latexit sha1_base64="aA41nu929lm+fWbUGSJaVYWHZS4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFNy6r9AVNLJPppB06MwkzE6GE4MZfceNCEbd+hTv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+rKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvc7/zQKSikWjqSUx8joaChhQjbaS+feg1R0Qj6FEBPY70KAjSu+w+5VnfrjhVZwq4SNyCVECBRt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSGDJ0YZwDCSpoSGU/X3RIq4UhMemM78SjXv5eJ/Xi/R4YWfUhEnmgg8WxQmDOoI5nnAAZUEazYxBGFJza0Qj5BEWJvUyiYEd/7lRdI+q7q16uVtrVK/KuIogSNwDE6BC85BHdyABmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gAjzZdN</latexit>

• with
Gradient-Descent(            )⇥init, ⌘, f,r⇥f, ✏

<latexit sha1_base64="jZIAvlGWqk4jlxZnckGvF+8YYC0=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIIHCbsS8HESvXiMYFTIhtA76TWDs7PLTK8YlvyLF3/FiwclePHgvzh5HHwVDBRV3fRURZmSlnz/w5uanpmdm19YLC0tr6yuldc3rmyaG4ENkarU3ERgUUmNDZKk8CYzCEmk8Dq6Oxv61/dorEz1JfUybCVwq2UsBZCT2uXj8LKLBO0iJHwgkxRSS+r393jo1D0eO6IhUtAez40EzKxUw+WKX/VH4H9JMCEVNkG9XR6EnVTkCWoSCqxtBn5GrQIMSaGwXwpzixmIO7jFpqMaErStYpSxz3ec0uFxatzTxEfq940CEmt7SeQmE6Cu/e0Nxf+8Zk7xYcvFznJCLcaH4lxxSvmwMN6RBgWpniMgjHR/5aILBgS5WkuuhOB35L/kar8a1KpHF7XKyemkjgW2xbbZLgvYATth56zOGkywR/bMXtmb9+S9eAPvfTw65U12NtkPeJ9f22OkYw==</latexit>
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Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

r⇥f =


@f

@⇥1
, . . . ,

@f

@⇥m

�>

<latexit sha1_base64="GWtVMMC+VGSEHA/wCI8TfPBzgkY="></latexit>

• Gradient
⇥ 2 Rm

<latexit sha1_base64="aA41nu929lm+fWbUGSJaVYWHZS4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFNy6r9AVNLJPppB06MwkzE6GE4MZfceNCEbd+hTv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+rKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvc7/zQKSikWjqSUx8joaChhQjbaS+feg1R0Qj6FEBPY70KAjSu+w+5VnfrjhVZwq4SNyCVECBRt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSGDJ0YZwDCSpoSGU/X3RIq4UhMemM78SjXv5eJ/Xi/R4YWfUhEnmgg8WxQmDOoI5nnAAZUEazYxBGFJza0Qj5BEWJvUyiYEd/7lRdI+q7q16uVtrVK/KuIogSNwDE6BC85BHdyABmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gAjzZdN</latexit>

• with
Gradient-Descent(            ) 
Initialize

⇥init, ⌘, f,r⇥f, ✏

<latexit sha1_base64="jZIAvlGWqk4jlxZnckGvF+8YYC0=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIIHCbsS8HESvXiMYFTIhtA76TWDs7PLTK8YlvyLF3/FiwclePHgvzh5HHwVDBRV3fRURZmSlnz/w5uanpmdm19YLC0tr6yuldc3rmyaG4ENkarU3ERgUUmNDZKk8CYzCEmk8Dq6Oxv61/dorEz1JfUybCVwq2UsBZCT2uXj8LKLBO0iJHwgkxRSS+r393jo1D0eO6IhUtAez40EzKxUw+WKX/VH4H9JMCEVNkG9XR6EnVTkCWoSCqxtBn5GrQIMSaGwXwpzixmIO7jFpqMaErStYpSxz3ec0uFxatzTxEfq940CEmt7SeQmE6Cu/e0Nxf+8Zk7xYcvFznJCLcaH4lxxSvmwMN6RBgWpniMgjHR/5aILBgS5WkuuhOB35L/kar8a1KpHF7XKyemkjgW2xbbZLgvYATth56zOGkywR/bMXtmb9+S9eAPvfTw65U12NtkPeJ9f22OkYw==</latexit>

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>
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Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

r⇥f =


@f

@⇥1
, . . . ,

@f

@⇥m

�>

<latexit sha1_base64="GWtVMMC+VGSEHA/wCI8TfPBzgkY="></latexit>

• Gradient
⇥ 2 Rm

<latexit sha1_base64="aA41nu929lm+fWbUGSJaVYWHZS4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFNy6r9AVNLJPppB06MwkzE6GE4MZfceNCEbd+hTv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+rKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvc7/zQKSikWjqSUx8joaChhQjbaS+feg1R0Qj6FEBPY70KAjSu+w+5VnfrjhVZwq4SNyCVECBRt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSGDJ0YZwDCSpoSGU/X3RIq4UhMemM78SjXv5eJ/Xi/R4YWfUhEnmgg8WxQmDOoI5nnAAZUEazYxBGFJza0Qj5BEWJvUyiYEd/7lRdI+q7q16uVtrVK/KuIogSNwDE6BC85BHdyABmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gAjzZdN</latexit>

• with
Gradient-Descent(            ) 
Initialize  
Initialize t = 0

⇥init, ⌘, f,r⇥f, ✏

<latexit sha1_base64="jZIAvlGWqk4jlxZnckGvF+8YYC0=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIIHCbsS8HESvXiMYFTIhtA76TWDs7PLTK8YlvyLF3/FiwclePHgvzh5HHwVDBRV3fRURZmSlnz/w5uanpmdm19YLC0tr6yuldc3rmyaG4ENkarU3ERgUUmNDZKk8CYzCEmk8Dq6Oxv61/dorEz1JfUybCVwq2UsBZCT2uXj8LKLBO0iJHwgkxRSS+r393jo1D0eO6IhUtAez40EzKxUw+WKX/VH4H9JMCEVNkG9XR6EnVTkCWoSCqxtBn5GrQIMSaGwXwpzixmIO7jFpqMaErStYpSxz3ec0uFxatzTxEfq940CEmt7SeQmE6Cu/e0Nxf+8Zk7xYcvFznJCLcaH4lxxSvmwMN6RBgWpniMgjHR/5aILBgS5WkuuhOB35L/kar8a1KpHF7XKyemkjgW2xbbZLgvYATth56zOGkywR/bMXtmb9+S9eAPvfTw65U12NtkPeJ9f22OkYw==</latexit>

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>
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Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

r⇥f =


@f

@⇥1
, . . . ,

@f

@⇥m

�>

<latexit sha1_base64="GWtVMMC+VGSEHA/wCI8TfPBzgkY="></latexit>

• Gradient
⇥ 2 Rm

<latexit sha1_base64="aA41nu929lm+fWbUGSJaVYWHZS4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFNy6r9AVNLJPppB06MwkzE6GE4MZfceNCEbd+hTv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+rKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvc7/zQKSikWjqSUx8joaChhQjbaS+feg1R0Qj6FEBPY70KAjSu+w+5VnfrjhVZwq4SNyCVECBRt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSGDJ0YZwDCSpoSGU/X3RIq4UhMemM78SjXv5eJ/Xi/R4YWfUhEnmgg8WxQmDOoI5nnAAZUEazYxBGFJza0Qj5BEWJvUyiYEd/7lRdI+q7q16uVtrVK/KuIogSNwDE6BC85BHdyABmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gAjzZdN</latexit>

• with
Gradient-Descent(            ) 
Initialize  
Initialize t = 0 
repeat

⇥init, ⌘, f,r⇥f, ✏

<latexit sha1_base64="jZIAvlGWqk4jlxZnckGvF+8YYC0=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIIHCbsS8HESvXiMYFTIhtA76TWDs7PLTK8YlvyLF3/FiwclePHgvzh5HHwVDBRV3fRURZmSlnz/w5uanpmdm19YLC0tr6yuldc3rmyaG4ENkarU3ERgUUmNDZKk8CYzCEmk8Dq6Oxv61/dorEz1JfUybCVwq2UsBZCT2uXj8LKLBO0iJHwgkxRSS+r393jo1D0eO6IhUtAez40EzKxUw+WKX/VH4H9JMCEVNkG9XR6EnVTkCWoSCqxtBn5GrQIMSaGwXwpzixmIO7jFpqMaErStYpSxz3ec0uFxatzTxEfq940CEmt7SeQmE6Cu/e0Nxf+8Zk7xYcvFznJCLcaH4lxxSvmwMN6RBgWpniMgjHR/5aILBgS5WkuuhOB35L/kar8a1KpHF7XKyemkjgW2xbbZLgvYATth56zOGkywR/bMXtmb9+S9eAPvfTw65U12NtkPeJ9f22OkYw==</latexit>

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>
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Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

r⇥f =


@f

@⇥1
, . . . ,

@f

@⇥m

�>

<latexit sha1_base64="GWtVMMC+VGSEHA/wCI8TfPBzgkY="></latexit>

• Gradient
⇥ 2 Rm

<latexit sha1_base64="aA41nu929lm+fWbUGSJaVYWHZS4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFNy6r9AVNLJPppB06MwkzE6GE4MZfceNCEbd+hTv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+rKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvc7/zQKSikWjqSUx8joaChhQjbaS+feg1R0Qj6FEBPY70KAjSu+w+5VnfrjhVZwq4SNyCVECBRt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSGDJ0YZwDCSpoSGU/X3RIq4UhMemM78SjXv5eJ/Xi/R4YWfUhEnmgg8WxQmDOoI5nnAAZUEazYxBGFJza0Qj5BEWJvUyiYEd/7lRdI+q7q16uVtrVK/KuIogSNwDE6BC85BHdyABmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gAjzZdN</latexit>

• with
Gradient-Descent(            ) 
Initialize  
Initialize t = 0 
repeat 
t = t + 1 

⇥init, ⌘, f,r⇥f, ✏

<latexit sha1_base64="jZIAvlGWqk4jlxZnckGvF+8YYC0=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIIHCbsS8HESvXiMYFTIhtA76TWDs7PLTK8YlvyLF3/FiwclePHgvzh5HHwVDBRV3fRURZmSlnz/w5uanpmdm19YLC0tr6yuldc3rmyaG4ENkarU3ERgUUmNDZKk8CYzCEmk8Dq6Oxv61/dorEz1JfUybCVwq2UsBZCT2uXj8LKLBO0iJHwgkxRSS+r393jo1D0eO6IhUtAez40EzKxUw+WKX/VH4H9JMCEVNkG9XR6EnVTkCWoSCqxtBn5GrQIMSaGwXwpzixmIO7jFpqMaErStYpSxz3ec0uFxatzTxEfq940CEmt7SeQmE6Cu/e0Nxf+8Zk7xYcvFznJCLcaH4lxxSvmwMN6RBgWpniMgjHR/5aILBgS5WkuuhOB35L/kar8a1KpHF7XKyemkjgW2xbbZLgvYATth56zOGkywR/bMXtmb9+S9eAPvfTw65U12NtkPeJ9f22OkYw==</latexit>

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>
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Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

r⇥f =


@f

@⇥1
, . . . ,

@f

@⇥m

�>

<latexit sha1_base64="GWtVMMC+VGSEHA/wCI8TfPBzgkY="></latexit>

• Gradient
⇥ 2 Rm

<latexit sha1_base64="aA41nu929lm+fWbUGSJaVYWHZS4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFNy6r9AVNLJPppB06MwkzE6GE4MZfceNCEbd+hTv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+rKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvc7/zQKSikWjqSUx8joaChhQjbaS+feg1R0Qj6FEBPY70KAjSu+w+5VnfrjhVZwq4SNyCVECBRt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSGDJ0YZwDCSpoSGU/X3RIq4UhMemM78SjXv5eJ/Xi/R4YWfUhEnmgg8WxQmDOoI5nnAAZUEazYxBGFJza0Qj5BEWJvUyiYEd/7lRdI+q7q16uVtrVK/KuIogSNwDE6BC85BHdyABmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gAjzZdN</latexit>

• with
Gradient-Descent(            ) 
Initialize  
Initialize t = 0 
repeat 
t = t + 1 

⇥init, ⌘, f,r⇥f, ✏

<latexit sha1_base64="jZIAvlGWqk4jlxZnckGvF+8YYC0=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIIHCbsS8HESvXiMYFTIhtA76TWDs7PLTK8YlvyLF3/FiwclePHgvzh5HHwVDBRV3fRURZmSlnz/w5uanpmdm19YLC0tr6yuldc3rmyaG4ENkarU3ERgUUmNDZKk8CYzCEmk8Dq6Oxv61/dorEz1JfUybCVwq2UsBZCT2uXj8LKLBO0iJHwgkxRSS+r393jo1D0eO6IhUtAez40EzKxUw+WKX/VH4H9JMCEVNkG9XR6EnVTkCWoSCqxtBn5GrQIMSaGwXwpzixmIO7jFpqMaErStYpSxz3ec0uFxatzTxEfq940CEmt7SeQmE6Cu/e0Nxf+8Zk7xYcvFznJCLcaH4lxxSvmwMN6RBgWpniMgjHR/5aILBgS5WkuuhOB35L/kar8a1KpHF7XKyemkjgW2xbbZLgvYATth56zOGkywR/bMXtmb9+S9eAPvfTw65U12NtkPeJ9f22OkYw==</latexit>

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

⇥(t) = ⇥(t�1) � ⌘r⇥f(⇥
(t�1))

<latexit sha1_base64="59ICBF4Jb0K4CKsqdoXRMxqO02k=">AAACL3icbVBNSwMxEM36WetX1aOXYBHqoWVXCupBKAriUcGq0K1lNs3a0Gx2SWaFsvQfefGv9CKiiFf/hekHaNUHgTfvzTCZFyRSGHTdF2dmdm5+YTG3lF9eWV1bL2xsXps41YzXWSxjfRuA4VIoXkeBkt8mmkMUSH4TdE+H/s0D10bE6gp7CW9GcK9EKBiglVqFM/+qwxHushLu9ekx/S7LnhXK1Lcl9RUEElrZ2O3TsDTdt9cqFN2KOwL9S7wJKZIJLlqFgd+OWRpxhUyCMQ3PTbCZgUbBJO/n/dTwBFgX7nnDUgURN81sdG+f7lqlTcNY26eQjtSfExlExvSiwHZGgB3z2xuK/3mNFMPDZiZUkiJXbLwoTCXFmA7Do22hOUPZswSYFvavlHVAA0Mbcd6G4P0++S+53q941crRZbVYO5nEkSPbZIeUiEcOSI2ckwtSJ4w8kgF5JW/Ok/PsvDsf49YZZzKzRabgfH4BgJSm8A==</latexit>
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Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

r⇥f =


@f

@⇥1
, . . . ,

@f

@⇥m

�>

<latexit sha1_base64="GWtVMMC+VGSEHA/wCI8TfPBzgkY="></latexit>

• Gradient
⇥ 2 Rm

<latexit sha1_base64="aA41nu929lm+fWbUGSJaVYWHZS4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFNy6r9AVNLJPppB06MwkzE6GE4MZfceNCEbd+hTv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+rKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvc7/zQKSikWjqSUx8joaChhQjbaS+feg1R0Qj6FEBPY70KAjSu+w+5VnfrjhVZwq4SNyCVECBRt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSGDJ0YZwDCSpoSGU/X3RIq4UhMemM78SjXv5eJ/Xi/R4YWfUhEnmgg8WxQmDOoI5nnAAZUEazYxBGFJza0Qj5BEWJvUyiYEd/7lRdI+q7q16uVtrVK/KuIogSNwDE6BC85BHdyABmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gAjzZdN</latexit>

• with
Gradient-Descent(            ) 
Initialize  
Initialize t = 0 
repeat 
t = t + 1 

⇥init, ⌘, f,r⇥f, ✏

<latexit sha1_base64="jZIAvlGWqk4jlxZnckGvF+8YYC0=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIIHCbsS8HESvXiMYFTIhtA76TWDs7PLTK8YlvyLF3/FiwclePHgvzh5HHwVDBRV3fRURZmSlnz/w5uanpmdm19YLC0tr6yuldc3rmyaG4ENkarU3ERgUUmNDZKk8CYzCEmk8Dq6Oxv61/dorEz1JfUybCVwq2UsBZCT2uXj8LKLBO0iJHwgkxRSS+r393jo1D0eO6IhUtAez40EzKxUw+WKX/VH4H9JMCEVNkG9XR6EnVTkCWoSCqxtBn5GrQIMSaGwXwpzixmIO7jFpqMaErStYpSxz3ec0uFxatzTxEfq940CEmt7SeQmE6Cu/e0Nxf+8Zk7xYcvFznJCLcaH4lxxSvmwMN6RBgWpniMgjHR/5aILBgS5WkuuhOB35L/kar8a1KpHF7XKyemkjgW2xbbZLgvYATth56zOGkywR/bMXtmb9+S9eAPvfTw65U12NtkPeJ9f22OkYw==</latexit>

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

⇥(t) = ⇥(t�1) � ⌘r⇥f(⇥
(t�1))

<latexit sha1_base64="59ICBF4Jb0K4CKsqdoXRMxqO02k=">AAACL3icbVBNSwMxEM36WetX1aOXYBHqoWVXCupBKAriUcGq0K1lNs3a0Gx2SWaFsvQfefGv9CKiiFf/hekHaNUHgTfvzTCZFyRSGHTdF2dmdm5+YTG3lF9eWV1bL2xsXps41YzXWSxjfRuA4VIoXkeBkt8mmkMUSH4TdE+H/s0D10bE6gp7CW9GcK9EKBiglVqFM/+qwxHushLu9ekx/S7LnhXK1Lcl9RUEElrZ2O3TsDTdt9cqFN2KOwL9S7wJKZIJLlqFgd+OWRpxhUyCMQ3PTbCZgUbBJO/n/dTwBFgX7nnDUgURN81sdG+f7lqlTcNY26eQjtSfExlExvSiwHZGgB3z2xuK/3mNFMPDZiZUkiJXbLwoTCXFmA7Do22hOUPZswSYFvavlHVAA0Mbcd6G4P0++S+53q941crRZbVYO5nEkSPbZIeUiEcOSI2ckwtSJ4w8kgF5JW/Ok/PsvDsf49YZZzKzRabgfH4BgJSm8A==</latexit>
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Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

r⇥f =


@f

@⇥1
, . . . ,

@f

@⇥m

�>

<latexit sha1_base64="GWtVMMC+VGSEHA/wCI8TfPBzgkY="></latexit>

• Gradient
⇥ 2 Rm

<latexit sha1_base64="aA41nu929lm+fWbUGSJaVYWHZS4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFNy6r9AVNLJPppB06MwkzE6GE4MZfceNCEbd+hTv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+rKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvc7/zQKSikWjqSUx8joaChhQjbaS+feg1R0Qj6FEBPY70KAjSu+w+5VnfrjhVZwq4SNyCVECBRt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSGDJ0YZwDCSpoSGU/X3RIq4UhMemM78SjXv5eJ/Xi/R4YWfUhEnmgg8WxQmDOoI5nnAAZUEazYxBGFJza0Qj5BEWJvUyiYEd/7lRdI+q7q16uVtrVK/KuIogSNwDE6BC85BHdyABmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gAjzZdN</latexit>

• with
Gradient-Descent(            ) 
Initialize  
Initialize t = 0 
repeat 
t = t + 1 

⇥init, ⌘, f,r⇥f, ✏

<latexit sha1_base64="jZIAvlGWqk4jlxZnckGvF+8YYC0=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIIHCbsS8HESvXiMYFTIhtA76TWDs7PLTK8YlvyLF3/FiwclePHgvzh5HHwVDBRV3fRURZmSlnz/w5uanpmdm19YLC0tr6yuldc3rmyaG4ENkarU3ERgUUmNDZKk8CYzCEmk8Dq6Oxv61/dorEz1JfUybCVwq2UsBZCT2uXj8LKLBO0iJHwgkxRSS+r393jo1D0eO6IhUtAez40EzKxUw+WKX/VH4H9JMCEVNkG9XR6EnVTkCWoSCqxtBn5GrQIMSaGwXwpzixmIO7jFpqMaErStYpSxz3ec0uFxatzTxEfq940CEmt7SeQmE6Cu/e0Nxf+8Zk7xYcvFznJCLcaH4lxxSvmwMN6RBgWpniMgjHR/5aILBgS5WkuuhOB35L/kar8a1KpHF7XKyemkjgW2xbbZLgvYATth56zOGkywR/bMXtmb9+S9eAPvfTw65U12NtkPeJ9f22OkYw==</latexit>

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

⇥(t) = ⇥(t�1) � ⌘r⇥f(⇥
(t�1))

<latexit sha1_base64="59ICBF4Jb0K4CKsqdoXRMxqO02k=">AAACL3icbVBNSwMxEM36WetX1aOXYBHqoWVXCupBKAriUcGq0K1lNs3a0Gx2SWaFsvQfefGv9CKiiFf/hekHaNUHgTfvzTCZFyRSGHTdF2dmdm5+YTG3lF9eWV1bL2xsXps41YzXWSxjfRuA4VIoXkeBkt8mmkMUSH4TdE+H/s0D10bE6gp7CW9GcK9EKBiglVqFM/+qwxHushLu9ekx/S7LnhXK1Lcl9RUEElrZ2O3TsDTdt9cqFN2KOwL9S7wJKZIJLlqFgd+OWRpxhUyCMQ3PTbCZgUbBJO/n/dTwBFgX7nnDUgURN81sdG+f7lqlTcNY26eQjtSfExlExvSiwHZGgB3z2xuK/3mNFMPDZiZUkiJXbLwoTCXFmA7Do22hOUPZswSYFvavlHVAA0Mbcd6G4P0++S+53q941crRZbVYO5nEkSPbZIeUiEcOSI2ckwtSJ4w8kgF5JW/Ok/PsvDsf49YZZzKzRabgfH4BgJSm8A==</latexit>
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Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

r⇥f =


@f

@⇥1
, . . . ,

@f

@⇥m

�>

<latexit sha1_base64="GWtVMMC+VGSEHA/wCI8TfPBzgkY="></latexit>

• Gradient
⇥ 2 Rm

<latexit sha1_base64="aA41nu929lm+fWbUGSJaVYWHZS4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFNy6r9AVNLJPppB06MwkzE6GE4MZfceNCEbd+hTv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+rKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvc7/zQKSikWjqSUx8joaChhQjbaS+feg1R0Qj6FEBPY70KAjSu+w+5VnfrjhVZwq4SNyCVECBRt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSGDJ0YZwDCSpoSGU/X3RIq4UhMemM78SjXv5eJ/Xi/R4YWfUhEnmgg8WxQmDOoI5nnAAZUEazYxBGFJza0Qj5BEWJvUyiYEd/7lRdI+q7q16uVtrVK/KuIogSNwDE6BC85BHdyABmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gAjzZdN</latexit>

• with
Gradient-Descent(            ) 
Initialize  
Initialize t = 0 
repeat 
t = t + 1 

⇥init, ⌘, f,r⇥f, ✏

<latexit sha1_base64="jZIAvlGWqk4jlxZnckGvF+8YYC0=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIIHCbsS8HESvXiMYFTIhtA76TWDs7PLTK8YlvyLF3/FiwclePHgvzh5HHwVDBRV3fRURZmSlnz/w5uanpmdm19YLC0tr6yuldc3rmyaG4ENkarU3ERgUUmNDZKk8CYzCEmk8Dq6Oxv61/dorEz1JfUybCVwq2UsBZCT2uXj8LKLBO0iJHwgkxRSS+r393jo1D0eO6IhUtAez40EzKxUw+WKX/VH4H9JMCEVNkG9XR6EnVTkCWoSCqxtBn5GrQIMSaGwXwpzixmIO7jFpqMaErStYpSxz3ec0uFxatzTxEfq940CEmt7SeQmE6Cu/e0Nxf+8Zk7xYcvFznJCLcaH4lxxSvmwMN6RBgWpniMgjHR/5aILBgS5WkuuhOB35L/kar8a1KpHF7XKyemkjgW2xbbZLgvYATth56zOGkywR/bMXtmb9+S9eAPvfTw65U12NtkPeJ9f22OkYw==</latexit>

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

⇥(t) = ⇥(t�1) � ⌘r⇥f(⇥
(t�1))

<latexit sha1_base64="59ICBF4Jb0K4CKsqdoXRMxqO02k=">AAACL3icbVBNSwMxEM36WetX1aOXYBHqoWVXCupBKAriUcGq0K1lNs3a0Gx2SWaFsvQfefGv9CKiiFf/hekHaNUHgTfvzTCZFyRSGHTdF2dmdm5+YTG3lF9eWV1bL2xsXps41YzXWSxjfRuA4VIoXkeBkt8mmkMUSH4TdE+H/s0D10bE6gp7CW9GcK9EKBiglVqFM/+qwxHushLu9ekx/S7LnhXK1Lcl9RUEElrZ2O3TsDTdt9cqFN2KOwL9S7wJKZIJLlqFgd+OWRpxhUyCMQ3PTbCZgUbBJO/n/dTwBFgX7nnDUgURN81sdG+f7lqlTcNY26eQjtSfExlExvSiwHZGgB3z2xuK/3mNFMPDZiZUkiJXbLwoTCXFmA7Do22hOUPZswSYFvavlHVAA0Mbcd6G4P0++S+53q941crRZbVYO5nEkSPbZIeUiEcOSI2ckwtSJ4w8kgF5JW/Ok/PsvDsf49YZZzKzRabgfH4BgJSm8A==</latexit>
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Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

r⇥f =


@f

@⇥1
, . . . ,

@f

@⇥m

�>

<latexit sha1_base64="GWtVMMC+VGSEHA/wCI8TfPBzgkY="></latexit>

• Gradient
⇥ 2 Rm

<latexit sha1_base64="aA41nu929lm+fWbUGSJaVYWHZS4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFNy6r9AVNLJPppB06MwkzE6GE4MZfceNCEbd+hTv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+rKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvc7/zQKSikWjqSUx8joaChhQjbaS+feg1R0Qj6FEBPY70KAjSu+w+5VnfrjhVZwq4SNyCVECBRt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSGDJ0YZwDCSpoSGU/X3RIq4UhMemM78SjXv5eJ/Xi/R4YWfUhEnmgg8WxQmDOoI5nnAAZUEazYxBGFJza0Qj5BEWJvUyiYEd/7lRdI+q7q16uVtrVK/KuIogSNwDE6BC85BHdyABmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gAjzZdN</latexit>

• with
Gradient-Descent(            ) 
Initialize  
Initialize t = 0 
repeat 
t = t + 1 

 until

⇥init, ⌘, f,r⇥f, ✏

<latexit sha1_base64="jZIAvlGWqk4jlxZnckGvF+8YYC0=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIIHCbsS8HESvXiMYFTIhtA76TWDs7PLTK8YlvyLF3/FiwclePHgvzh5HHwVDBRV3fRURZmSlnz/w5uanpmdm19YLC0tr6yuldc3rmyaG4ENkarU3ERgUUmNDZKk8CYzCEmk8Dq6Oxv61/dorEz1JfUybCVwq2UsBZCT2uXj8LKLBO0iJHwgkxRSS+r393jo1D0eO6IhUtAez40EzKxUw+WKX/VH4H9JMCEVNkG9XR6EnVTkCWoSCqxtBn5GrQIMSaGwXwpzixmIO7jFpqMaErStYpSxz3ec0uFxatzTxEfq940CEmt7SeQmE6Cu/e0Nxf+8Zk7xYcvFznJCLcaH4lxxSvmwMN6RBgWpniMgjHR/5aILBgS5WkuuhOB35L/kar8a1KpHF7XKyemkjgW2xbbZLgvYATth56zOGkywR/bMXtmb9+S9eAPvfTw65U12NtkPeJ9f22OkYw==</latexit>

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

⇥(t) = ⇥(t�1) � ⌘r⇥f(⇥
(t�1))

<latexit sha1_base64="59ICBF4Jb0K4CKsqdoXRMxqO02k=">AAACL3icbVBNSwMxEM36WetX1aOXYBHqoWVXCupBKAriUcGq0K1lNs3a0Gx2SWaFsvQfefGv9CKiiFf/hekHaNUHgTfvzTCZFyRSGHTdF2dmdm5+YTG3lF9eWV1bL2xsXps41YzXWSxjfRuA4VIoXkeBkt8mmkMUSH4TdE+H/s0D10bE6gp7CW9GcK9EKBiglVqFM/+qwxHushLu9ekx/S7LnhXK1Lcl9RUEElrZ2O3TsDTdt9cqFN2KOwL9S7wJKZIJLlqFgd+OWRpxhUyCMQ3PTbCZgUbBJO/n/dTwBFgX7nnDUgURN81sdG+f7lqlTcNY26eQjtSfExlExvSiwHZGgB3z2xuK/3mNFMPDZiZUkiJXbLwoTCXFmA7Do22hOUPZswSYFvavlHVAA0Mbcd6G4P0++S+53q941crRZbVYO5nEkSPbZIeUiEcOSI2ckwtSJ4w8kgF5JW/Ok/PsvDsf49YZZzKzRabgfH4BgJSm8A==</latexit>
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Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

r⇥f =


@f

@⇥1
, . . . ,

@f

@⇥m

�>

<latexit sha1_base64="GWtVMMC+VGSEHA/wCI8TfPBzgkY="></latexit>

• Gradient
⇥ 2 Rm

<latexit sha1_base64="aA41nu929lm+fWbUGSJaVYWHZS4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFNy6r9AVNLJPppB06MwkzE6GE4MZfceNCEbd+hTv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+rKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvc7/zQKSikWjqSUx8joaChhQjbaS+feg1R0Qj6FEBPY70KAjSu+w+5VnfrjhVZwq4SNyCVECBRt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSGDJ0YZwDCSpoSGU/X3RIq4UhMemM78SjXv5eJ/Xi/R4YWfUhEnmgg8WxQmDOoI5nnAAZUEazYxBGFJza0Qj5BEWJvUyiYEd/7lRdI+q7q16uVtrVK/KuIogSNwDE6BC85BHdyABmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gAjzZdN</latexit>

• with
Gradient-Descent(            ) 
Initialize  
Initialize t = 0 
repeat 
t = t + 1 

 until

⇥init, ⌘, f,r⇥f, ✏

<latexit sha1_base64="jZIAvlGWqk4jlxZnckGvF+8YYC0=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIIHCbsS8HESvXiMYFTIhtA76TWDs7PLTK8YlvyLF3/FiwclePHgvzh5HHwVDBRV3fRURZmSlnz/w5uanpmdm19YLC0tr6yuldc3rmyaG4ENkarU3ERgUUmNDZKk8CYzCEmk8Dq6Oxv61/dorEz1JfUybCVwq2UsBZCT2uXj8LKLBO0iJHwgkxRSS+r393jo1D0eO6IhUtAez40EzKxUw+WKX/VH4H9JMCEVNkG9XR6EnVTkCWoSCqxtBn5GrQIMSaGwXwpzixmIO7jFpqMaErStYpSxz3ec0uFxatzTxEfq940CEmt7SeQmE6Cu/e0Nxf+8Zk7xYcvFznJCLcaH4lxxSvmwMN6RBgWpniMgjHR/5aILBgS5WkuuhOB35L/kar8a1KpHF7XKyemkjgW2xbbZLgvYATth56zOGkywR/bMXtmb9+S9eAPvfTw65U12NtkPeJ9f22OkYw==</latexit>

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

⇥(t) = ⇥(t�1) � ⌘r⇥f(⇥
(t�1))

<latexit sha1_base64="59ICBF4Jb0K4CKsqdoXRMxqO02k=">AAACL3icbVBNSwMxEM36WetX1aOXYBHqoWVXCupBKAriUcGq0K1lNs3a0Gx2SWaFsvQfefGv9CKiiFf/hekHaNUHgTfvzTCZFyRSGHTdF2dmdm5+YTG3lF9eWV1bL2xsXps41YzXWSxjfRuA4VIoXkeBkt8mmkMUSH4TdE+H/s0D10bE6gp7CW9GcK9EKBiglVqFM/+qwxHushLu9ekx/S7LnhXK1Lcl9RUEElrZ2O3TsDTdt9cqFN2KOwL9S7wJKZIJLlqFgd+OWRpxhUyCMQ3PTbCZgUbBJO/n/dTwBFgX7nnDUgURN81sdG+f7lqlTcNY26eQjtSfExlExvSiwHZGgB3z2xuK/3mNFMPDZiZUkiJXbLwoTCXFmA7Do22hOUPZswSYFvavlHVAA0Mbcd6G4P0++S+53q941crRZbVYO5nEkSPbZIeUiEcOSI2ckwtSJ4w8kgF5JW/Ok/PsvDsf49YZZzKzRabgfH4BgJSm8A==</latexit>

���f(⇥(t))� f(⇥(t�1))
��� < ✏

<latexit sha1_base64="KfCTrI9xLdTh3FeROUhUDYI5JWU=">AAACJnicbVDLSgNBEJyN7/iKevQyGITkkLArARUURC8eIxgNZGOYnfQmQ2YfzPQKYc3XePFXvHiIiHjzU5yNOWi0YKCoqqany4ul0GjbH1Zubn5hcWl5Jb+6tr6xWdjavtFRojg0eCQj1fSYBilCaKBACc1YAQs8Cbfe4CLzb+9BaRGF1ziMoR2wXih8wRkaqVM4dSX4+ED9knvdB2R3aQnLozKt/FIqTqa5SvT6JntCXYi1kNl80a7aE9C/xJmSIpmi3imM3W7EkwBC5JJp3XLsGNspUyi4hFHeTTTEjA9YD1qGhiwA3U4nZ47ovlG61I+UeSHSifpzImWB1sPAM8mAYV/Pepn4n9dK0D9qpyKME4SQfy/yE0kxollntCsUcJRDQxhXwvyV8j5TjKNpNm9KcGZP/ktuDqpOrXp8VSuenU/rWCa7ZI+UiEMOyRm5JHXSIJw8kmcyJq/Wk/VivVnv39GcNZ3ZIb9gfX4BDRajtw==</latexit>
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Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

r⇥f =


@f

@⇥1
, . . . ,

@f

@⇥m

�>

<latexit sha1_base64="GWtVMMC+VGSEHA/wCI8TfPBzgkY="></latexit>

• Gradient
⇥ 2 Rm

<latexit sha1_base64="aA41nu929lm+fWbUGSJaVYWHZS4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFNy6r9AVNLJPppB06MwkzE6GE4MZfceNCEbd+hTv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+rKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvc7/zQKSikWjqSUx8joaChhQjbaS+feg1R0Qj6FEBPY70KAjSu+w+5VnfrjhVZwq4SNyCVECBRt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSGDJ0YZwDCSpoSGU/X3RIq4UhMemM78SjXv5eJ/Xi/R4YWfUhEnmgg8WxQmDOoI5nnAAZUEazYxBGFJza0Qj5BEWJvUyiYEd/7lRdI+q7q16uVtrVK/KuIogSNwDE6BC85BHdyABmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gAjzZdN</latexit>

• with
Gradient-Descent(            ) 
Initialize  
Initialize t = 0 
repeat 
t = t + 1 

 until 
Return 

⇥init, ⌘, f,r⇥f, ✏

<latexit sha1_base64="jZIAvlGWqk4jlxZnckGvF+8YYC0=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIIHCbsS8HESvXiMYFTIhtA76TWDs7PLTK8YlvyLF3/FiwclePHgvzh5HHwVDBRV3fRURZmSlnz/w5uanpmdm19YLC0tr6yuldc3rmyaG4ENkarU3ERgUUmNDZKk8CYzCEmk8Dq6Oxv61/dorEz1JfUybCVwq2UsBZCT2uXj8LKLBO0iJHwgkxRSS+r393jo1D0eO6IhUtAez40EzKxUw+WKX/VH4H9JMCEVNkG9XR6EnVTkCWoSCqxtBn5GrQIMSaGwXwpzixmIO7jFpqMaErStYpSxz3ec0uFxatzTxEfq940CEmt7SeQmE6Cu/e0Nxf+8Zk7xYcvFznJCLcaH4lxxSvmwMN6RBgWpniMgjHR/5aILBgS5WkuuhOB35L/kar8a1KpHF7XKyemkjgW2xbbZLgvYATth56zOGkywR/bMXtmb9+S9eAPvfTw65U12NtkPeJ9f22OkYw==</latexit>

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

⇥(t) = ⇥(t�1) � ⌘r⇥f(⇥
(t�1))

<latexit sha1_base64="59ICBF4Jb0K4CKsqdoXRMxqO02k=">AAACL3icbVBNSwMxEM36WetX1aOXYBHqoWVXCupBKAriUcGq0K1lNs3a0Gx2SWaFsvQfefGv9CKiiFf/hekHaNUHgTfvzTCZFyRSGHTdF2dmdm5+YTG3lF9eWV1bL2xsXps41YzXWSxjfRuA4VIoXkeBkt8mmkMUSH4TdE+H/s0D10bE6gp7CW9GcK9EKBiglVqFM/+qwxHushLu9ekx/S7LnhXK1Lcl9RUEElrZ2O3TsDTdt9cqFN2KOwL9S7wJKZIJLlqFgd+OWRpxhUyCMQ3PTbCZgUbBJO/n/dTwBFgX7nnDUgURN81sdG+f7lqlTcNY26eQjtSfExlExvSiwHZGgB3z2xuK/3mNFMPDZiZUkiJXbLwoTCXFmA7Do22hOUPZswSYFvavlHVAA0Mbcd6G4P0++S+53q941crRZbVYO5nEkSPbZIeUiEcOSI2ckwtSJ4w8kgF5JW/Ok/PsvDsf49YZZzKzRabgfH4BgJSm8A==</latexit>

���f(⇥(t))� f(⇥(t�1))
��� < ✏

<latexit sha1_base64="KfCTrI9xLdTh3FeROUhUDYI5JWU=">AAACJnicbVDLSgNBEJyN7/iKevQyGITkkLArARUURC8eIxgNZGOYnfQmQ2YfzPQKYc3XePFXvHiIiHjzU5yNOWi0YKCoqqany4ul0GjbH1Zubn5hcWl5Jb+6tr6xWdjavtFRojg0eCQj1fSYBilCaKBACc1YAQs8Cbfe4CLzb+9BaRGF1ziMoR2wXih8wRkaqVM4dSX4+ED9knvdB2R3aQnLozKt/FIqTqa5SvT6JntCXYi1kNl80a7aE9C/xJmSIpmi3imM3W7EkwBC5JJp3XLsGNspUyi4hFHeTTTEjA9YD1qGhiwA3U4nZ47ovlG61I+UeSHSifpzImWB1sPAM8mAYV/Pepn4n9dK0D9qpyKME4SQfy/yE0kxollntCsUcJRDQxhXwvyV8j5TjKNpNm9KcGZP/ktuDqpOrXp8VSuenU/rWCa7ZI+UiEMOyRm5JHXSIJw8kmcyJq/Wk/VivVnv39GcNZ3ZIb9gfX4BDRajtw==</latexit>

⇥(t)

<latexit sha1_base64="CNj4IgcNwNjP3UJzGiOzYCDuEIA=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBDiJexKQL0FvXiMkBdk1zA76U2GzD6Y6RXCkt/w4kERr/6MN//GSbIHTSxoKKq66e7yEyk02va3tba+sbm1Xdgp7u7tHxyWjo7bOk4VhxaPZay6PtMgRQQtFCihmyhgoS+h44/vZn7nCZQWcdTESQJeyIaRCARnaCTXbY4A2WNWwYtpv1S2q/YcdJU4OSmTHI1+6csdxDwNIUIumdY9x07Qy5hCwSVMi26qIWF8zIbQMzRiIWgvm988pedGGdAgVqYipHP190TGQq0noW86Q4YjvezNxP+8XorBtZeJKEkRIr5YFKSSYkxnAdCBUMBRTgxhXAlzK+UjphhHE1PRhOAsv7xK2pdVp1a9eaiV67d5HAVySs5IhTjkitTJPWmQFuEkIc/klbxZqfVivVsfi9Y1K585IX9gff4AmOiRaw==</latexit>
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Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

r⇥f =


@f

@⇥1
, . . . ,

@f

@⇥m

�>

<latexit sha1_base64="GWtVMMC+VGSEHA/wCI8TfPBzgkY="></latexit>

• Gradient
⇥ 2 Rm

<latexit sha1_base64="aA41nu929lm+fWbUGSJaVYWHZS4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFNy6r9AVNLJPppB06MwkzE6GE4MZfceNCEbd+hTv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+rKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvc7/zQKSikWjqSUx8joaChhQjbaS+feg1R0Qj6FEBPY70KAjSu+w+5VnfrjhVZwq4SNyCVECBRt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSGDJ0YZwDCSpoSGU/X3RIq4UhMemM78SjXv5eJ/Xi/R4YWfUhEnmgg8WxQmDOoI5nnAAZUEazYxBGFJza0Qj5BEWJvUyiYEd/7lRdI+q7q16uVtrVK/KuIogSNwDE6BC85BHdyABmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gAjzZdN</latexit>

• with
Gradient-Descent(            ) 
Initialize  
Initialize t = 0 
repeat 
t = t + 1 

 until 
Return 

⇥init, ⌘, f,r⇥f, ✏

<latexit sha1_base64="jZIAvlGWqk4jlxZnckGvF+8YYC0=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIIHCbsS8HESvXiMYFTIhtA76TWDs7PLTK8YlvyLF3/FiwclePHgvzh5HHwVDBRV3fRURZmSlnz/w5uanpmdm19YLC0tr6yuldc3rmyaG4ENkarU3ERgUUmNDZKk8CYzCEmk8Dq6Oxv61/dorEz1JfUybCVwq2UsBZCT2uXj8LKLBO0iJHwgkxRSS+r393jo1D0eO6IhUtAez40EzKxUw+WKX/VH4H9JMCEVNkG9XR6EnVTkCWoSCqxtBn5GrQIMSaGwXwpzixmIO7jFpqMaErStYpSxz3ec0uFxatzTxEfq940CEmt7SeQmE6Cu/e0Nxf+8Zk7xYcvFznJCLcaH4lxxSvmwMN6RBgWpniMgjHR/5aILBgS5WkuuhOB35L/kar8a1KpHF7XKyemkjgW2xbbZLgvYATth56zOGkywR/bMXtmb9+S9eAPvfTw65U12NtkPeJ9f22OkYw==</latexit>

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

⇥(t) = ⇥(t�1) � ⌘r⇥f(⇥
(t�1))

<latexit sha1_base64="59ICBF4Jb0K4CKsqdoXRMxqO02k=">AAACL3icbVBNSwMxEM36WetX1aOXYBHqoWVXCupBKAriUcGq0K1lNs3a0Gx2SWaFsvQfefGv9CKiiFf/hekHaNUHgTfvzTCZFyRSGHTdF2dmdm5+YTG3lF9eWV1bL2xsXps41YzXWSxjfRuA4VIoXkeBkt8mmkMUSH4TdE+H/s0D10bE6gp7CW9GcK9EKBiglVqFM/+qwxHushLu9ekx/S7LnhXK1Lcl9RUEElrZ2O3TsDTdt9cqFN2KOwL9S7wJKZIJLlqFgd+OWRpxhUyCMQ3PTbCZgUbBJO/n/dTwBFgX7nnDUgURN81sdG+f7lqlTcNY26eQjtSfExlExvSiwHZGgB3z2xuK/3mNFMPDZiZUkiJXbLwoTCXFmA7Do22hOUPZswSYFvavlHVAA0Mbcd6G4P0++S+53q941crRZbVYO5nEkSPbZIeUiEcOSI2ckwtSJ4w8kgF5JW/Ok/PsvDsf49YZZzKzRabgfH4BgJSm8A==</latexit>

���f(⇥(t))� f(⇥(t�1))
��� < ✏

<latexit sha1_base64="KfCTrI9xLdTh3FeROUhUDYI5JWU=">AAACJnicbVDLSgNBEJyN7/iKevQyGITkkLArARUURC8eIxgNZGOYnfQmQ2YfzPQKYc3XePFXvHiIiHjzU5yNOWi0YKCoqqany4ul0GjbH1Zubn5hcWl5Jb+6tr6xWdjavtFRojg0eCQj1fSYBilCaKBACc1YAQs8Cbfe4CLzb+9BaRGF1ziMoR2wXih8wRkaqVM4dSX4+ED9knvdB2R3aQnLozKt/FIqTqa5SvT6JntCXYi1kNl80a7aE9C/xJmSIpmi3imM3W7EkwBC5JJp3XLsGNspUyi4hFHeTTTEjA9YD1qGhiwA3U4nZ47ovlG61I+UeSHSifpzImWB1sPAM8mAYV/Pepn4n9dK0D9qpyKME4SQfy/yE0kxollntCsUcJRDQxhXwvyV8j5TjKNpNm9KcGZP/ktuDqpOrXp8VSuenU/rWCa7ZI+UiEMOyRm5JHXSIJw8kmcyJq/Wk/VivVnv39GcNZ3ZIb9gfX4BDRajtw==</latexit>

⇥(t)

<latexit sha1_base64="CNj4IgcNwNjP3UJzGiOzYCDuEIA=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBDiJexKQL0FvXiMkBdk1zA76U2GzD6Y6RXCkt/w4kERr/6MN//GSbIHTSxoKKq66e7yEyk02va3tba+sbm1Xdgp7u7tHxyWjo7bOk4VhxaPZay6PtMgRQQtFCihmyhgoS+h44/vZn7nCZQWcdTESQJeyIaRCARnaCTXbY4A2WNWwYtpv1S2q/YcdJU4OSmTHI1+6csdxDwNIUIumdY9x07Qy5hCwSVMi26qIWF8zIbQMzRiIWgvm988pedGGdAgVqYipHP190TGQq0noW86Q4YjvezNxP+8XorBtZeJKEkRIr5YFKSSYkxnAdCBUMBRTgxhXAlzK+UjphhHE1PRhOAsv7xK2pdVp1a9eaiV67d5HAVySs5IhTjkitTJPWmQFuEkIc/klbxZqfVivVsfi9Y1K585IX9gff4AmOiRaw==</latexit>

• Other possible stopping criteria:
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Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

r⇥f =


@f

@⇥1
, . . . ,

@f

@⇥m

�>

<latexit sha1_base64="GWtVMMC+VGSEHA/wCI8TfPBzgkY="></latexit>

• Gradient
⇥ 2 Rm

<latexit sha1_base64="aA41nu929lm+fWbUGSJaVYWHZS4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFNy6r9AVNLJPppB06MwkzE6GE4MZfceNCEbd+hTv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+rKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvc7/zQKSikWjqSUx8joaChhQjbaS+feg1R0Qj6FEBPY70KAjSu+w+5VnfrjhVZwq4SNyCVECBRt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSGDJ0YZwDCSpoSGU/X3RIq4UhMemM78SjXv5eJ/Xi/R4YWfUhEnmgg8WxQmDOoI5nnAAZUEazYxBGFJza0Qj5BEWJvUyiYEd/7lRdI+q7q16uVtrVK/KuIogSNwDE6BC85BHdyABmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gAjzZdN</latexit>

• with
Gradient-Descent(            ) 
Initialize  
Initialize t = 0 
repeat 
t = t + 1 

 until 
Return 

⇥init, ⌘, f,r⇥f, ✏

<latexit sha1_base64="jZIAvlGWqk4jlxZnckGvF+8YYC0=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIIHCbsS8HESvXiMYFTIhtA76TWDs7PLTK8YlvyLF3/FiwclePHgvzh5HHwVDBRV3fRURZmSlnz/w5uanpmdm19YLC0tr6yuldc3rmyaG4ENkarU3ERgUUmNDZKk8CYzCEmk8Dq6Oxv61/dorEz1JfUybCVwq2UsBZCT2uXj8LKLBO0iJHwgkxRSS+r393jo1D0eO6IhUtAez40EzKxUw+WKX/VH4H9JMCEVNkG9XR6EnVTkCWoSCqxtBn5GrQIMSaGwXwpzixmIO7jFpqMaErStYpSxz3ec0uFxatzTxEfq940CEmt7SeQmE6Cu/e0Nxf+8Zk7xYcvFznJCLcaH4lxxSvmwMN6RBgWpniMgjHR/5aILBgS5WkuuhOB35L/kar8a1KpHF7XKyemkjgW2xbbZLgvYATth56zOGkywR/bMXtmb9+S9eAPvfTw65U12NtkPeJ9f22OkYw==</latexit>

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

⇥(t) = ⇥(t�1) � ⌘r⇥f(⇥
(t�1))

<latexit sha1_base64="59ICBF4Jb0K4CKsqdoXRMxqO02k=">AAACL3icbVBNSwMxEM36WetX1aOXYBHqoWVXCupBKAriUcGq0K1lNs3a0Gx2SWaFsvQfefGv9CKiiFf/hekHaNUHgTfvzTCZFyRSGHTdF2dmdm5+YTG3lF9eWV1bL2xsXps41YzXWSxjfRuA4VIoXkeBkt8mmkMUSH4TdE+H/s0D10bE6gp7CW9GcK9EKBiglVqFM/+qwxHushLu9ekx/S7LnhXK1Lcl9RUEElrZ2O3TsDTdt9cqFN2KOwL9S7wJKZIJLlqFgd+OWRpxhUyCMQ3PTbCZgUbBJO/n/dTwBFgX7nnDUgURN81sdG+f7lqlTcNY26eQjtSfExlExvSiwHZGgB3z2xuK/3mNFMPDZiZUkiJXbLwoTCXFmA7Do22hOUPZswSYFvavlHVAA0Mbcd6G4P0++S+53q941crRZbVYO5nEkSPbZIeUiEcOSI2ckwtSJ4w8kgF5JW/Ok/PsvDsf49YZZzKzRabgfH4BgJSm8A==</latexit>

���f(⇥(t))� f(⇥(t�1))
��� < ✏

<latexit sha1_base64="KfCTrI9xLdTh3FeROUhUDYI5JWU=">AAACJnicbVDLSgNBEJyN7/iKevQyGITkkLArARUURC8eIxgNZGOYnfQmQ2YfzPQKYc3XePFXvHiIiHjzU5yNOWi0YKCoqqany4ul0GjbH1Zubn5hcWl5Jb+6tr6xWdjavtFRojg0eCQj1fSYBilCaKBACc1YAQs8Cbfe4CLzb+9BaRGF1ziMoR2wXih8wRkaqVM4dSX4+ED9knvdB2R3aQnLozKt/FIqTqa5SvT6JntCXYi1kNl80a7aE9C/xJmSIpmi3imM3W7EkwBC5JJp3XLsGNspUyi4hFHeTTTEjA9YD1qGhiwA3U4nZ47ovlG61I+UeSHSifpzImWB1sPAM8mAYV/Pepn4n9dK0D9qpyKME4SQfy/yE0kxollntCsUcJRDQxhXwvyV8j5TjKNpNm9KcGZP/ktuDqpOrXp8VSuenU/rWCa7ZI+UiEMOyRm5JHXSIJw8kmcyJq/Wk/VivVnv39GcNZ3ZIb9gfX4BDRajtw==</latexit>

⇥(t)

<latexit sha1_base64="CNj4IgcNwNjP3UJzGiOzYCDuEIA=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBDiJexKQL0FvXiMkBdk1zA76U2GzD6Y6RXCkt/w4kERr/6MN//GSbIHTSxoKKq66e7yEyk02va3tba+sbm1Xdgp7u7tHxyWjo7bOk4VhxaPZay6PtMgRQQtFCihmyhgoS+h44/vZn7nCZQWcdTESQJeyIaRCARnaCTXbY4A2WNWwYtpv1S2q/YcdJU4OSmTHI1+6csdxDwNIUIumdY9x07Qy5hCwSVMi26qIWF8zIbQMzRiIWgvm988pedGGdAgVqYipHP190TGQq0noW86Q4YjvezNxP+8XorBtZeJKEkRIr5YFKSSYkxnAdCBUMBRTgxhXAlzK+UjphhHE1PRhOAsv7xK2pdVp1a9eaiV67d5HAVySs5IhTjkitTJPWmQFuEkIc/klbxZqfVivVsfi9Y1K585IX9gff4AmOiRaw==</latexit>

• Other possible stopping criteria: 
• Max number of iterations T
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Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

r⇥f =


@f

@⇥1
, . . . ,

@f

@⇥m

�>

<latexit sha1_base64="GWtVMMC+VGSEHA/wCI8TfPBzgkY="></latexit>

• Gradient
⇥ 2 Rm

<latexit sha1_base64="aA41nu929lm+fWbUGSJaVYWHZS4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFNy6r9AVNLJPppB06MwkzE6GE4MZfceNCEbd+hTv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+rKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvc7/zQKSikWjqSUx8joaChhQjbaS+feg1R0Qj6FEBPY70KAjSu+w+5VnfrjhVZwq4SNyCVECBRt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSGDJ0YZwDCSpoSGU/X3RIq4UhMemM78SjXv5eJ/Xi/R4YWfUhEnmgg8WxQmDOoI5nnAAZUEazYxBGFJza0Qj5BEWJvUyiYEd/7lRdI+q7q16uVtrVK/KuIogSNwDE6BC85BHdyABmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gAjzZdN</latexit>

• with
Gradient-Descent(            ) 
Initialize  
Initialize t = 0 
repeat 
t = t + 1 

 until 
Return 

⇥init, ⌘, f,r⇥f, ✏

<latexit sha1_base64="jZIAvlGWqk4jlxZnckGvF+8YYC0=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIIHCbsS8HESvXiMYFTIhtA76TWDs7PLTK8YlvyLF3/FiwclePHgvzh5HHwVDBRV3fRURZmSlnz/w5uanpmdm19YLC0tr6yuldc3rmyaG4ENkarU3ERgUUmNDZKk8CYzCEmk8Dq6Oxv61/dorEz1JfUybCVwq2UsBZCT2uXj8LKLBO0iJHwgkxRSS+r393jo1D0eO6IhUtAez40EzKxUw+WKX/VH4H9JMCEVNkG9XR6EnVTkCWoSCqxtBn5GrQIMSaGwXwpzixmIO7jFpqMaErStYpSxz3ec0uFxatzTxEfq940CEmt7SeQmE6Cu/e0Nxf+8Zk7xYcvFznJCLcaH4lxxSvmwMN6RBgWpniMgjHR/5aILBgS5WkuuhOB35L/kar8a1KpHF7XKyemkjgW2xbbZLgvYATth56zOGkywR/bMXtmb9+S9eAPvfTw65U12NtkPeJ9f22OkYw==</latexit>

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

⇥(t) = ⇥(t�1) � ⌘r⇥f(⇥
(t�1))

<latexit sha1_base64="59ICBF4Jb0K4CKsqdoXRMxqO02k=">AAACL3icbVBNSwMxEM36WetX1aOXYBHqoWVXCupBKAriUcGq0K1lNs3a0Gx2SWaFsvQfefGv9CKiiFf/hekHaNUHgTfvzTCZFyRSGHTdF2dmdm5+YTG3lF9eWV1bL2xsXps41YzXWSxjfRuA4VIoXkeBkt8mmkMUSH4TdE+H/s0D10bE6gp7CW9GcK9EKBiglVqFM/+qwxHushLu9ekx/S7LnhXK1Lcl9RUEElrZ2O3TsDTdt9cqFN2KOwL9S7wJKZIJLlqFgd+OWRpxhUyCMQ3PTbCZgUbBJO/n/dTwBFgX7nnDUgURN81sdG+f7lqlTcNY26eQjtSfExlExvSiwHZGgB3z2xuK/3mNFMPDZiZUkiJXbLwoTCXFmA7Do22hOUPZswSYFvavlHVAA0Mbcd6G4P0++S+53q941crRZbVYO5nEkSPbZIeUiEcOSI2ckwtSJ4w8kgF5JW/Ok/PsvDsf49YZZzKzRabgfH4BgJSm8A==</latexit>

���f(⇥(t))� f(⇥(t�1))
��� < ✏

<latexit sha1_base64="KfCTrI9xLdTh3FeROUhUDYI5JWU=">AAACJnicbVDLSgNBEJyN7/iKevQyGITkkLArARUURC8eIxgNZGOYnfQmQ2YfzPQKYc3XePFXvHiIiHjzU5yNOWi0YKCoqqany4ul0GjbH1Zubn5hcWl5Jb+6tr6xWdjavtFRojg0eCQj1fSYBilCaKBACc1YAQs8Cbfe4CLzb+9BaRGF1ziMoR2wXih8wRkaqVM4dSX4+ED9knvdB2R3aQnLozKt/FIqTqa5SvT6JntCXYi1kNl80a7aE9C/xJmSIpmi3imM3W7EkwBC5JJp3XLsGNspUyi4hFHeTTTEjA9YD1qGhiwA3U4nZ47ovlG61I+UeSHSifpzImWB1sPAM8mAYV/Pepn4n9dK0D9qpyKME4SQfy/yE0kxollntCsUcJRDQxhXwvyV8j5TjKNpNm9KcGZP/ktuDqpOrXp8VSuenU/rWCa7ZI+UiEMOyRm5JHXSIJw8kmcyJq/Wk/VivVnv39GcNZ3ZIb9gfX4BDRajtw==</latexit>

⇥(t)

<latexit sha1_base64="CNj4IgcNwNjP3UJzGiOzYCDuEIA=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBDiJexKQL0FvXiMkBdk1zA76U2GzD6Y6RXCkt/w4kERr/6MN//GSbIHTSxoKKq66e7yEyk02va3tba+sbm1Xdgp7u7tHxyWjo7bOk4VhxaPZay6PtMgRQQtFCihmyhgoS+h44/vZn7nCZQWcdTESQJeyIaRCARnaCTXbY4A2WNWwYtpv1S2q/YcdJU4OSmTHI1+6csdxDwNIUIumdY9x07Qy5hCwSVMi26qIWF8zIbQMzRiIWgvm988pedGGdAgVqYipHP190TGQq0noW86Q4YjvezNxP+8XorBtZeJKEkRIr5YFKSSYkxnAdCBUMBRTgxhXAlzK+UjphhHE1PRhOAsv7xK2pdVp1a9eaiV67d5HAVySs5IhTjkitTJPWmQFuEkIc/klbxZqfVivVsfi9Y1K585IX9gff4AmOiRaw==</latexit>

• Other possible stopping criteria: 
• Max number of iterations T 
•  |⇥(t) �⇥(t�1)| < ✏

<latexit sha1_base64="bU3abO4sKfS+gP/XgWJUTUeZ6Lc=">AAACFXicbVDLSgMxFM34rPVVdekmWAQFW2akoIKLohuXFdoqdKpk0js2NPMguSOUaX/Cjb/ixoUibgV3/o2ZtgutHgicnHMuyT1eLIVG2/6yZmbn5hcWc0v55ZXVtfXCxmZTR4ni0OCRjNS1xzRIEUIDBUq4jhWwwJNw5fXOM//qHpQWUVjHfgztgN2FwhecoZFuCwcD6ta7gOwm3cP9IS39uJYcIwzoKXUh1kJm8aJdtkegf4kzIUUyQe228Ol2Ip4EECKXTOuWY8fYTplCwSUM826iIWa8x+6gZWjIAtDtdLTVkO4apUP9SJkTIh2pPydSFmjdDzyTDBh29bSXif95rQT943YqwjhBCPn4IT+RFCOaVUQ7QgFH2TeEcSXMXynvMsU4miLzpgRneuW/pHlYdirlk8tKsXo2qSNHtskO2SMOOSJVckFqpEE4eSBP5IW8Wo/Ws/VmvY+jM9ZkZov8gvXxDWV3nR4=</latexit>
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Gradient descent

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

⇥1

<latexit sha1_base64="uexB6DH0bOjlqmBpiwbS+lE6W1k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEUG9FLx4r9AvaUDbbSbt0s4m7E6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFtfWNzq7hd2tnd2z8oHx61TJxqDk0ey1h3AmZACgVNFCihk2hgUSChHYzvZn77CbQRsWrgJAE/YkMlQsEZWqnTa4wAWd/rlytu1Z2DrhIvJxWSo94vf/UGMU8jUMglM6bruQn6GdMouIRpqZcaSBgfsyF0LVUsAuNn83un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe+5lQSYqg+GJRmEqKMZ09TwdCA0c5sYRxLeytlI+YZhxtRCUbgrf88ippXVS9y+rNw2WldpvHUSQn5JScE49ckRq5J3XSJJxI8kxeyZvz6Lw4787HorXg5DPH5A+czx+gB4+4</latexit>

⇥2

<latexit sha1_base64="xMqvKiZcWfV4vLAcFFJIP7is2Kg=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLevEYIS9IljA76U2GzM6uM7NCCPkJLx4U8ervePNvnCR70MSChqKqm+6uIBFcG9f9dnIbm1vbO/ndwt7+weFR8fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJYNM0nQj+hQ8pAzaqzU6TVGaGi/0i+W3LK7AFknXkZKkKHeL371BjFLI5SGCap113MT40+pMpwJnBV6qcaEsjEdYtdSSSPU/nRx74xcWGVAwljZkoYs1N8TUxppPYkC2xlRM9Kr3lz8z+umJrz2p1wmqUHJlovCVBATk/nzZMAVMiMmllCmuL2VsBFVlBkbUcGG4K2+vE5albJXLd88VEu12yyOPJzBOVyCB1dQg3uoQxMYCHiGV3hzHp0X5935WLbmnGzmFP7A+fwBoYuPuQ==</latexit>

f(⇥)

<latexit sha1_base64="4IZ5HfOFkSrWJAQHEfEf+7VDm4M=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKQL0FvXiMkJckS5idzCZDZmeXmV4hhHyFFw+KePVzvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7dxOfndv/+CwcHTcNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWM7mZ+64lrI2JVx3HC/YgOlAgFo2ilx7DUrQ850oteoeiW3TnIKvEyUoQMtV7hq9uPWRpxhUxSYzqem6A/oRoFk3ya76aGJ5SN6IB3LFU04safzA+eknOr9EkYa1sKyVz9PTGhkTHjKLCdEcWhWfZm4n9eJ8Xw2p8IlaTIFVssClNJMCaz70lfaM5Qji2hTAt7K2FDqilDm1HehuAtv7xKmpdlr1K+eagUq7dZHDk4hTMogQdXUIV7qEEDGETwDK/w5mjnxXl3Phata042cwJ/4Hz+AAG7j+k=</latexit>

r⇥f =


@f

@⇥1
, . . . ,

@f

@⇥m

�>

<latexit sha1_base64="GWtVMMC+VGSEHA/wCI8TfPBzgkY="></latexit>

• Gradient
⇥ 2 Rm

<latexit sha1_base64="aA41nu929lm+fWbUGSJaVYWHZS4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRSUHdFNy6r9AVNLJPppB06MwkzE6GE4MZfceNCEbd+hTv/xkmbhbYeuHA4517uvSeIGVXacb6tpeWV1bX10kZ5c2t7Z9fe22+rKJGYtHDEItkNkCKMCtLSVDPSjSVBPGCkE4yvc7/zQKSikWjqSUx8joaChhQjbaS+feg1R0Qj6FEBPY70KAjSu+w+5VnfrjhVZwq4SNyCVECBRt/+8gYRTjgRGjOkVM91Yu2nSGqKGcnKXqJIjPAYDUnPUIE4UX46fSGDJ0YZwDCSpoSGU/X3RIq4UhMemM78SjXv5eJ/Xi/R4YWfUhEnmgg8WxQmDOoI5nnAAZUEazYxBGFJza0Qj5BEWJvUyiYEd/7lRdI+q7q16uVtrVK/KuIogSNwDE6BC85BHdyABmgBDB7BM3gFb9aT9WK9Wx+z1iWrmDkAf2B9/gAjzZdN</latexit>

• with
Gradient-Descent(            ) 
Initialize  
Initialize t = 0 
repeat 
t = t + 1 

 until 
Return 

⇥init, ⌘, f,r⇥f, ✏

<latexit sha1_base64="jZIAvlGWqk4jlxZnckGvF+8YYC0=">AAACI3icbVDLSgNBEJz1bXxFPXoZDIIHCbsS8HESvXiMYFTIhtA76TWDs7PLTK8YlvyLF3/FiwclePHgvzh5HHwVDBRV3fRURZmSlnz/w5uanpmdm19YLC0tr6yuldc3rmyaG4ENkarU3ERgUUmNDZKk8CYzCEmk8Dq6Oxv61/dorEz1JfUybCVwq2UsBZCT2uXj8LKLBO0iJHwgkxRSS+r393jo1D0eO6IhUtAez40EzKxUw+WKX/VH4H9JMCEVNkG9XR6EnVTkCWoSCqxtBn5GrQIMSaGwXwpzixmIO7jFpqMaErStYpSxz3ec0uFxatzTxEfq940CEmt7SeQmE6Cu/e0Nxf+8Zk7xYcvFznJCLcaH4lxxSvmwMN6RBgWpniMgjHR/5aILBgS5WkuuhOB35L/kar8a1KpHF7XKyemkjgW2xbbZLgvYATth56zOGkywR/bMXtmb9+S9eAPvfTw65U12NtkPeJ9f22OkYw==</latexit>

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

⇥(t) = ⇥(t�1) � ⌘r⇥f(⇥
(t�1))

<latexit sha1_base64="59ICBF4Jb0K4CKsqdoXRMxqO02k=">AAACL3icbVBNSwMxEM36WetX1aOXYBHqoWVXCupBKAriUcGq0K1lNs3a0Gx2SWaFsvQfefGv9CKiiFf/hekHaNUHgTfvzTCZFyRSGHTdF2dmdm5+YTG3lF9eWV1bL2xsXps41YzXWSxjfRuA4VIoXkeBkt8mmkMUSH4TdE+H/s0D10bE6gp7CW9GcK9EKBiglVqFM/+qwxHushLu9ekx/S7LnhXK1Lcl9RUEElrZ2O3TsDTdt9cqFN2KOwL9S7wJKZIJLlqFgd+OWRpxhUyCMQ3PTbCZgUbBJO/n/dTwBFgX7nnDUgURN81sdG+f7lqlTcNY26eQjtSfExlExvSiwHZGgB3z2xuK/3mNFMPDZiZUkiJXbLwoTCXFmA7Do22hOUPZswSYFvavlHVAA0Mbcd6G4P0++S+53q941crRZbVYO5nEkSPbZIeUiEcOSI2ckwtSJ4w8kgF5JW/Ok/PsvDsf49YZZzKzRabgfH4BgJSm8A==</latexit>

���f(⇥(t))� f(⇥(t�1))
��� < ✏

<latexit sha1_base64="KfCTrI9xLdTh3FeROUhUDYI5JWU=">AAACJnicbVDLSgNBEJyN7/iKevQyGITkkLArARUURC8eIxgNZGOYnfQmQ2YfzPQKYc3XePFXvHiIiHjzU5yNOWi0YKCoqqany4ul0GjbH1Zubn5hcWl5Jb+6tr6xWdjavtFRojg0eCQj1fSYBilCaKBACc1YAQs8Cbfe4CLzb+9BaRGF1ziMoR2wXih8wRkaqVM4dSX4+ED9knvdB2R3aQnLozKt/FIqTqa5SvT6JntCXYi1kNl80a7aE9C/xJmSIpmi3imM3W7EkwBC5JJp3XLsGNspUyi4hFHeTTTEjA9YD1qGhiwA3U4nZ47ovlG61I+UeSHSifpzImWB1sPAM8mAYV/Pepn4n9dK0D9qpyKME4SQfy/yE0kxollntCsUcJRDQxhXwvyV8j5TjKNpNm9KcGZP/ktuDqpOrXp8VSuenU/rWCa7ZI+UiEMOyRm5JHXSIJw8kmcyJq/Wk/VivVnv39GcNZ3ZIb9gfX4BDRajtw==</latexit>

⇥(t)

<latexit sha1_base64="CNj4IgcNwNjP3UJzGiOzYCDuEIA=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBDiJexKQL0FvXiMkBdk1zA76U2GzD6Y6RXCkt/w4kERr/6MN//GSbIHTSxoKKq66e7yEyk02va3tba+sbm1Xdgp7u7tHxyWjo7bOk4VhxaPZay6PtMgRQQtFCihmyhgoS+h44/vZn7nCZQWcdTESQJeyIaRCARnaCTXbY4A2WNWwYtpv1S2q/YcdJU4OSmTHI1+6csdxDwNIUIumdY9x07Qy5hCwSVMi26qIWF8zIbQMzRiIWgvm988pedGGdAgVqYipHP190TGQq0noW86Q4YjvezNxP+8XorBtZeJKEkRIr5YFKSSYkxnAdCBUMBRTgxhXAlzK+UjphhHE1PRhOAsv7xK2pdVp1a9eaiV67d5HAVySs5IhTjkitTJPWmQFuEkIc/klbxZqfVivVsfi9Y1K585IX9gff4AmOiRaw==</latexit>

• Other possible stopping criteria: 
• Max number of iterations T 
•   
•  
|⇥(t) �⇥(t�1)| < ✏
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Gradient descent properties
• A function f on       is convex if any line segment 

connecting two points of the graph of f lies above or 
on the graph

Rm

<latexit sha1_base64="PxjKZf6vS4QqveVkwAYNz9r3XZY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6KblxWsQ/ojCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+R+54kqzWL5YCYJDQQeShYxgo2VfF9gMwrD7H76KPrVmlt3Z0DLxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE02nFTzVNMBnjIe1ZKrGgOshmmafoxCoDFMXKPmnQTP29kWGh9USEdjLPqBe9XPzP66UmugwyJpPUUEnmh6KUIxOjvAA0YIoSwyeWYKKYzYrICCtMjK2pYkvwFr+8TNpnde+8fnV3XmtcF3WU4QiO4RQ8uIAG3EITWkAggWd4hTcndV6cd+djPlpyip1D+APn8wdHfZHd</latexit>
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✏̃ > 0

<latexit sha1_base64="9RDGk/SbFIbSB81tTXY2dnitcGs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIpqBspunFZwT6gCWUyuWmHTiZhZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMkmhSROeyE5AFHAmoKmZ5tBJJZA44NAOhjcTv/0AUrFE3OtRCn5M+oJFjBJtpJ596GnGQ8g9SBXjiRjjK+z07IpTdabAi8QtSAUVaPTsLy9MaBaD0JQTpbquk2o/J1IzymFc9jIFKaFD0oeuoYLEoPx8ev0YnxglxFEiTQmNp+rviZzESo3iwHTGRA/UvDcR//O6mY4u/JyJNNMg6GxRlHGsEzyJAodMAtV8ZAihkplbMR0QSag2gZVNCO78y4ukdVZ1a9XLu1qlfl3EUUJH6BidIhedozq6RQ3URBQ9omf0it6sJ+vFerc+Zq1LVjFzgP7A+vwB9ZmU6Q==</latexit>
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✏̃ > 0

<latexit sha1_base64="9RDGk/SbFIbSB81tTXY2dnitcGs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIpqBspunFZwT6gCWUyuWmHTiZhZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMkmhSROeyE5AFHAmoKmZ5tBJJZA44NAOhjcTv/0AUrFE3OtRCn5M+oJFjBJtpJ596GnGQ8g9SBXjiRjjK+z07IpTdabAi8QtSAUVaPTsLy9MaBaD0JQTpbquk2o/J1IzymFc9jIFKaFD0oeuoYLEoPx8ev0YnxglxFEiTQmNp+rviZzESo3iwHTGRA/UvDcR//O6mY4u/JyJNNMg6GxRlHGsEzyJAodMAtV8ZAihkplbMR0QSag2gZVNCO78y4ukdVZ1a9XLu1qlfl3EUUJH6BidIhedozq6RQ3URBQ9omf0it6sJ+vFerc+Zq1LVjFzgP7A+vwB9ZmU6Q==</latexit>
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• A function f on       is convex if any line segment 

connecting two points of the graph of f lies above or 
on the graph

Rm
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✏̃ > 0

<latexit sha1_base64="9RDGk/SbFIbSB81tTXY2dnitcGs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIpqBspunFZwT6gCWUyuWmHTiZhZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMkmhSROeyE5AFHAmoKmZ5tBJJZA44NAOhjcTv/0AUrFE3OtRCn5M+oJFjBJtpJ596GnGQ8g9SBXjiRjjK+z07IpTdabAi8QtSAUVaPTsLy9MaBaD0JQTpbquk2o/J1IzymFc9jIFKaFD0oeuoYLEoPx8ev0YnxglxFEiTQmNp+rviZzESo3iwHTGRA/UvDcR//O6mY4u/JyJNNMg6GxRlHGsEzyJAodMAtV8ZAihkplbMR0QSag2gZVNCO78y4ukdVZ1a9XLu1qlfl3EUUJH6BidIhedozq6RQ3URBQ9omf0it6sJ+vFerc+Zq1LVjFzgP7A+vwB9ZmU6Q==</latexit>
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✏̃ > 0

<latexit sha1_base64="9RDGk/SbFIbSB81tTXY2dnitcGs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIpqBspunFZwT6gCWUyuWmHTiZhZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMkmhSROeyE5AFHAmoKmZ5tBJJZA44NAOhjcTv/0AUrFE3OtRCn5M+oJFjBJtpJ596GnGQ8g9SBXjiRjjK+z07IpTdabAi8QtSAUVaPTsLy9MaBaD0JQTpbquk2o/J1IzymFc9jIFKaFD0oeuoYLEoPx8ev0YnxglxFEiTQmNp+rviZzESo3iwHTGRA/UvDcR//O6mY4u/JyJNNMg6GxRlHGsEzyJAodMAtV8ZAihkplbMR0QSag2gZVNCO78y4ukdVZ1a9XLu1qlfl3EUUJH6BidIhedozq6RQ3URBQ9omf0it6sJ+vFerc+Zq1LVjFzgP7A+vwB9ZmU6Q==</latexit>
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✏̃ > 0
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✏̃ > 0

<latexit sha1_base64="9RDGk/SbFIbSB81tTXY2dnitcGs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIpqBspunFZwT6gCWUyuWmHTiZhZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMkmhSROeyE5AFHAmoKmZ5tBJJZA44NAOhjcTv/0AUrFE3OtRCn5M+oJFjBJtpJ596GnGQ8g9SBXjiRjjK+z07IpTdabAi8QtSAUVaPTsLy9MaBaD0JQTpbquk2o/J1IzymFc9jIFKaFD0oeuoYLEoPx8ev0YnxglxFEiTQmNp+rviZzESo3iwHTGRA/UvDcR//O6mY4u/JyJNNMg6GxRlHGsEzyJAodMAtV8ZAihkplbMR0QSag2gZVNCO78y4ukdVZ1a9XLu1qlfl3EUUJH6BidIhedozq6RQ3URBQ9omf0it6sJ+vFerc+Zq1LVjFzgP7A+vwB9ZmU6Q==</latexit>



• Theorem: Gradient descent performance 
• Assumptions: (Choose any          ) 

• f is sufficiently “smooth” and convex 
• f has at least one global optimum 
•    is sufficiently small
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Gradient descent properties
• A function f on       is convex if any line segment 

connecting two points of the graph of f lies above or 
on the graph

Rm

<latexit sha1_base64="PxjKZf6vS4QqveVkwAYNz9r3XZY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6KblxWsQ/ojCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+R+54kqzWL5YCYJDQQeShYxgo2VfF9gMwrD7H76KPrVmlt3Z0DLxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE02nFTzVNMBnjIe1ZKrGgOshmmafoxCoDFMXKPmnQTP29kWGh9USEdjLPqBe9XPzP66UmugwyJpPUUEnmh6KUIxOjvAA0YIoSwyeWYKKYzYrICCtMjK2pYkvwFr+8TNpnde+8fnV3XmtcF3WU4QiO4RQ8uIAG3EITWkAggWd4hTcndV6cd+djPlpyip1D+APn8wdHfZHd</latexit>

✏̃ > 0

<latexit sha1_base64="9RDGk/SbFIbSB81tTXY2dnitcGs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIpqBspunFZwT6gCWUyuWmHTiZhZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMkmhSROeyE5AFHAmoKmZ5tBJJZA44NAOhjcTv/0AUrFE3OtRCn5M+oJFjBJtpJ596GnGQ8g9SBXjiRjjK+z07IpTdabAi8QtSAUVaPTsLy9MaBaD0JQTpbquk2o/J1IzymFc9jIFKaFD0oeuoYLEoPx8ev0YnxglxFEiTQmNp+rviZzESo3iwHTGRA/UvDcR//O6mY4u/JyJNNMg6GxRlHGsEzyJAodMAtV8ZAihkplbMR0QSag2gZVNCO78y4ukdVZ1a9XLu1qlfl3EUUJH6BidIhedozq6RQ3URBQ9omf0it6sJ+vFerc+Zq1LVjFzgP7A+vwB9ZmU6Q==</latexit>

⌘

<latexit sha1_base64="y/H9SBF9ofI5i2bvXXt14Z/3eN0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6W19Y3NrfJ2ZWd3b/+genjUtlFiGG+xSEamG1DLpdC8hQIl78aGUxVI3gkmd7nfeeLGikg/4jTmvqIjLULBKOZSnyMdVGtu3Z2DrBKvIDUo0BxUv/rDiCWKa2SSWtvz3Bj9lBoUTPJZpZ9YHlM2oSPey6imils/nd86I2eZMiRhZLLSSObq74mUKmunKsg6FcWxXfZy8T+vl2B47adCxwlyzRaLwkQSjEj+OBkKwxnKaUYoMyK7lbAxNZRhFk8lC8FbfnmVtC/q3mX95uGy1rgt4ijDCZzCOXhwBQ24hya0gMEYnuEV3hzlvDjvzseiteQUM8fwB87nDwzCjkQ=</latexit>



• Theorem: Gradient descent performance 
• Assumptions: (Choose any          ) 

• f is sufficiently “smooth” and convex 
• f has at least one global optimum 
•    is sufficiently small 

• Conclusion: If run long enough, gradient 
descent will return a value within     of a 
global optimum10

Gradient descent properties
• A function f on       is convex if any line segment 

connecting two points of the graph of f lies above or 
on the graph

Rm

<latexit sha1_base64="PxjKZf6vS4QqveVkwAYNz9r3XZY=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoO6KblxWsQ/ojCWTZtrQJDMkGaEM/Q03LhRx68+482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WV1bX1jfJmZWt7Z3evun/Q1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+R+54kqzWL5YCYJDQQeShYxgo2VfF9gMwrD7H76KPrVmlt3Z0DLxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE02nFTzVNMBnjIe1ZKrGgOshmmafoxCoDFMXKPmnQTP29kWGh9USEdjLPqBe9XPzP66UmugwyJpPUUEnmh6KUIxOjvAA0YIoSwyeWYKKYzYrICCtMjK2pYkvwFr+8TNpnde+8fnV3XmtcF3WU4QiO4RQ8uIAG3EITWkAggWd4hTcndV6cd+djPlpyip1D+APn8wdHfZHd</latexit>

✏̃ > 0

<latexit sha1_base64="9RDGk/SbFIbSB81tTXY2dnitcGs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIpqBspunFZwT6gCWUyuWmHTiZhZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMkmhSROeyE5AFHAmoKmZ5tBJJZA44NAOhjcTv/0AUrFE3OtRCn5M+oJFjBJtpJ596GnGQ8g9SBXjiRjjK+z07IpTdabAi8QtSAUVaPTsLy9MaBaD0JQTpbquk2o/J1IzymFc9jIFKaFD0oeuoYLEoPx8ev0YnxglxFEiTQmNp+rviZzESo3iwHTGRA/UvDcR//O6mY4u/JyJNNMg6GxRlHGsEzyJAodMAtV8ZAihkplbMR0QSag2gZVNCO78y4ukdVZ1a9XLu1qlfl3EUUJH6BidIhedozq6RQ3URBQ9omf0it6sJ+vFerc+Zq1LVjFzgP7A+vwB9ZmU6Q==</latexit>

⌘

<latexit sha1_base64="y/H9SBF9ofI5i2bvXXt14Z/3eN0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4r2A9oQ9lsN+3S3U3YnQgl9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O6W19Y3NrfJ2ZWd3b/+genjUtlFiGG+xSEamG1DLpdC8hQIl78aGUxVI3gkmd7nfeeLGikg/4jTmvqIjLULBKOZSnyMdVGtu3Z2DrBKvIDUo0BxUv/rDiCWKa2SSWtvz3Bj9lBoUTPJZpZ9YHlM2oSPey6imils/nd86I2eZMiRhZLLSSObq74mUKmunKsg6FcWxXfZy8T+vl2B47adCxwlyzRaLwkQSjEj+OBkKwxnKaUYoMyK7lbAxNZRhFk8lC8FbfnmVtC/q3mX95uGy1rgt4ijDCZzCOXhwBQ24hya0gMEYnuEV3hzlvDjvzseiteQUM8fwB87nDwzCjkQ=</latexit>

✏̃

<latexit sha1_base64="vqb9pv5rOxS3HuYda+cIIwoIwn8=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkoN6KXjxWsB/QhLLZTNulm92wuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6P3OOTtpaZotCikkvVjYgGzgS0DDMcuqkCkkQcOtH4fu53JqA0k+LJTFMIEzIUbMAoMVbqu25gGI8hDyDVjEsx67tVr+YtgNeJX5AqKtDsu19BLGmWgDCUE617vpeaMCfKMMphVgkyDSmhYzKEnqWCJKDDfHH5DF9YJcYDqWwJgxfq74mcJFpPk8h2JsSM9Ko3F//zepkZ3IQ5E2lmQNDlokHGsZF4HgOOmQJq+NQSQhWzt2I6IopQY8Oq2BD81ZfXSfuq5tdrt4/1auOuiKOMztA5ukQ+ukYN9ICaqIUomqBn9IrenNx5cd6dj2VrySlmTtEfOJ8/PVaUEw==</latexit>

⇥

<latexit sha1_base64="4jr2TI1Lopo1HrzM00CkrGP2zcw=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWaGuhDWWz3bRrN9mwOxFK6H/w4kERr/4fb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR26hUM95iSirdCajhUsS8hQIl7ySa0yiQ/CEY3878hyeujVBxEycJ9yM6jEUoGEUrtXvNEUfaL1fcqjsHWSVeTiqQo9Evf/UGiqURj5FJakzXcxP0M6pRMMmnpV5qeELZmA5519KYRtz42fzaKTmzyoCEStuKkczV3xMZjYyZRIHtjCiOzLI3E//zuimGV34m4iRFHrPFojCVBBWZvU4GQnOGcmIJZVrYWwkbUU0Z2oBKNgRv+eVV0r6oerXq9X2tUr/J4yjCCZzCOXhwCXW4gwa0gMEjPMMrvDnKeXHenY9Fa8HJZ47hD5zPH3bXjxQ=</latexit>
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• Loss                              is differentiable & convexJlr(⇥) = Jlr(✓, ✓0)
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• Loss                              is differentiable & convexJlr(⇥) = Jlr(✓, ✓0)
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Gradient-Descent(               ) • Run ⇥init, ⌘, Jlr,r⇥Jlr, ✏

<latexit sha1_base64="3UDR2q4PJKxJ/IoOjnJ8CCi3K9k=">AAACLXicbVBNSysxFM34bfX5qi7dBIvgQsrMo/B0J+pCXClYFTpluJPe2mAmMyR3xDL0D7nxr4jgQhG3/g0zbcHPA4GTc+69yT1xpqQl33/yJianpmdm5+YrC4t/lv5Wl1fObJobgU2RqtRcxGBRSY1NkqTwIjMISazwPL7aL/3zazRWpvqU+hm2E7jUsisFkJOi6kF42kOCqAgJb8gkhdSSBoMtHjp1ix9FhTLlTUOsIBoVf6iYWanKMTW/7g/Bf5JgTGpsjOOo+hB2UpEnqEkosLYV+Bm1CzAkhcJBJcwtZiCu4BJbjmpI0LaL4bYDvuGUDu+mxh1NfKh+7iggsbafxK4yAerZ714p/ua1cuput10AWU6oxeihbq44pbyMjnekQUGq7wgII91fueiBAUEu4IoLIfi+8k9y9q8eNOo7J43a7t44jjm2xtbZJgvYf7bLDtkxazLBbtk9e2LP3p336L14r6PSCW/cs8q+wHt7B6J5qPk=</latexit>
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• Loss                              is differentiable & convexJlr(⇥) = Jlr(✓, ✓0)
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Gradient-Descent(               ) • Run ⇥init, ⌘, Jlr,r⇥Jlr, ✏
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• Loss                              is differentiable & convexJlr(⇥) = Jlr(✓, ✓0)
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• Loss                              is differentiable & convexJlr(⇥) = Jlr(✓, ✓0)

<latexit sha1_base64="EcktN5WaOjDUfKgnZIdP7mRbYJ4=">AAACI3icbVDLSgNBEJyN7/ha9ehlMAgJSNgVwQcIohfxpGBiIAnL7KSTDJl9MNMrhmX/xYu/4sWDIl48+C/OJjmosaDpoqqbmS4/lkKj43xahZnZufmFxaXi8srq2rq9sVnXUaI41HgkI9XwmQYpQqihQAmNWAELfAl3/uAi9+/uQWkRhbc4jKEdsF4ouoIzNJJnn1x5aQvhAVWQSpVl5dZtH5BV6CmdcjB39sbNcyqeXXKqzgh0mrgTUiITXHv2e6sT8SSAELlkWjddJ8Z2yhQKLiErthINMeMD1oOmoSELQLfT0Y0Z3TVKh3YjZSpEOlJ/bqQs0HoY+GYyYNjXf71c/M9rJtg9aqcijBOEkI8f6iaSYkTzwGhHKOAoh4YwroT5K+V9phhHE2vRhOD+PXma1Per7kH1+OagdHY+iWORbJMdUiYuOSRn5JJckxrh5JE8k1fyZj1ZL9a79TEeLViTnS3yC9bXN8wFpPk=</latexit>

Gradient-Descent(               ) • Run ⇥init, ⌘, Jlr,r⇥Jlr, ✏

<latexit sha1_base64="3UDR2q4PJKxJ/IoOjnJ8CCi3K9k=">AAACLXicbVBNSysxFM34bfX5qi7dBIvgQsrMo/B0J+pCXClYFTpluJPe2mAmMyR3xDL0D7nxr4jgQhG3/g0zbcHPA4GTc+69yT1xpqQl33/yJianpmdm5+YrC4t/lv5Wl1fObJobgU2RqtRcxGBRSY1NkqTwIjMISazwPL7aL/3zazRWpvqU+hm2E7jUsisFkJOi6kF42kOCqAgJb8gkhdSSBoMtHjp1ix9FhTLlTUOsIBoVf6iYWanKMTW/7g/Bf5JgTGpsjOOo+hB2UpEnqEkosLYV+Bm1CzAkhcJBJcwtZiCu4BJbjmpI0LaL4bYDvuGUDu+mxh1NfKh+7iggsbafxK4yAerZ714p/ua1cuput10AWU6oxeihbq44pbyMjnekQUGq7wgII91fueiBAUEu4IoLIfi+8k9y9q8eNOo7J43a7t44jjm2xtbZJgvYf7bLDtkxazLBbtk9e2LP3p336L14r6PSCW/cs8q+wHt7B6J5qPk=</latexit>

12

Gradient descent for logistic regression



Gradient-Descent(               ) • Run ⇥init, ⌘, Jlr,r⇥Jlr, ✏
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• Loss                              is differentiable & convexJlr(⇥) = Jlr(✓, ✓0)
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(✓0 = 0)
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Gradient descent for logistic regression



Gradient-Descent(               ) • Run ⇥init, ⌘, Jlr,r⇥Jlr, ✏

<latexit sha1_base64="3UDR2q4PJKxJ/IoOjnJ8CCi3K9k=">AAACLXicbVBNSysxFM34bfX5qi7dBIvgQsrMo/B0J+pCXClYFTpluJPe2mAmMyR3xDL0D7nxr4jgQhG3/g0zbcHPA4GTc+69yT1xpqQl33/yJianpmdm5+YrC4t/lv5Wl1fObJobgU2RqtRcxGBRSY1NkqTwIjMISazwPL7aL/3zazRWpvqU+hm2E7jUsisFkJOi6kF42kOCqAgJb8gkhdSSBoMtHjp1ix9FhTLlTUOsIBoVf6iYWanKMTW/7g/Bf5JgTGpsjOOo+hB2UpEnqEkosLYV+Bm1CzAkhcJBJcwtZiCu4BJbjmpI0LaL4bYDvuGUDu+mxh1NfKh+7iggsbafxK4yAerZ714p/ua1cuput10AWU6oxeihbq44pbyMjnekQUGq7wgII91fueiBAUEu4IoLIfi+8k9y9q8eNOo7J43a7t44jjm2xtbZJgvYf7bLDtkxazLBbtk9e2LP3p336L14r6PSCW/cs8q+wHt7B6J5qPk=</latexit>
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✓

<latexit sha1_base64="W2PKfIkuMomCS5JZF2x4iAdaa48=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsB/QhrLZbtq1m03YnQgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVWj0ccaT9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04sbP5tdOyZlVBiSMtS2FZK7+nshoZMwkCmxnRHFklr2Z+J/XTTG88jOhkhS5YotFYSoJxmT2OhkIzRnKiSWUaWFvJWxENWVoAyrZELzll1dJ66Lq1arX97VK/SaPowgncArn4MEl1OEOGtAEBo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AKfXjzQ=</latexit>

(✓0 = 0)

<latexit sha1_base64="DW6bVDS9PzQ0r/TZkINtjbV2vqc=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoMQL2FXAupBCHrxGME8IFnD7KQ3GTL7YKZXCUv+w4sHRbz6L978GyfJHjSxoKGo6qa7y4ul0Gjb31ZuZXVtfSO/Wdja3tndK+4fNHWUKA4NHslItT2mQYoQGihQQjtWwAJPQssb3Uz91iMoLaLwHscxuAEbhMIXnKGRHspdHAKynk2vqH3aK5bsij0DXSZORkokQ71X/Or2I54EECKXTOuOY8fopkyh4BImhW6iIWZ8xAbQMTRkAWg3nV09oSdG6VM/UqZCpDP190TKAq3HgWc6A4ZDvehNxf+8ToL+hZuKME4QQj5f5CeSYkSnEdC+UMBRjg1hXAlzK+VDphhHE1TBhOAsvrxMmmcVp1q5vKuWatdZHHlyRI5JmTjknNTILamTBuFEkWfySt6sJ+vFerc+5q05K5s5JH9gff4AQWaREQ==</latexit>

Jlr(✓, ✓0)

<latexit sha1_base64="xM88RHA3wLwKpd8+/uXpg+bMBAU=">AAACCnicbVDJSgNBEO2JW4zbqEcvrUGIIGFGAuot6EU8RTALJGHo6VSSJj0L3TViGHL24q948aCIV7/Am39jZzlo9EFRj/eq6K7nx1JodJwvK7OwuLS8kl3Nra1vbG7Z2zs1HSWKQ5VHMlINn2mQIoQqCpTQiBWwwJdQ9weXY79+B0qLKLzFYQztgPVC0RWcoZE8e//aS1sI96iCVKrRqNDCPiA7ptPuOUeenXeKzgT0L3FnJE9mqHj2Z6sT8SSAELlkWjddJ8Z2yhQKLmGUayUaYsYHrAdNQ0MWgG6nk1NG9NAoHdqNlKkQ6UT9uZGyQOth4JvJgGFfz3tj8T+vmWD3rJ2KME4QQj59qJtIihEd50I7QgFHOTSEcSXMXynvM8U4mvRyJgR3/uS/pHZSdEvF85tSvnwxiyNL9sgBKRCXnJIyuSIVUiWcPJAn8kJerUfr2Xqz3qejGWu2s0t+wfr4BiCxmog=</latexit>

Temperature (C)
0

1

0.5

0

• Loss                              is differentiable & convexJlr(⇥) = Jlr(✓, ✓0)

<latexit sha1_base64="EcktN5WaOjDUfKgnZIdP7mRbYJ4=">AAACI3icbVDLSgNBEJyN7/ha9ehlMAgJSNgVwQcIohfxpGBiIAnL7KSTDJl9MNMrhmX/xYu/4sWDIl48+C/OJjmosaDpoqqbmS4/lkKj43xahZnZufmFxaXi8srq2rq9sVnXUaI41HgkI9XwmQYpQqihQAmNWAELfAl3/uAi9+/uQWkRhbc4jKEdsF4ouoIzNJJnn1x5aQvhAVWQSpVl5dZtH5BV6CmdcjB39sbNcyqeXXKqzgh0mrgTUiITXHv2e6sT8SSAELlkWjddJ8Z2yhQKLiErthINMeMD1oOmoSELQLfT0Y0Z3TVKh3YjZSpEOlJ/bqQs0HoY+GYyYNjXf71c/M9rJtg9aqcijBOEkI8f6iaSYkTzwGhHKOAoh4YwroT5K+V9phhHE2vRhOD+PXma1Per7kH1+OagdHY+iWORbJMdUiYuOSRn5JJckxrh5JE8k1fyZj1ZL9a79TEeLViTnS3yC9bXN8wFpPk=</latexit>

Gradient descent for logistic regression



Logistic regression loss revisited
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Jlr(⇥) = Jlr(✓, ✓0)

<latexit sha1_base64="gvLOUxZvkzNwqqEyoSdDQNLEk9I=">AAACJHicbVDJSgNBEO2Je9yiHr00BiEBCTMSUBFB9CKeFMwCSRh6OpWkSc9Cd40YhnyMF3/FiwcXPHjxW+wkc9DEB0U93quiu54XSaHRtr+szNz8wuLS8kp2dW19YzO3tV3VYaw4VHgoQ1X3mAYpAqigQAn1SAHzPQk1r3858mv3oLQIgzscRNDyWTcQHcEZGsnNnV67SRPhAZWfSDUcFpp3PUBWpGd0xsGRczBprl2kbi5vl+wx6CxxUpInKW7c3HuzHfLYhwC5ZFo3HDvCVsIUCi5hmG3GGiLG+6wLDUMD5oNuJeMjh3TfKG3aCZWpAOlY/b2RMF/rge+ZSZ9hT097I/E/rxFj57iViCCKEQI+eagTS4ohHSVG20IBRzkwhHElzF8p7zHFOJpcsyYEZ/rkWVI9LDnl0sltOX9+kcaxTHbJHikQhxyRc3JFbkiFcPJInskrebOerBfrw/qcjGasdGeH/IH1/QM4B6Uj</latexit>

=
1

n

nX

i=1

Lnll(�(✓
>x(i) + ✓0), y

(i)) + �k✓k2

<latexit sha1_base64="cegBXH+WcUAFiEZpyjLbgF/kkOM="></latexit>

(� � 0)

<latexit sha1_base64="BmjXoXdpyQs4Gf5NDCu6HgPdGP0=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgrorunFZwT6gCWUymbRDJ5MwMxFq6Je4caGIWz/FnX/jtM1CWw8MHM45l3vnBClnSjvOt7W2vrG5tV3aKe/u7R9U7MOjjkoySWibJDyRvQArypmgbc00p71UUhwHnHaD8e3M7z5SqVgiHvQkpX6Mh4JFjGBtpIFdqXncpEOMvCFFzvnArjp1Zw60StyCVKFAa2B/eWFCspgKTThWqu86qfZzLDUjnE7LXqZoiskYD2nfUIFjqvx8fvgUnRklRFEizRMazdXfEzmOlZrEgUnGWI/UsjcT//P6mY6u/JyJNNNUkMWiKONIJ2jWAgqZpETziSGYSGZuRWSEJSbadFU2JbjLX14lnYu626hf3zeqzZuijhKcwCnUwIVLaMIdtKANBDJ4hld4s56sF+vd+lhE16xi5hj+wPr8AeCUkfM=</latexit>



Logistic regression loss revisited

13

Jlr(⇥) = Jlr(✓, ✓0)

<latexit sha1_base64="gvLOUxZvkzNwqqEyoSdDQNLEk9I=">AAACJHicbVDJSgNBEO2Je9yiHr00BiEBCTMSUBFB9CKeFMwCSRh6OpWkSc9Cd40YhnyMF3/FiwcXPHjxW+wkc9DEB0U93quiu54XSaHRtr+szNz8wuLS8kp2dW19YzO3tV3VYaw4VHgoQ1X3mAYpAqigQAn1SAHzPQk1r3858mv3oLQIgzscRNDyWTcQHcEZGsnNnV67SRPhAZWfSDUcFpp3PUBWpGd0xsGRczBprl2kbi5vl+wx6CxxUpInKW7c3HuzHfLYhwC5ZFo3HDvCVsIUCi5hmG3GGiLG+6wLDUMD5oNuJeMjh3TfKG3aCZWpAOlY/b2RMF/rge+ZSZ9hT097I/E/rxFj57iViCCKEQI+eagTS4ohHSVG20IBRzkwhHElzF8p7zHFOJpcsyYEZ/rkWVI9LDnl0sltOX9+kcaxTHbJHikQhxyRc3JFbkiFcPJInskrebOerBfrw/qcjGasdGeH/IH1/QM4B6Uj</latexit>

=
1

n

nX

i=1

Lnll(�(✓
>x(i) + ✓0), y

(i)) + �k✓k2

<latexit sha1_base64="cegBXH+WcUAFiEZpyjLbgF/kkOM="></latexit>

(� � 0)

<latexit sha1_base64="BmjXoXdpyQs4Gf5NDCu6HgPdGP0=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgrorunFZwT6gCWUymbRDJ5MwMxFq6Je4caGIWz/FnX/jtM1CWw8MHM45l3vnBClnSjvOt7W2vrG5tV3aKe/u7R9U7MOjjkoySWibJDyRvQArypmgbc00p71UUhwHnHaD8e3M7z5SqVgiHvQkpX6Mh4JFjGBtpIFdqXncpEOMvCFFzvnArjp1Zw60StyCVKFAa2B/eWFCspgKTThWqu86qfZzLDUjnE7LXqZoiskYD2nfUIFjqvx8fvgUnRklRFEizRMazdXfEzmOlZrEgUnGWI/UsjcT//P6mY6u/JyJNNNUkMWiKONIJ2jWAgqZpETziSGYSGZuRWSEJSbadFU2JbjLX14lnYu626hf3zeqzZuijhKcwCnUwIVLaMIdtKANBDJ4hld4s56sF+vd+lhE16xi5hj+wPr8AeCUkfM=</latexit>



Logistic regression loss revisited

13

Jlr(⇥) = Jlr(✓, ✓0)

<latexit sha1_base64="gvLOUxZvkzNwqqEyoSdDQNLEk9I=">AAACJHicbVDJSgNBEO2Je9yiHr00BiEBCTMSUBFB9CKeFMwCSRh6OpWkSc9Cd40YhnyMF3/FiwcXPHjxW+wkc9DEB0U93quiu54XSaHRtr+szNz8wuLS8kp2dW19YzO3tV3VYaw4VHgoQ1X3mAYpAqigQAn1SAHzPQk1r3858mv3oLQIgzscRNDyWTcQHcEZGsnNnV67SRPhAZWfSDUcFpp3PUBWpGd0xsGRczBprl2kbi5vl+wx6CxxUpInKW7c3HuzHfLYhwC5ZFo3HDvCVsIUCi5hmG3GGiLG+6wLDUMD5oNuJeMjh3TfKG3aCZWpAOlY/b2RMF/rge+ZSZ9hT097I/E/rxFj57iViCCKEQI+eagTS4ohHSVG20IBRzkwhHElzF8p7zHFOJpcsyYEZ/rkWVI9LDnl0sltOX9+kcaxTHbJHikQhxyRc3JFbkiFcPJInskrebOerBfrw/qcjGasdGeH/IH1/QM4B6Uj</latexit>

=
1

n

nX

i=1

Lnll(�(✓
>x(i) + ✓0), y

(i)) + �k✓k2

<latexit sha1_base64="cegBXH+WcUAFiEZpyjLbgF/kkOM="></latexit>

• A “regularizer” or “penalty” R(✓) = �k✓k2

<latexit sha1_base64="BQ772i6GpH5gUyzaJ6Cx0WJ0xTo=">AAACC3icbVC7SgNBFJ31GeNr1dJmSBBiE3ZDQC2EoI1lFPOA7BpmZyfJkNkHM3eFsKa38VdsLBSx9Qfs/BsnyRaaeGDgcM493LnHiwVXYFnfxtLyyuraem4jv7m1vbNr7u03VZRIyho0EpFse0QxwUPWAA6CtWPJSOAJ1vKGlxO/dc+k4lF4C6OYuQHph7zHKQEtdc3CTcmBAQNyjM+xI3TQJ9h5wDNRs7tK1yxaZWsKvEjsjBRRhnrX/HL8iCYBC4EKolTHtmJwUyKBU8HGeSdRLCZ0SPqso2lIAqbcdHrLGB9pxce9SOoXAp6qvxMpCZQaBZ6eDAgM1Lw3Ef/zOgn0Tt2Uh3ECLKSzRb1EYIjwpBjsc8koiJEmhEqu/4rpgEhCQdeX1yXY8ycvkmalbFfLZ9fVYu0iqyOHDlEBlZCNTlANXaE6aiCKHtEzekVvxpPxYrwbH7PRJSPLHKA/MD5/AGysmWw=</latexit>

(� � 0)

<latexit sha1_base64="BmjXoXdpyQs4Gf5NDCu6HgPdGP0=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgrorunFZwT6gCWUymbRDJ5MwMxFq6Je4caGIWz/FnX/jtM1CWw8MHM45l3vnBClnSjvOt7W2vrG5tV3aKe/u7R9U7MOjjkoySWibJDyRvQArypmgbc00p71UUhwHnHaD8e3M7z5SqVgiHvQkpX6Mh4JFjGBtpIFdqXncpEOMvCFFzvnArjp1Zw60StyCVKFAa2B/eWFCspgKTThWqu86qfZzLDUjnE7LXqZoiskYD2nfUIFjqvx8fvgUnRklRFEizRMazdXfEzmOlZrEgUnGWI/UsjcT//P6mY6u/JyJNNNUkMWiKONIJ2jWAgqZpETziSGYSGZuRWSEJSbadFU2JbjLX14lnYu626hf3zeqzZuijhKcwCnUwIVLaMIdtKANBDJ4hld4s56sF+vd+lhE16xi5hj+wPr8AeCUkfM=</latexit>



Logistic regression loss revisited

13

Jlr(⇥) = Jlr(✓, ✓0)

<latexit sha1_base64="gvLOUxZvkzNwqqEyoSdDQNLEk9I=">AAACJHicbVDJSgNBEO2Je9yiHr00BiEBCTMSUBFB9CKeFMwCSRh6OpWkSc9Cd40YhnyMF3/FiwcXPHjxW+wkc9DEB0U93quiu54XSaHRtr+szNz8wuLS8kp2dW19YzO3tV3VYaw4VHgoQ1X3mAYpAqigQAn1SAHzPQk1r3858mv3oLQIgzscRNDyWTcQHcEZGsnNnV67SRPhAZWfSDUcFpp3PUBWpGd0xsGRczBprl2kbi5vl+wx6CxxUpInKW7c3HuzHfLYhwC5ZFo3HDvCVsIUCi5hmG3GGiLG+6wLDUMD5oNuJeMjh3TfKG3aCZWpAOlY/b2RMF/rge+ZSZ9hT097I/E/rxFj57iViCCKEQI+eagTS4ohHSVG20IBRzkwhHElzF8p7zHFOJpcsyYEZ/rkWVI9LDnl0sltOX9+kcaxTHbJHikQhxyRc3JFbkiFcPJInskrebOerBfrw/qcjGasdGeH/IH1/QM4B6Uj</latexit>

=
1

n

nX

i=1

Lnll(�(✓
>x(i) + ✓0), y

(i)) + �k✓k2

<latexit sha1_base64="cegBXH+WcUAFiEZpyjLbgF/kkOM="></latexit>

• A “regularizer” or “penalty”  
• Penalizes being overly certain

R(✓) = �k✓k2

<latexit sha1_base64="BQ772i6GpH5gUyzaJ6Cx0WJ0xTo=">AAACC3icbVC7SgNBFJ31GeNr1dJmSBBiE3ZDQC2EoI1lFPOA7BpmZyfJkNkHM3eFsKa38VdsLBSx9Qfs/BsnyRaaeGDgcM493LnHiwVXYFnfxtLyyuraem4jv7m1vbNr7u03VZRIyho0EpFse0QxwUPWAA6CtWPJSOAJ1vKGlxO/dc+k4lF4C6OYuQHph7zHKQEtdc3CTcmBAQNyjM+xI3TQJ9h5wDNRs7tK1yxaZWsKvEjsjBRRhnrX/HL8iCYBC4EKolTHtmJwUyKBU8HGeSdRLCZ0SPqso2lIAqbcdHrLGB9pxce9SOoXAp6qvxMpCZQaBZ6eDAgM1Lw3Ef/zOgn0Tt2Uh3ECLKSzRb1EYIjwpBjsc8koiJEmhEqu/4rpgEhCQdeX1yXY8ycvkmalbFfLZ9fVYu0iqyOHDlEBlZCNTlANXaE6aiCKHtEzekVvxpPxYrwbH7PRJSPLHKA/MD5/AGysmWw=</latexit>

(� � 0)

<latexit sha1_base64="BmjXoXdpyQs4Gf5NDCu6HgPdGP0=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgrorunFZwT6gCWUymbRDJ5MwMxFq6Je4caGIWz/FnX/jtM1CWw8MHM45l3vnBClnSjvOt7W2vrG5tV3aKe/u7R9U7MOjjkoySWibJDyRvQArypmgbc00p71UUhwHnHaD8e3M7z5SqVgiHvQkpX6Mh4JFjGBtpIFdqXncpEOMvCFFzvnArjp1Zw60StyCVKFAa2B/eWFCspgKTThWqu86qfZzLDUjnE7LXqZoiskYD2nfUIFjqvx8fvgUnRklRFEizRMazdXfEzmOlZrEgUnGWI/UsjcT//P6mY6u/JyJNNNUkMWiKONIJ2jWAgqZpETziSGYSGZuRWSEJSbadFU2JbjLX14lnYu626hf3zeqzZuijhKcwCnUwIVLaMIdtKANBDJ4hld4s56sF+vd+lhE16xi5hj+wPr8AeCUkfM=</latexit>



Logistic regression loss revisited
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Jlr(⇥) = Jlr(✓, ✓0)

<latexit sha1_base64="gvLOUxZvkzNwqqEyoSdDQNLEk9I=">AAACJHicbVDJSgNBEO2Je9yiHr00BiEBCTMSUBFB9CKeFMwCSRh6OpWkSc9Cd40YhnyMF3/FiwcXPHjxW+wkc9DEB0U93quiu54XSaHRtr+szNz8wuLS8kp2dW19YzO3tV3VYaw4VHgoQ1X3mAYpAqigQAn1SAHzPQk1r3858mv3oLQIgzscRNDyWTcQHcEZGsnNnV67SRPhAZWfSDUcFpp3PUBWpGd0xsGRczBprl2kbi5vl+wx6CxxUpInKW7c3HuzHfLYhwC5ZFo3HDvCVsIUCi5hmG3GGiLG+6wLDUMD5oNuJeMjh3TfKG3aCZWpAOlY/b2RMF/rge+ZSZ9hT097I/E/rxFj57iViCCKEQI+eagTS4ohHSVG20IBRzkwhHElzF8p7zHFOJpcsyYEZ/rkWVI9LDnl0sltOX9+kcaxTHbJHikQhxyRc3JFbkiFcPJInskrebOerBfrw/qcjGasdGeH/IH1/QM4B6Uj</latexit>

=
1

n

nX

i=1

Lnll(�(✓
>x(i) + ✓0), y

(i)) + �k✓k2

<latexit sha1_base64="cegBXH+WcUAFiEZpyjLbgF/kkOM="></latexit>

R(✓) = �k✓k2

<latexit sha1_base64="BQ772i6GpH5gUyzaJ6Cx0WJ0xTo=">AAACC3icbVC7SgNBFJ31GeNr1dJmSBBiE3ZDQC2EoI1lFPOA7BpmZyfJkNkHM3eFsKa38VdsLBSx9Qfs/BsnyRaaeGDgcM493LnHiwVXYFnfxtLyyuraem4jv7m1vbNr7u03VZRIyho0EpFse0QxwUPWAA6CtWPJSOAJ1vKGlxO/dc+k4lF4C6OYuQHph7zHKQEtdc3CTcmBAQNyjM+xI3TQJ9h5wDNRs7tK1yxaZWsKvEjsjBRRhnrX/HL8iCYBC4EKolTHtmJwUyKBU8HGeSdRLCZ0SPqso2lIAqbcdHrLGB9pxce9SOoXAp6qvxMpCZQaBZ6eDAgM1Lw3Ef/zOgn0Tt2Uh3ECLKSzRb1EYIjwpBjsc8koiJEmhEqu/4rpgEhCQdeX1yXY8ycvkmalbFfLZ9fVYu0iqyOHDlEBlZCNTlANXaE6aiCKHtEzekVvxpPxYrwbH7PRJSPLHKA/MD5/AGysmWw=</latexit>

(� � 0)

<latexit sha1_base64="BmjXoXdpyQs4Gf5NDCu6HgPdGP0=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgrorunFZwT6gCWUymbRDJ5MwMxFq6Je4caGIWz/FnX/jtM1CWw8MHM45l3vnBClnSjvOt7W2vrG5tV3aKe/u7R9U7MOjjkoySWibJDyRvQArypmgbc00p71UUhwHnHaD8e3M7z5SqVgiHvQkpX6Mh4JFjGBtpIFdqXncpEOMvCFFzvnArjp1Zw60StyCVKFAa2B/eWFCspgKTThWqu86qfZzLDUjnE7LXqZoiskYD2nfUIFjqvx8fvgUnRklRFEizRMazdXfEzmOlZrEgUnGWI/UsjcT//P6mY6u/JyJNNNUkMWiKONIJ2jWAgqZpETziSGYSGZuRWSEJSbadFU2JbjLX14lnYu626hf3zeqzZuijhKcwCnUwIVLaMIdtKANBDJ4hld4s56sF+vd+lhE16xi5hj+wPr8AeCUkfM=</latexit>

• A “regularizer” or “penalty”  
• Penalizes being overly certain  
• Objective is still differentiable & convex (gradient descent)
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<latexit sha1_base64="gvLOUxZvkzNwqqEyoSdDQNLEk9I=">AAACJHicbVDJSgNBEO2Je9yiHr00BiEBCTMSUBFB9CKeFMwCSRh6OpWkSc9Cd40YhnyMF3/FiwcXPHjxW+wkc9DEB0U93quiu54XSaHRtr+szNz8wuLS8kp2dW19YzO3tV3VYaw4VHgoQ1X3mAYpAqigQAn1SAHzPQk1r3858mv3oLQIgzscRNDyWTcQHcEZGsnNnV67SRPhAZWfSDUcFpp3PUBWpGd0xsGRczBprl2kbi5vl+wx6CxxUpInKW7c3HuzHfLYhwC5ZFo3HDvCVsIUCi5hmG3GGiLG+6wLDUMD5oNuJeMjh3TfKG3aCZWpAOlY/b2RMF/rge+ZSZ9hT097I/E/rxFj57iViCCKEQI+eagTS4ohHSVG20IBRzkwhHElzF8p7zHFOJpcsyYEZ/rkWVI9LDnl0sltOX9+kcaxTHbJHikQhxyRc3JFbkiFcPJInskrebOerBfrw/qcjGasdGeH/IH1/QM4B6Uj</latexit>

=
1

n

nX

i=1

Lnll(�(✓
>x(i) + ✓0), y

(i)) + �k✓k2

<latexit sha1_base64="cegBXH+WcUAFiEZpyjLbgF/kkOM="></latexit>

R(✓) = �k✓k2

<latexit sha1_base64="BQ772i6GpH5gUyzaJ6Cx0WJ0xTo=">AAACC3icbVC7SgNBFJ31GeNr1dJmSBBiE3ZDQC2EoI1lFPOA7BpmZyfJkNkHM3eFsKa38VdsLBSx9Qfs/BsnyRaaeGDgcM493LnHiwVXYFnfxtLyyuraem4jv7m1vbNr7u03VZRIyho0EpFse0QxwUPWAA6CtWPJSOAJ1vKGlxO/dc+k4lF4C6OYuQHph7zHKQEtdc3CTcmBAQNyjM+xI3TQJ9h5wDNRs7tK1yxaZWsKvEjsjBRRhnrX/HL8iCYBC4EKolTHtmJwUyKBU8HGeSdRLCZ0SPqso2lIAqbcdHrLGB9pxce9SOoXAp6qvxMpCZQaBZ6eDAgM1Lw3Ef/zOgn0Tt2Uh3ECLKSzRb1EYIjwpBjsc8koiJEmhEqu/4rpgEhCQdeX1yXY8ycvkmalbFfLZ9fVYu0iqyOHDlEBlZCNTlANXaE6aiCKHtEzekVvxpPxYrwbH7PRJSPLHKA/MD5/AGysmWw=</latexit>

� = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

(� � 0)

<latexit sha1_base64="BmjXoXdpyQs4Gf5NDCu6HgPdGP0=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgrorunFZwT6gCWUymbRDJ5MwMxFq6Je4caGIWz/FnX/jtM1CWw8MHM45l3vnBClnSjvOt7W2vrG5tV3aKe/u7R9U7MOjjkoySWibJDyRvQArypmgbc00p71UUhwHnHaD8e3M7z5SqVgiHvQkpX6Mh4JFjGBtpIFdqXncpEOMvCFFzvnArjp1Zw60StyCVKFAa2B/eWFCspgKTThWqu86qfZzLDUjnE7LXqZoiskYD2nfUIFjqvx8fvgUnRklRFEizRMazdXfEzmOlZrEgUnGWI/UsjcT//P6mY6u/JyJNNNUkMWiKONIJ2jWAgqZpETziSGYSGZuRWSEJSbadFU2JbjLX14lnYu626hf3zeqzZuijhKcwCnUwIVLaMIdtKANBDJ4hld4s56sF+vd+lhE16xi5hj+wPr8AeCUkfM=</latexit>

• A “regularizer” or “penalty”  
• Penalizes being overly certain  
• Objective is still differentiable & convex (gradient descent)
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Jlr(⇥) = Jlr(✓, ✓0)

<latexit sha1_base64="gvLOUxZvkzNwqqEyoSdDQNLEk9I=">AAACJHicbVDJSgNBEO2Je9yiHr00BiEBCTMSUBFB9CKeFMwCSRh6OpWkSc9Cd40YhnyMF3/FiwcXPHjxW+wkc9DEB0U93quiu54XSaHRtr+szNz8wuLS8kp2dW19YzO3tV3VYaw4VHgoQ1X3mAYpAqigQAn1SAHzPQk1r3858mv3oLQIgzscRNDyWTcQHcEZGsnNnV67SRPhAZWfSDUcFpp3PUBWpGd0xsGRczBprl2kbi5vl+wx6CxxUpInKW7c3HuzHfLYhwC5ZFo3HDvCVsIUCi5hmG3GGiLG+6wLDUMD5oNuJeMjh3TfKG3aCZWpAOlY/b2RMF/rge+ZSZ9hT097I/E/rxFj57iViCCKEQI+eagTS4ohHSVG20IBRzkwhHElzF8p7zHFOJpcsyYEZ/rkWVI9LDnl0sltOX9+kcaxTHbJHikQhxyRc3JFbkiFcPJInskrebOerBfrw/qcjGasdGeH/IH1/QM4B6Uj</latexit>

=
1

n

nX

i=1

Lnll(�(✓
>x(i) + ✓0), y

(i)) + �k✓k2

<latexit sha1_base64="cegBXH+WcUAFiEZpyjLbgF/kkOM="></latexit>

R(✓) = �k✓k2

<latexit sha1_base64="BQ772i6GpH5gUyzaJ6Cx0WJ0xTo=">AAACC3icbVC7SgNBFJ31GeNr1dJmSBBiE3ZDQC2EoI1lFPOA7BpmZyfJkNkHM3eFsKa38VdsLBSx9Qfs/BsnyRaaeGDgcM493LnHiwVXYFnfxtLyyuraem4jv7m1vbNr7u03VZRIyho0EpFse0QxwUPWAA6CtWPJSOAJ1vKGlxO/dc+k4lF4C6OYuQHph7zHKQEtdc3CTcmBAQNyjM+xI3TQJ9h5wDNRs7tK1yxaZWsKvEjsjBRRhnrX/HL8iCYBC4EKolTHtmJwUyKBU8HGeSdRLCZ0SPqso2lIAqbcdHrLGB9pxce9SOoXAp6qvxMpCZQaBZ6eDAgM1Lw3Ef/zOgn0Tt2Uh3ECLKSzRb1EYIjwpBjsc8koiJEmhEqu/4rpgEhCQdeX1yXY8ycvkmalbFfLZ9fVYu0iqyOHDlEBlZCNTlANXaE6aiCKHtEzekVvxpPxYrwbH7PRJSPLHKA/MD5/AGysmWw=</latexit>

� = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

� = 0.01

<latexit sha1_base64="0jn849E7n+MoWUPZLSc2oGi+ppo=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHtGPJZDJtaCYZkoxShv6HGxeKuPVf3Pk3pu0stPVAyOGcc8nNCRLOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlqmitAmkVyqToA15UzQpmGG006iKI4DTtvB6Gbqtx+p0kyKezNOqB/jgWARI9hY6aHHbTTE6Aq5Vdfrlyv2mgEtEy8nFcjR6Je/eqEkaUyFIRxr3fXcxPgZVoYRTielXqppgskID2jXUoFjqv1stvUEnVglRJFU9giDZurviQzHWo/jwCZjbIZ60ZuK/3nd1EQXfsZEkhoqyPyhKOXISDStAIVMUWL42BJMFLO7IjLEChNjiyrZErzFLy+T1lnVq1Uv72qV+nVeRxGO4BhOwYNzqMMtNKAJBBQ8wyu8OU/Oi/PufMyjBSefOYQ/cD5/ADk0kQs=</latexit>

(� � 0)

<latexit sha1_base64="BmjXoXdpyQs4Gf5NDCu6HgPdGP0=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgrorunFZwT6gCWUymbRDJ5MwMxFq6Je4caGIWz/FnX/jtM1CWw8MHM45l3vnBClnSjvOt7W2vrG5tV3aKe/u7R9U7MOjjkoySWibJDyRvQArypmgbc00p71UUhwHnHaD8e3M7z5SqVgiHvQkpX6Mh4JFjGBtpIFdqXncpEOMvCFFzvnArjp1Zw60StyCVKFAa2B/eWFCspgKTThWqu86qfZzLDUjnE7LXqZoiskYD2nfUIFjqvx8fvgUnRklRFEizRMazdXfEzmOlZrEgUnGWI/UsjcT//P6mY6u/JyJNNNUkMWiKONIJ2jWAgqZpETziSGYSGZuRWSEJSbadFU2JbjLX14lnYu626hf3zeqzZuijhKcwCnUwIVLaMIdtKANBDJ4hld4s56sF+vd+lhE16xi5hj+wPr8AeCUkfM=</latexit>

• A “regularizer” or “penalty”  
• Penalizes being overly certain  
• Objective is still differentiable & convex (gradient descent)
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Jlr(⇥) = Jlr(✓, ✓0)

<latexit sha1_base64="gvLOUxZvkzNwqqEyoSdDQNLEk9I=">AAACJHicbVDJSgNBEO2Je9yiHr00BiEBCTMSUBFB9CKeFMwCSRh6OpWkSc9Cd40YhnyMF3/FiwcXPHjxW+wkc9DEB0U93quiu54XSaHRtr+szNz8wuLS8kp2dW19YzO3tV3VYaw4VHgoQ1X3mAYpAqigQAn1SAHzPQk1r3858mv3oLQIgzscRNDyWTcQHcEZGsnNnV67SRPhAZWfSDUcFpp3PUBWpGd0xsGRczBprl2kbi5vl+wx6CxxUpInKW7c3HuzHfLYhwC5ZFo3HDvCVsIUCi5hmG3GGiLG+6wLDUMD5oNuJeMjh3TfKG3aCZWpAOlY/b2RMF/rge+ZSZ9hT097I/E/rxFj57iViCCKEQI+eagTS4ohHSVG20IBRzkwhHElzF8p7zHFOJpcsyYEZ/rkWVI9LDnl0sltOX9+kcaxTHbJHikQhxyRc3JFbkiFcPJInskrebOerBfrw/qcjGasdGeH/IH1/QM4B6Uj</latexit>

=
1

n

nX

i=1

Lnll(�(✓
>x(i) + ✓0), y

(i)) + �k✓k2

<latexit sha1_base64="cegBXH+WcUAFiEZpyjLbgF/kkOM="></latexit>

• A “regularizer” or “penalty”  
• Penalizes being overly certain  
• Objective is still differentiable & convex (gradient descent)

R(✓) = �k✓k2

<latexit sha1_base64="BQ772i6GpH5gUyzaJ6Cx0WJ0xTo=">AAACC3icbVC7SgNBFJ31GeNr1dJmSBBiE3ZDQC2EoI1lFPOA7BpmZyfJkNkHM3eFsKa38VdsLBSx9Qfs/BsnyRaaeGDgcM493LnHiwVXYFnfxtLyyuraem4jv7m1vbNr7u03VZRIyho0EpFse0QxwUPWAA6CtWPJSOAJ1vKGlxO/dc+k4lF4C6OYuQHph7zHKQEtdc3CTcmBAQNyjM+xI3TQJ9h5wDNRs7tK1yxaZWsKvEjsjBRRhnrX/HL8iCYBC4EKolTHtmJwUyKBU8HGeSdRLCZ0SPqso2lIAqbcdHrLGB9pxce9SOoXAp6qvxMpCZQaBZ6eDAgM1Lw3Ef/zOgn0Tt2Uh3ECLKSzRb1EYIjwpBjsc8koiJEmhEqu/4rpgEhCQdeX1yXY8ycvkmalbFfLZ9fVYu0iqyOHDlEBlZCNTlANXaE6aiCKHtEzekVvxpPxYrwbH7PRJSPLHKA/MD5/AGysmWw=</latexit>

� = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

� = 0.01

<latexit sha1_base64="0jn849E7n+MoWUPZLSc2oGi+ppo=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHtGPJZDJtaCYZkoxShv6HGxeKuPVf3Pk3pu0stPVAyOGcc8nNCRLOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlqmitAmkVyqToA15UzQpmGG006iKI4DTtvB6Gbqtx+p0kyKezNOqB/jgWARI9hY6aHHbTTE6Aq5Vdfrlyv2mgEtEy8nFcjR6Je/eqEkaUyFIRxr3fXcxPgZVoYRTielXqppgskID2jXUoFjqv1stvUEnVglRJFU9giDZurviQzHWo/jwCZjbIZ60ZuK/3nd1EQXfsZEkhoqyPyhKOXISDStAIVMUWL42BJMFLO7IjLEChNjiyrZErzFLy+T1lnVq1Uv72qV+nVeRxGO4BhOwYNzqMMtNKAJBBQ8wyu8OU/Oi/PufMyjBSefOYQ/cD5/ADk0kQs=</latexit>

� = 0.1

<latexit sha1_base64="TPHMVQinmE58vfmvAWsNDkgyoN4=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgKiRSUBdC0Y3LCvYBbSiTyaQdOpnEmUmhhH6HGxeKuPVj3Pk3TtMstPXAwOGcc7l3jp9wprTjfFultfWNza3ydmVnd2//oHp41FZxKgltkZjHsutjRTkTtKWZ5rSbSIojn9OOP76b+50JlYrF4lFPE+pFeChYyAjWRvL63EQDjG6QY7uDas2xnRxolbgFqUGB5qD61Q9ikkZUaMKxUj3XSbSXYakZ4XRW6aeKJpiM8ZD2DBU4osrL8qNn6MwoAQpjaZ7QKFd/T2Q4Umoa+SYZYT1Sy95c/M/rpTq88jImklRTQRaLwpQjHaN5AyhgkhLNp4ZgIpm5FZERlpho01PFlOAuf3mVtC9st25fP9RrjduijjKcwCmcgwuX0IB7aEILCDzBM7zCmzWxXqx362MRLVnFzDH8gfX5A8ehkNE=</latexit>

(� � 0)

<latexit sha1_base64="BmjXoXdpyQs4Gf5NDCu6HgPdGP0=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgrorunFZwT6gCWUymbRDJ5MwMxFq6Je4caGIWz/FnX/jtM1CWw8MHM45l3vnBClnSjvOt7W2vrG5tV3aKe/u7R9U7MOjjkoySWibJDyRvQArypmgbc00p71UUhwHnHaD8e3M7z5SqVgiHvQkpX6Mh4JFjGBtpIFdqXncpEOMvCFFzvnArjp1Zw60StyCVKFAa2B/eWFCspgKTThWqu86qfZzLDUjnE7LXqZoiskYD2nfUIFjqvx8fvgUnRklRFEizRMazdXfEzmOlZrEgUnGWI/UsjcT//P6mY6u/JyJNNNUkMWiKONIJ2jWAgqZpETziSGYSGZuRWSEJSbadFU2JbjLX14lnYu626hf3zeqzZuijhKcwCnUwIVLaMIdtKANBDJ4hld4s56sF+vd+lhE16xi5hj+wPr8AeCUkfM=</latexit>
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<latexit sha1_base64="gvLOUxZvkzNwqqEyoSdDQNLEk9I=">AAACJHicbVDJSgNBEO2Je9yiHr00BiEBCTMSUBFB9CKeFMwCSRh6OpWkSc9Cd40YhnyMF3/FiwcXPHjxW+wkc9DEB0U93quiu54XSaHRtr+szNz8wuLS8kp2dW19YzO3tV3VYaw4VHgoQ1X3mAYpAqigQAn1SAHzPQk1r3858mv3oLQIgzscRNDyWTcQHcEZGsnNnV67SRPhAZWfSDUcFpp3PUBWpGd0xsGRczBprl2kbi5vl+wx6CxxUpInKW7c3HuzHfLYhwC5ZFo3HDvCVsIUCi5hmG3GGiLG+6wLDUMD5oNuJeMjh3TfKG3aCZWpAOlY/b2RMF/rge+ZSZ9hT097I/E/rxFj57iViCCKEQI+eagTS4ohHSVG20IBRzkwhHElzF8p7zHFOJpcsyYEZ/rkWVI9LDnl0sltOX9+kcaxTHbJHikQhxyRc3JFbkiFcPJInskrebOerBfrw/qcjGasdGeH/IH1/QM4B6Uj</latexit>

=
1

n

nX

i=1

Lnll(�(✓
>x(i) + ✓0), y

(i)) + �k✓k2

<latexit sha1_base64="cegBXH+WcUAFiEZpyjLbgF/kkOM="></latexit>

• A “regularizer” or “penalty”  
• Penalizes being overly certain  
• Objective is still differentiable & convex (gradient descent)

R(✓) = �k✓k2

<latexit sha1_base64="BQ772i6GpH5gUyzaJ6Cx0WJ0xTo=">AAACC3icbVC7SgNBFJ31GeNr1dJmSBBiE3ZDQC2EoI1lFPOA7BpmZyfJkNkHM3eFsKa38VdsLBSx9Qfs/BsnyRaaeGDgcM493LnHiwVXYFnfxtLyyuraem4jv7m1vbNr7u03VZRIyho0EpFse0QxwUPWAA6CtWPJSOAJ1vKGlxO/dc+k4lF4C6OYuQHph7zHKQEtdc3CTcmBAQNyjM+xI3TQJ9h5wDNRs7tK1yxaZWsKvEjsjBRRhnrX/HL8iCYBC4EKolTHtmJwUyKBU8HGeSdRLCZ0SPqso2lIAqbcdHrLGB9pxce9SOoXAp6qvxMpCZQaBZ6eDAgM1Lw3Ef/zOgn0Tt2Uh3ECLKSzRb1EYIjwpBjsc8koiJEmhEqu/4rpgEhCQdeX1yXY8ycvkmalbFfLZ9fVYu0iqyOHDlEBlZCNTlANXaE6aiCKHtEzekVvxpPxYrwbH7PRJSPLHKA/MD5/AGysmWw=</latexit>

� = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

� = 0.01

<latexit sha1_base64="0jn849E7n+MoWUPZLSc2oGi+ppo=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHtGPJZDJtaCYZkoxShv6HGxeKuPVf3Pk3pu0stPVAyOGcc8nNCRLOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlqmitAmkVyqToA15UzQpmGG006iKI4DTtvB6Gbqtx+p0kyKezNOqB/jgWARI9hY6aHHbTTE6Aq5Vdfrlyv2mgEtEy8nFcjR6Je/eqEkaUyFIRxr3fXcxPgZVoYRTielXqppgskID2jXUoFjqv1stvUEnVglRJFU9giDZurviQzHWo/jwCZjbIZ60ZuK/3nd1EQXfsZEkhoqyPyhKOXISDStAIVMUWL42BJMFLO7IjLEChNjiyrZErzFLy+T1lnVq1Uv72qV+nVeRxGO4BhOwYNzqMMtNKAJBBQ8wyu8OU/Oi/PufMyjBSefOYQ/cD5/ADk0kQs=</latexit>

� = 0.1

<latexit sha1_base64="TPHMVQinmE58vfmvAWsNDkgyoN4=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgKiRSUBdC0Y3LCvYBbSiTyaQdOpnEmUmhhH6HGxeKuPVj3Pk3TtMstPXAwOGcc7l3jp9wprTjfFultfWNza3ydmVnd2//oHp41FZxKgltkZjHsutjRTkTtKWZ5rSbSIojn9OOP76b+50JlYrF4lFPE+pFeChYyAjWRvL63EQDjG6QY7uDas2xnRxolbgFqUGB5qD61Q9ikkZUaMKxUj3XSbSXYakZ4XRW6aeKJpiM8ZD2DBU4osrL8qNn6MwoAQpjaZ7QKFd/T2Q4Umoa+SYZYT1Sy95c/M/rpTq88jImklRTQRaLwpQjHaN5AyhgkhLNp4ZgIpm5FZERlpho01PFlOAuf3mVtC9st25fP9RrjduijjKcwCmcgwuX0IB7aEILCDzBM7zCmzWxXqx362MRLVnFzDH8gfX5A8ehkNE=</latexit>

• How to choose hyperparameters? One option: consider 
a handful of possible values and compare via CV

(� � 0)

<latexit sha1_base64="BmjXoXdpyQs4Gf5NDCu6HgPdGP0=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyWRgrorunFZwT6gCWUymbRDJ5MwMxFq6Je4caGIWz/FnX/jtM1CWw8MHM45l3vnBClnSjvOt7W2vrG5tV3aKe/u7R9U7MOjjkoySWibJDyRvQArypmgbc00p71UUhwHnHaD8e3M7z5SqVgiHvQkpX6Mh4JFjGBtpIFdqXncpEOMvCFFzvnArjp1Zw60StyCVKFAa2B/eWFCspgKTThWqu86qfZzLDUjnE7LXqZoiskYD2nfUIFjqvx8fvgUnRklRFEizRMazdXfEzmOlZrEgUnGWI/UsjcT//P6mY6u/JyJNNNUkMWiKONIJ2jWAgqZpETziSGYSGZuRWSEJSbadFU2JbjLX14lnYu626hf3zeqzZuijhKcwCnUwIVLaMIdtKANBDJ4hld4s56sF+vd+lhE16xi5hj+wPr8AeCUkfM=</latexit>
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Exactly gradient descent 
with f given by logistic 
regression objective
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LR-Gradient-Descent(           )✓init, ✓0,init, ⌘, ✏

<latexit sha1_base64="XZGH8kVS870QdUTWCcWAq06H1OQ=">AAACKHicbVDLSgMxFM3UV62vqks3wSK4KGVGCurKohuXFewDOqVk0ts2NPMguSOWoZ/jxl9xI6JIt36JmbaCtl5IOJxz703O8SIpNNr2xMqsrK6tb2Q3c1vbO7t7+f2Dug5jxaHGQxmqpsc0SBFADQVKaEYKmO9JaHjDm1RvPIDSIgzucRRB22f9QPQEZ2ioTv7KxQEg6yQuwiMqPxGBwPG4+EPbxQWBuoZP70gLmW4o2CV7WnQZOHNQIPOqdvJvbjfksQ8Bcsm0bjl2hO2EKRRcwjjnxhoixoesDy0DA+aDbidTo2N6Ypgu7YXKnADplP09kTBf65HvmU6f4UAvain5n9aKsXfRNhajGCHgs4d6saQY0jQ12hUKOMqRAYwrYf5K+YApxtFkmzMhOIuWl0H9rOSUS5d35ULleh5HlhyRY3JKHHJOKuSWVEmNcPJEXsg7+bCerVfr05rMWjPWfOaQ/Cnr6xugeagj</latexit>

Exactly gradient descent 
with f given by logistic 
regression objective
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LR-Gradient-Descent(           ) 
Initialize  
Initialize

✓init, ✓0,init, ⌘, ✏

<latexit sha1_base64="XZGH8kVS870QdUTWCcWAq06H1OQ=">AAACKHicbVDLSgMxFM3UV62vqks3wSK4KGVGCurKohuXFewDOqVk0ts2NPMguSOWoZ/jxl9xI6JIt36JmbaCtl5IOJxz703O8SIpNNr2xMqsrK6tb2Q3c1vbO7t7+f2Dug5jxaHGQxmqpsc0SBFADQVKaEYKmO9JaHjDm1RvPIDSIgzucRRB22f9QPQEZ2ioTv7KxQEg6yQuwiMqPxGBwPG4+EPbxQWBuoZP70gLmW4o2CV7WnQZOHNQIPOqdvJvbjfksQ8Bcsm0bjl2hO2EKRRcwjjnxhoixoesDy0DA+aDbidTo2N6Ypgu7YXKnADplP09kTBf65HvmU6f4UAvain5n9aKsXfRNhajGCHgs4d6saQY0jQ12hUKOMqRAYwrYf5K+YApxtFkmzMhOIuWl0H9rOSUS5d35ULleh5HlhyRY3JKHHJOKuSWVEmNcPJEXsg7+bCerVfr05rMWjPWfOaQ/Cnr6xugeagj</latexit>

✓(0) = ✓init

<latexit sha1_base64="HFE3tRSnorZd6wBs4iusT8Y0I/w=">AAACDnicbVC7SgNBFJ31GeNr1dJmMARiE3YloBZC0MYygnlAEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXO8SAqNjvNtLS2vrK6tZzaym1vbO7v23n5Nh7HiUOWhDFXDYxqkCKCKAiU0IgXM9yTUveHV2K/fg9IiDG5xFEHbZ/1A9ARnaKSOnW/hAJDdJQXnOKUXdHrtJC2EB1R+IgKBadqxc07RmYAuEndGcmSGSsf+anVDHvsQIJdM66brRNhOmELBJaTZVqwhYnzI+tA0NGA+6HYyiZPSvFG6tBcqcwKkE/X3RsJ8rUe+ZyZ9hgM9743F/7xmjL2ztokUxQgBnz7UiyXFkI67oV2hgKMcGcK4EuavlA+YYhxNg1lTgjsfeZHUTopuqXh+U8qVL2d1ZMghOSIF4pJTUibXpEKqhJNH8kxeyZv1ZL1Y79bHdHTJmu0ckD+wPn8AZwecZA==</latexit>

✓(0)0 = ✓0,init

<latexit sha1_base64="95mHlZgBxsFBaZrVMFdovCnbBLY=">AAACEnicbVC7SgNBFJ31GeNr1dJmMAgGJOxKQC2EoI1lBPOAJC6zk5tkcPbBzF0xLPsNNv6KjYUitlZ2/o2TR6HGAwOHc+7lzjl+LIVGx/my5uYXFpeWcyv51bX1jU17a7uuo0RxqPFIRqrpMw1ShFBDgRKasQIW+BIa/u3FyG/cgdIiCq9xGEMnYP1Q9ARnaCTPLrZxAMhu0gOnmHkOPaMTwUudwzbCPaogFaHALPPsglNyxqCzxJ2SApmi6tmf7W7EkwBC5JJp3XKdGDspUyi4hCzfTjTEjN+yPrQMDVkAupOOI2V03yhd2ouUeSHSsfpzI2WB1sPAN5MBw4H+643E/7xWgr2TjokUJwghnxzqJZJiREf90K5QwFEODWFcCfNXygdMMY6mxbwpwf0beZbUj0puuXR6VS5Uzqd15Mgu2SMHxCXHpEIuSZXUCCcP5Im8kFfr0Xq23qz3yeicNd3ZIb9gfXwDjeuddw==</latexit>

Exactly gradient descent 
with f given by logistic 
regression objective
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LR-Gradient-Descent(           ) 
Initialize  
Initialize 
Initialize t = 0

✓init, ✓0,init, ⌘, ✏

<latexit sha1_base64="XZGH8kVS870QdUTWCcWAq06H1OQ=">AAACKHicbVDLSgMxFM3UV62vqks3wSK4KGVGCurKohuXFewDOqVk0ts2NPMguSOWoZ/jxl9xI6JIt36JmbaCtl5IOJxz703O8SIpNNr2xMqsrK6tb2Q3c1vbO7t7+f2Dug5jxaHGQxmqpsc0SBFADQVKaEYKmO9JaHjDm1RvPIDSIgzucRRB22f9QPQEZ2ioTv7KxQEg6yQuwiMqPxGBwPG4+EPbxQWBuoZP70gLmW4o2CV7WnQZOHNQIPOqdvJvbjfksQ8Bcsm0bjl2hO2EKRRcwjjnxhoixoesDy0DA+aDbidTo2N6Ypgu7YXKnADplP09kTBf65HvmU6f4UAvain5n9aKsXfRNhajGCHgs4d6saQY0jQ12hUKOMqRAYwrYf5K+YApxtFkmzMhOIuWl0H9rOSUS5d35ULleh5HlhyRY3JKHHJOKuSWVEmNcPJEXsg7+bCerVfr05rMWjPWfOaQ/Cnr6xugeagj</latexit>

✓(0) = ✓init

<latexit sha1_base64="HFE3tRSnorZd6wBs4iusT8Y0I/w=">AAACDnicbVC7SgNBFJ31GeNr1dJmMARiE3YloBZC0MYygnlAEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXO8SAqNjvNtLS2vrK6tZzaym1vbO7v23n5Nh7HiUOWhDFXDYxqkCKCKAiU0IgXM9yTUveHV2K/fg9IiDG5xFEHbZ/1A9ARnaKSOnW/hAJDdJQXnOKUXdHrtJC2EB1R+IgKBadqxc07RmYAuEndGcmSGSsf+anVDHvsQIJdM66brRNhOmELBJaTZVqwhYnzI+tA0NGA+6HYyiZPSvFG6tBcqcwKkE/X3RsJ8rUe+ZyZ9hgM9743F/7xmjL2ztokUxQgBnz7UiyXFkI67oV2hgKMcGcK4EuavlA+YYhxNg1lTgjsfeZHUTopuqXh+U8qVL2d1ZMghOSIF4pJTUibXpEKqhJNH8kxeyZv1ZL1Y79bHdHTJmu0ckD+wPn8AZwecZA==</latexit>

✓(0)0 = ✓0,init

<latexit sha1_base64="95mHlZgBxsFBaZrVMFdovCnbBLY=">AAACEnicbVC7SgNBFJ31GeNr1dJmMAgGJOxKQC2EoI1lBPOAJC6zk5tkcPbBzF0xLPsNNv6KjYUitlZ2/o2TR6HGAwOHc+7lzjl+LIVGx/my5uYXFpeWcyv51bX1jU17a7uuo0RxqPFIRqrpMw1ShFBDgRKasQIW+BIa/u3FyG/cgdIiCq9xGEMnYP1Q9ARnaCTPLrZxAMhu0gOnmHkOPaMTwUudwzbCPaogFaHALPPsglNyxqCzxJ2SApmi6tmf7W7EkwBC5JJp3XKdGDspUyi4hCzfTjTEjN+yPrQMDVkAupOOI2V03yhd2ouUeSHSsfpzI2WB1sPAN5MBw4H+643E/7xWgr2TjokUJwghnxzqJZJiREf90K5QwFEODWFcCfNXygdMMY6mxbwpwf0beZbUj0puuXR6VS5Uzqd15Mgu2SMHxCXHpEIuSZXUCCcP5Im8kFfr0Xq23qz3yeicNd3ZIb9gfXwDjeuddw==</latexit>

Exactly gradient descent 
with f given by logistic 
regression objective
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LR-Gradient-Descent(           ) 
Initialize  
Initialize 
Initialize t = 0 
repeat

✓init, ✓0,init, ⌘, ✏

<latexit sha1_base64="XZGH8kVS870QdUTWCcWAq06H1OQ=">AAACKHicbVDLSgMxFM3UV62vqks3wSK4KGVGCurKohuXFewDOqVk0ts2NPMguSOWoZ/jxl9xI6JIt36JmbaCtl5IOJxz703O8SIpNNr2xMqsrK6tb2Q3c1vbO7t7+f2Dug5jxaHGQxmqpsc0SBFADQVKaEYKmO9JaHjDm1RvPIDSIgzucRRB22f9QPQEZ2ioTv7KxQEg6yQuwiMqPxGBwPG4+EPbxQWBuoZP70gLmW4o2CV7WnQZOHNQIPOqdvJvbjfksQ8Bcsm0bjl2hO2EKRRcwjjnxhoixoesDy0DA+aDbidTo2N6Ypgu7YXKnADplP09kTBf65HvmU6f4UAvain5n9aKsXfRNhajGCHgs4d6saQY0jQ12hUKOMqRAYwrYf5K+YApxtFkmzMhOIuWl0H9rOSUS5d35ULleh5HlhyRY3JKHHJOKuSWVEmNcPJEXsg7+bCerVfr05rMWjPWfOaQ/Cnr6xugeagj</latexit>

✓(0) = ✓init

<latexit sha1_base64="HFE3tRSnorZd6wBs4iusT8Y0I/w=">AAACDnicbVC7SgNBFJ31GeNr1dJmMARiE3YloBZC0MYygnlAEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXO8SAqNjvNtLS2vrK6tZzaym1vbO7v23n5Nh7HiUOWhDFXDYxqkCKCKAiU0IgXM9yTUveHV2K/fg9IiDG5xFEHbZ/1A9ARnaKSOnW/hAJDdJQXnOKUXdHrtJC2EB1R+IgKBadqxc07RmYAuEndGcmSGSsf+anVDHvsQIJdM66brRNhOmELBJaTZVqwhYnzI+tA0NGA+6HYyiZPSvFG6tBcqcwKkE/X3RsJ8rUe+ZyZ9hgM9743F/7xmjL2ztokUxQgBnz7UiyXFkI67oV2hgKMcGcK4EuavlA+YYhxNg1lTgjsfeZHUTopuqXh+U8qVL2d1ZMghOSIF4pJTUibXpEKqhJNH8kxeyZv1ZL1Y79bHdHTJmu0ckD+wPn8AZwecZA==</latexit>

✓(0)0 = ✓0,init

<latexit sha1_base64="95mHlZgBxsFBaZrVMFdovCnbBLY=">AAACEnicbVC7SgNBFJ31GeNr1dJmMAgGJOxKQC2EoI1lBPOAJC6zk5tkcPbBzF0xLPsNNv6KjYUitlZ2/o2TR6HGAwOHc+7lzjl+LIVGx/my5uYXFpeWcyv51bX1jU17a7uuo0RxqPFIRqrpMw1ShFBDgRKasQIW+BIa/u3FyG/cgdIiCq9xGEMnYP1Q9ARnaCTPLrZxAMhu0gOnmHkOPaMTwUudwzbCPaogFaHALPPsglNyxqCzxJ2SApmi6tmf7W7EkwBC5JJp3XKdGDspUyi4hCzfTjTEjN+yPrQMDVkAupOOI2V03yhd2ouUeSHSsfpzI2WB1sPAN5MBw4H+643E/7xWgr2TjokUJwghnxzqJZJiREf90K5QwFEODWFcCfNXygdMMY6mxbwpwf0beZbUj0puuXR6VS5Uzqd15Mgu2SMHxCXHpEIuSZXUCCcP5Im8kFfr0Xq23qz3yeicNd3ZIb9gfXwDjeuddw==</latexit>

Exactly gradient descent 
with f given by logistic 
regression objective
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LR-Gradient-Descent(           ) 
Initialize  
Initialize 
Initialize t = 0 
repeat 
t = t + 1

✓init, ✓0,init, ⌘, ✏

<latexit sha1_base64="XZGH8kVS870QdUTWCcWAq06H1OQ=">AAACKHicbVDLSgMxFM3UV62vqks3wSK4KGVGCurKohuXFewDOqVk0ts2NPMguSOWoZ/jxl9xI6JIt36JmbaCtl5IOJxz703O8SIpNNr2xMqsrK6tb2Q3c1vbO7t7+f2Dug5jxaHGQxmqpsc0SBFADQVKaEYKmO9JaHjDm1RvPIDSIgzucRRB22f9QPQEZ2ioTv7KxQEg6yQuwiMqPxGBwPG4+EPbxQWBuoZP70gLmW4o2CV7WnQZOHNQIPOqdvJvbjfksQ8Bcsm0bjl2hO2EKRRcwjjnxhoixoesDy0DA+aDbidTo2N6Ypgu7YXKnADplP09kTBf65HvmU6f4UAvain5n9aKsXfRNhajGCHgs4d6saQY0jQ12hUKOMqRAYwrYf5K+YApxtFkmzMhOIuWl0H9rOSUS5d35ULleh5HlhyRY3JKHHJOKuSWVEmNcPJEXsg7+bCerVfr05rMWjPWfOaQ/Cnr6xugeagj</latexit>

✓(0) = ✓init

<latexit sha1_base64="HFE3tRSnorZd6wBs4iusT8Y0I/w=">AAACDnicbVC7SgNBFJ31GeNr1dJmMARiE3YloBZC0MYygnlAEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXO8SAqNjvNtLS2vrK6tZzaym1vbO7v23n5Nh7HiUOWhDFXDYxqkCKCKAiU0IgXM9yTUveHV2K/fg9IiDG5xFEHbZ/1A9ARnaKSOnW/hAJDdJQXnOKUXdHrtJC2EB1R+IgKBadqxc07RmYAuEndGcmSGSsf+anVDHvsQIJdM66brRNhOmELBJaTZVqwhYnzI+tA0NGA+6HYyiZPSvFG6tBcqcwKkE/X3RsJ8rUe+ZyZ9hgM9743F/7xmjL2ztokUxQgBnz7UiyXFkI67oV2hgKMcGcK4EuavlA+YYhxNg1lTgjsfeZHUTopuqXh+U8qVL2d1ZMghOSIF4pJTUibXpEKqhJNH8kxeyZv1ZL1Y79bHdHTJmu0ckD+wPn8AZwecZA==</latexit>

✓(0)0 = ✓0,init

<latexit sha1_base64="95mHlZgBxsFBaZrVMFdovCnbBLY=">AAACEnicbVC7SgNBFJ31GeNr1dJmMAgGJOxKQC2EoI1lBPOAJC6zk5tkcPbBzF0xLPsNNv6KjYUitlZ2/o2TR6HGAwOHc+7lzjl+LIVGx/my5uYXFpeWcyv51bX1jU17a7uuo0RxqPFIRqrpMw1ShFBDgRKasQIW+BIa/u3FyG/cgdIiCq9xGEMnYP1Q9ARnaCTPLrZxAMhu0gOnmHkOPaMTwUudwzbCPaogFaHALPPsglNyxqCzxJ2SApmi6tmf7W7EkwBC5JJp3XKdGDspUyi4hCzfTjTEjN+yPrQMDVkAupOOI2V03yhd2ouUeSHSsfpzI2WB1sPAN5MBw4H+643E/7xWgr2TjokUJwghnxzqJZJiREf90K5QwFEODWFcCfNXygdMMY6mxbwpwf0beZbUj0puuXR6VS5Uzqd15Mgu2SMHxCXHpEIuSZXUCCcP5Im8kFfr0Xq23qz3yeicNd3ZIb9gfXwDjeuddw==</latexit>

Exactly gradient descent 
with f given by logistic 
regression objective
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LR-Gradient-Descent(           ) 
Initialize  
Initialize 
Initialize t = 0 
repeat 
t = t + 1

✓init, ✓0,init, ⌘, ✏

<latexit sha1_base64="XZGH8kVS870QdUTWCcWAq06H1OQ=">AAACKHicbVDLSgMxFM3UV62vqks3wSK4KGVGCurKohuXFewDOqVk0ts2NPMguSOWoZ/jxl9xI6JIt36JmbaCtl5IOJxz703O8SIpNNr2xMqsrK6tb2Q3c1vbO7t7+f2Dug5jxaHGQxmqpsc0SBFADQVKaEYKmO9JaHjDm1RvPIDSIgzucRRB22f9QPQEZ2ioTv7KxQEg6yQuwiMqPxGBwPG4+EPbxQWBuoZP70gLmW4o2CV7WnQZOHNQIPOqdvJvbjfksQ8Bcsm0bjl2hO2EKRRcwjjnxhoixoesDy0DA+aDbidTo2N6Ypgu7YXKnADplP09kTBf65HvmU6f4UAvain5n9aKsXfRNhajGCHgs4d6saQY0jQ12hUKOMqRAYwrYf5K+YApxtFkmzMhOIuWl0H9rOSUS5d35ULleh5HlhyRY3JKHHJOKuSWVEmNcPJEXsg7+bCerVfr05rMWjPWfOaQ/Cnr6xugeagj</latexit>

✓(0) = ✓init

<latexit sha1_base64="HFE3tRSnorZd6wBs4iusT8Y0I/w=">AAACDnicbVC7SgNBFJ31GeNr1dJmMARiE3YloBZC0MYygnlAEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXO8SAqNjvNtLS2vrK6tZzaym1vbO7v23n5Nh7HiUOWhDFXDYxqkCKCKAiU0IgXM9yTUveHV2K/fg9IiDG5xFEHbZ/1A9ARnaKSOnW/hAJDdJQXnOKUXdHrtJC2EB1R+IgKBadqxc07RmYAuEndGcmSGSsf+anVDHvsQIJdM66brRNhOmELBJaTZVqwhYnzI+tA0NGA+6HYyiZPSvFG6tBcqcwKkE/X3RsJ8rUe+ZyZ9hgM9743F/7xmjL2ztokUxQgBnz7UiyXFkI67oV2hgKMcGcK4EuavlA+YYhxNg1lTgjsfeZHUTopuqXh+U8qVL2d1ZMghOSIF4pJTUibXpEKqhJNH8kxeyZv1ZL1Y79bHdHTJmu0ckD+wPn8AZwecZA==</latexit>

✓(0)0 = ✓0,init

<latexit sha1_base64="95mHlZgBxsFBaZrVMFdovCnbBLY=">AAACEnicbVC7SgNBFJ31GeNr1dJmMAgGJOxKQC2EoI1lBPOAJC6zk5tkcPbBzF0xLPsNNv6KjYUitlZ2/o2TR6HGAwOHc+7lzjl+LIVGx/my5uYXFpeWcyv51bX1jU17a7uuo0RxqPFIRqrpMw1ShFBDgRKasQIW+BIa/u3FyG/cgdIiCq9xGEMnYP1Q9ARnaCTPLrZxAMhu0gOnmHkOPaMTwUudwzbCPaogFaHALPPsglNyxqCzxJ2SApmi6tmf7W7EkwBC5JJp3XKdGDspUyi4hCzfTjTEjN+yPrQMDVkAupOOI2V03yhd2ouUeSHSsfpzI2WB1sPAN5MBw4H+643E/7xWgr2TjokUJwghnxzqJZJiREf90K5QwFEODWFcCfNXygdMMY6mxbwpwf0beZbUj0puuXR6VS5Uzqd15Mgu2SMHxCXHpEIuSZXUCCcP5Im8kFfr0Xq23qz3yeicNd3ZIb9gfXwDjeuddw==</latexit>

✓(t) = ✓(t�1) � ⌘

⇢
1

n

nX

i=1

⇥
�(✓(t�1)>x(i) + ✓(t�1)

0 )� y(i)
⇤
x(i)

<latexit sha1_base64="K88o6b65HvQOlTi1vwT/hfRUybY="></latexit>

✓(t)0 = ✓(t�1)
0 � ⌘

⇢
1

n

nX

i=1

⇥
�(✓(t�1)>x(i) + ✓(t�1)

0 )� y(i)
⇤�

<latexit sha1_base64="+d8qGJLEVfZA84VvMnTToc/JX3c="></latexit>

Exactly gradient descent 
with f given by logistic 
regression objective

+ 2�✓(t�1)

�

<latexit sha1_base64="TQ5hELay+zvPkoKw7e9fFMd0TOE=">AAACDnicbVC7SgNBFJ2Nrxhfq5Y2gyEQEcNuCKhd0MYygnlAdg2zk0kyZPbBzF0hLPsFNv6KjYUittZ2/o2TZAtNPDBwOOce7tzjRYIrsKxvI7eyura+kd8sbG3v7O6Z+wctFcaSsiYNRSg7HlFM8IA1gYNgnUgy4nuCtb3x9dRvPzCpeBjcwSRirk+GAR9wSkBLPbOUpPgUV7EjdKZPsAMjBuQ+KcOZfZJix+PDoZP2zKJVsWbAy8TOSBFlaPTML6cf0thnAVBBlOraVgRuQiRwKlhacGLFIkLHZMi6mgbEZ8pNZuekuKSVPh6EUr8A8Ez9nUiIr9TE9/SkT2CkFr2p+J/XjWFw4SY8iGJgAZ0vGsQCQ4in3eA+l4yCmGhCqOT6r5iOiCQUdIMFXYK9ePIyaVUrdq1yeVsr1q+yOvLoCB2jMrLROaqjG9RATUTRI3pGr+jNeDJejHfjYz6aM7LMIfoD4/MHjjKalA==</latexit>
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LR-Gradient-Descent(           ) 
Initialize  
Initialize 
Initialize t = 0 
repeat 
t = t + 1 

until

✓init, ✓0,init, ⌘, ✏

<latexit sha1_base64="XZGH8kVS870QdUTWCcWAq06H1OQ=">AAACKHicbVDLSgMxFM3UV62vqks3wSK4KGVGCurKohuXFewDOqVk0ts2NPMguSOWoZ/jxl9xI6JIt36JmbaCtl5IOJxz703O8SIpNNr2xMqsrK6tb2Q3c1vbO7t7+f2Dug5jxaHGQxmqpsc0SBFADQVKaEYKmO9JaHjDm1RvPIDSIgzucRRB22f9QPQEZ2ioTv7KxQEg6yQuwiMqPxGBwPG4+EPbxQWBuoZP70gLmW4o2CV7WnQZOHNQIPOqdvJvbjfksQ8Bcsm0bjl2hO2EKRRcwjjnxhoixoesDy0DA+aDbidTo2N6Ypgu7YXKnADplP09kTBf65HvmU6f4UAvain5n9aKsXfRNhajGCHgs4d6saQY0jQ12hUKOMqRAYwrYf5K+YApxtFkmzMhOIuWl0H9rOSUS5d35ULleh5HlhyRY3JKHHJOKuSWVEmNcPJEXsg7+bCerVfr05rMWjPWfOaQ/Cnr6xugeagj</latexit>

✓(0) = ✓init

<latexit sha1_base64="HFE3tRSnorZd6wBs4iusT8Y0I/w=">AAACDnicbVC7SgNBFJ31GeNr1dJmMARiE3YloBZC0MYygnlAEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXO8SAqNjvNtLS2vrK6tZzaym1vbO7v23n5Nh7HiUOWhDFXDYxqkCKCKAiU0IgXM9yTUveHV2K/fg9IiDG5xFEHbZ/1A9ARnaKSOnW/hAJDdJQXnOKUXdHrtJC2EB1R+IgKBadqxc07RmYAuEndGcmSGSsf+anVDHvsQIJdM66brRNhOmELBJaTZVqwhYnzI+tA0NGA+6HYyiZPSvFG6tBcqcwKkE/X3RsJ8rUe+ZyZ9hgM9743F/7xmjL2ztokUxQgBnz7UiyXFkI67oV2hgKMcGcK4EuavlA+YYhxNg1lTgjsfeZHUTopuqXh+U8qVL2d1ZMghOSIF4pJTUibXpEKqhJNH8kxeyZv1ZL1Y79bHdHTJmu0ckD+wPn8AZwecZA==</latexit>

✓(0)0 = ✓0,init

<latexit sha1_base64="95mHlZgBxsFBaZrVMFdovCnbBLY=">AAACEnicbVC7SgNBFJ31GeNr1dJmMAgGJOxKQC2EoI1lBPOAJC6zk5tkcPbBzF0xLPsNNv6KjYUitlZ2/o2TR6HGAwOHc+7lzjl+LIVGx/my5uYXFpeWcyv51bX1jU17a7uuo0RxqPFIRqrpMw1ShFBDgRKasQIW+BIa/u3FyG/cgdIiCq9xGEMnYP1Q9ARnaCTPLrZxAMhu0gOnmHkOPaMTwUudwzbCPaogFaHALPPsglNyxqCzxJ2SApmi6tmf7W7EkwBC5JJp3XKdGDspUyi4hCzfTjTEjN+yPrQMDVkAupOOI2V03yhd2ouUeSHSsfpzI2WB1sPAN5MBw4H+643E/7xWgr2TjokUJwghnxzqJZJiREf90K5QwFEODWFcCfNXygdMMY6mxbwpwf0beZbUj0puuXR6VS5Uzqd15Mgu2SMHxCXHpEIuSZXUCCcP5Im8kFfr0Xq23qz3yeicNd3ZIb9gfXwDjeuddw==</latexit>

✓(t) = ✓(t�1) � ⌘

⇢
1

n

nX

i=1

⇥
�(✓(t�1)>x(i) + ✓(t�1)

0 )� y(i)
⇤
x(i)

<latexit sha1_base64="K88o6b65HvQOlTi1vwT/hfRUybY="></latexit>

✓(t)0 = ✓(t�1)
0 � ⌘

⇢
1

n

nX

i=1

⇥
�(✓(t�1)>x(i) + ✓(t�1)

0 )� y(i)
⇤�

<latexit sha1_base64="+d8qGJLEVfZA84VvMnTToc/JX3c="></latexit>

|Jlr(✓(t), ✓(t)0 )� Jlr(✓
(t�1), ✓(t�1)

0 )| < ✏

<latexit sha1_base64="qsk4j0SRZ01dah+hiGOAE22k4W8="></latexit>

Exactly gradient descent 
with f given by logistic 
regression objective

+ 2�✓(t�1)

�

<latexit sha1_base64="TQ5hELay+zvPkoKw7e9fFMd0TOE=">AAACDnicbVC7SgNBFJ2Nrxhfq5Y2gyEQEcNuCKhd0MYygnlAdg2zk0kyZPbBzF0hLPsFNv6KjYUittZ2/o2TZAtNPDBwOOce7tzjRYIrsKxvI7eyura+kd8sbG3v7O6Z+wctFcaSsiYNRSg7HlFM8IA1gYNgnUgy4nuCtb3x9dRvPzCpeBjcwSRirk+GAR9wSkBLPbOUpPgUV7EjdKZPsAMjBuQ+KcOZfZJix+PDoZP2zKJVsWbAy8TOSBFlaPTML6cf0thnAVBBlOraVgRuQiRwKlhacGLFIkLHZMi6mgbEZ8pNZuekuKSVPh6EUr8A8Ez9nUiIr9TE9/SkT2CkFr2p+J/XjWFw4SY8iGJgAZ0vGsQCQ4in3eA+l4yCmGhCqOT6r5iOiCQUdIMFXYK9ePIyaVUrdq1yeVsr1q+yOvLoCB2jMrLROaqjG9RATUTRI3pGr+jNeDJejHfjYz6aM7LMIfoD4/MHjjKalA==</latexit>
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LR-Gradient-Descent(           ) 
Initialize  
Initialize 
Initialize t = 0 
repeat 
t = t + 1 

until 
Return 

✓init, ✓0,init, ⌘, ✏

<latexit sha1_base64="XZGH8kVS870QdUTWCcWAq06H1OQ=">AAACKHicbVDLSgMxFM3UV62vqks3wSK4KGVGCurKohuXFewDOqVk0ts2NPMguSOWoZ/jxl9xI6JIt36JmbaCtl5IOJxz703O8SIpNNr2xMqsrK6tb2Q3c1vbO7t7+f2Dug5jxaHGQxmqpsc0SBFADQVKaEYKmO9JaHjDm1RvPIDSIgzucRRB22f9QPQEZ2ioTv7KxQEg6yQuwiMqPxGBwPG4+EPbxQWBuoZP70gLmW4o2CV7WnQZOHNQIPOqdvJvbjfksQ8Bcsm0bjl2hO2EKRRcwjjnxhoixoesDy0DA+aDbidTo2N6Ypgu7YXKnADplP09kTBf65HvmU6f4UAvain5n9aKsXfRNhajGCHgs4d6saQY0jQ12hUKOMqRAYwrYf5K+YApxtFkmzMhOIuWl0H9rOSUS5d35ULleh5HlhyRY3JKHHJOKuSWVEmNcPJEXsg7+bCerVfr05rMWjPWfOaQ/Cnr6xugeagj</latexit>

✓(0) = ✓init

<latexit sha1_base64="HFE3tRSnorZd6wBs4iusT8Y0I/w=">AAACDnicbVC7SgNBFJ31GeNr1dJmMARiE3YloBZC0MYygnlAEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXO8SAqNjvNtLS2vrK6tZzaym1vbO7v23n5Nh7HiUOWhDFXDYxqkCKCKAiU0IgXM9yTUveHV2K/fg9IiDG5xFEHbZ/1A9ARnaKSOnW/hAJDdJQXnOKUXdHrtJC2EB1R+IgKBadqxc07RmYAuEndGcmSGSsf+anVDHvsQIJdM66brRNhOmELBJaTZVqwhYnzI+tA0NGA+6HYyiZPSvFG6tBcqcwKkE/X3RsJ8rUe+ZyZ9hgM9743F/7xmjL2ztokUxQgBnz7UiyXFkI67oV2hgKMcGcK4EuavlA+YYhxNg1lTgjsfeZHUTopuqXh+U8qVL2d1ZMghOSIF4pJTUibXpEKqhJNH8kxeyZv1ZL1Y79bHdHTJmu0ckD+wPn8AZwecZA==</latexit>

✓(0)0 = ✓0,init

<latexit sha1_base64="95mHlZgBxsFBaZrVMFdovCnbBLY=">AAACEnicbVC7SgNBFJ31GeNr1dJmMAgGJOxKQC2EoI1lBPOAJC6zk5tkcPbBzF0xLPsNNv6KjYUitlZ2/o2TR6HGAwOHc+7lzjl+LIVGx/my5uYXFpeWcyv51bX1jU17a7uuo0RxqPFIRqrpMw1ShFBDgRKasQIW+BIa/u3FyG/cgdIiCq9xGEMnYP1Q9ARnaCTPLrZxAMhu0gOnmHkOPaMTwUudwzbCPaogFaHALPPsglNyxqCzxJ2SApmi6tmf7W7EkwBC5JJp3XKdGDspUyi4hCzfTjTEjN+yPrQMDVkAupOOI2V03yhd2ouUeSHSsfpzI2WB1sPAN5MBw4H+643E/7xWgr2TjokUJwghnxzqJZJiREf90K5QwFEODWFcCfNXygdMMY6mxbwpwf0beZbUj0puuXR6VS5Uzqd15Mgu2SMHxCXHpEIuSZXUCCcP5Im8kFfr0Xq23qz3yeicNd3ZIb9gfXwDjeuddw==</latexit>

✓(t) = ✓(t�1) � ⌘

⇢
1

n

nX

i=1

⇥
�(✓(t�1)>x(i) + ✓(t�1)

0 )� y(i)
⇤
x(i)

<latexit sha1_base64="K88o6b65HvQOlTi1vwT/hfRUybY="></latexit>

✓(t)0 = ✓(t�1)
0 � ⌘

⇢
1

n

nX

i=1

⇥
�(✓(t�1)>x(i) + ✓(t�1)

0 )� y(i)
⇤�

<latexit sha1_base64="+d8qGJLEVfZA84VvMnTToc/JX3c="></latexit>

|Jlr(✓(t), ✓(t)0 )� Jlr(✓
(t�1), ✓(t�1)

0 )| < ✏

<latexit sha1_base64="qsk4j0SRZ01dah+hiGOAE22k4W8="></latexit>

✓(t), ✓(t)0

<latexit sha1_base64="cO29BeThZiEWstIOX7GlDA+8eHI=">AAACBXicbVDLSgMxFM3UV62vUZe6CBahgpQZKai7ohuXFewD2nHIpJk2NJMZkjtCGbpx46+4caGIW//BnX9j+ljU6oELJ+fcS+49QSK4Bsf5tnJLyyura/n1wsbm1vaOvbvX0HGqKKvTWMSqFRDNBJesDhwEayWKkSgQrBkMrsd+84EpzWN5B8OEeRHpSR5ySsBIvn3YgT4Dcp+V4GR0iudfvuPbRafsTID/EndGimiGmm9/dboxTSMmgQqiddt1EvAyooBTwUaFTqpZQuiA9FjbUEkipr1scsUIHxuli8NYmZKAJ+r8REYirYdRYDojAn296I3F/7x2CuGFl3GZpMAknX4UpgJDjMeR4C5XjIIYGkKo4mZXTPtEEQomuIIJwV08+S9pnJXdSvnytlKsXs3iyKMDdIRKyEXnqIpuUA3VEUWP6Bm9ojfryXqx3q2PaWvOms3so1+wPn8AN3qXxA==</latexit>

Exactly gradient descent 
with f given by logistic 
regression objective

+ 2�✓(t�1)

�

<latexit sha1_base64="TQ5hELay+zvPkoKw7e9fFMd0TOE=">AAACDnicbVC7SgNBFJ2Nrxhfq5Y2gyEQEcNuCKhd0MYygnlAdg2zk0kyZPbBzF0hLPsFNv6KjYUittZ2/o2TZAtNPDBwOOce7tzjRYIrsKxvI7eyura+kd8sbG3v7O6Z+wctFcaSsiYNRSg7HlFM8IA1gYNgnUgy4nuCtb3x9dRvPzCpeBjcwSRirk+GAR9wSkBLPbOUpPgUV7EjdKZPsAMjBuQ+KcOZfZJix+PDoZP2zKJVsWbAy8TOSBFlaPTML6cf0thnAVBBlOraVgRuQiRwKlhacGLFIkLHZMi6mgbEZ8pNZuekuKSVPh6EUr8A8Ez9nUiIr9TE9/SkT2CkFr2p+J/XjWFw4SY8iGJgAZ0vGsQCQ4in3eA+l4yCmGhCqOT6r5iOiCQUdIMFXYK9ePIyaVUrdq1yeVsr1q+yOvLoCB2jMrLROaqjG9RATUTRI3pGr+jNeDJejHfjYz6aM7LMIfoD4/MHjjKalA==</latexit>
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<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)
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<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)
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<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)
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<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)



Optimizing linear regression
• Gradient descent

11

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)
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<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)
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<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)
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<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)



Optimizing linear regression
• Gradient descent vs. analytical/closed-form/direct solution

• Accuracy doesn’t mean anything without running time

11

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)
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• Accuracy doesn’t mean anything without running time 
• Running time doesn’t mean anything without accuracy
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<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)
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• Gradient descent vs. analytical/closed-form/direct solution

• Accuracy doesn’t mean anything without running time 
• Running time doesn’t mean anything without accuracy 
• Need to measure accuracy for the running time we have
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<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)



Optimizing linear regression
• Gradient descent vs. analytical/closed-form/direct solution

• Accuracy doesn’t mean anything without running time 
• Running time doesn’t mean anything without accuracy 
• Need to measure accuracy for the running time we have

<latexit sha1_base64="zYWLDu0ZPqhopa8HNQ5Xo7JO7v8="></latexit>

) ✓ = (X̃>X̃ + n�I)�1X̃>Ỹ
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<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)



Optimizing linear regression
• Gradient descent vs. analytical/closed-form/direct solution

• Accuracy doesn’t mean anything without running time 
• Running time doesn’t mean anything without accuracy 
• Need to measure accuracy for the running time we have

<latexit sha1_base64="zYWLDu0ZPqhopa8HNQ5Xo7JO7v8="></latexit>

) ✓ = (X̃>X̃ + n�I)�1X̃>Ỹ

dxd
11

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)



Optimizing linear regression
• Gradient descent vs. analytical/closed-form/direct solution

• Accuracy doesn’t mean anything without running time 
• Running time doesn’t mean anything without accuracy 
• Need to measure accuracy for the running time we have

<latexit sha1_base64="zYWLDu0ZPqhopa8HNQ5Xo7JO7v8="></latexit>

) ✓ = (X̃>X̃ + n�I)�1X̃>Ỹ

dxd
Matrix inversion: O(d3)11

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)



Gradient descent for linear regression

12



Gradient descent for linear regression

12

LinearRegression-Gradient-Descent(            )
<latexit sha1_base64="wHpnE8IryKWdboWv/WwoijydgYA=">AAACInicbVBNS0JBFJ3Xp9mX1bLNkAQtRN4LIZdSm5YGmoJPHvPGqw7O+2Dmvkge/pU2/ZU2LQqqVdCPadQXlHZg4HDOvdw5x4+l0Gjbn9bK6tr6xmZuK7+9s7u3Xzg4vNVRojg0eSQj1faZBilCaKJACe1YAQt8CS1/dDX1W3egtIjCBo5j6AZsEIq+4AyN5BWqLg4BmZe6CPeoglSEAieT0o9slxYM6hq9RBteoWiX7RnoMnEyUiQZ6l7h3e1FPAkgRC6Z1h3HjrGbMoWCS5jk3URDzPiIDaBjaMgC0N10lnBCT43So/1ImRcinam/N1IWaD0OfDMZMBzqRW8q/ud1EuxXuyZbnCCEfH6on0iKEZ3WRXtCAUc5NoRxJcxfKR8yxTiaUvOmBGcx8jJpnZedStlxbirF2mXWR44ckxNyRhxyQWrkmtRJk3DyQJ7IC3m1Hq1n6836mI+uWNnOEfkD6+sbECilCA==</latexit>

✓init, ✓0,init, ⌘, T



Gradient descent for linear regression

12

LinearRegression-Gradient-Descent(            )

Exactly gradient descent 
with f given by linear 
regression objective

<latexit sha1_base64="wHpnE8IryKWdboWv/WwoijydgYA=">AAACInicbVBNS0JBFJ3Xp9mX1bLNkAQtRN4LIZdSm5YGmoJPHvPGqw7O+2Dmvkge/pU2/ZU2LQqqVdCPadQXlHZg4HDOvdw5x4+l0Gjbn9bK6tr6xmZuK7+9s7u3Xzg4vNVRojg0eSQj1faZBilCaKJACe1YAQt8CS1/dDX1W3egtIjCBo5j6AZsEIq+4AyN5BWqLg4BmZe6CPeoglSEAieT0o9slxYM6hq9RBteoWiX7RnoMnEyUiQZ6l7h3e1FPAkgRC6Z1h3HjrGbMoWCS5jk3URDzPiIDaBjaMgC0N10lnBCT43So/1ImRcinam/N1IWaD0OfDMZMBzqRW8q/ud1EuxXuyZbnCCEfH6on0iKEZ3WRXtCAUc5NoRxJcxfKR8yxTiaUvOmBGcx8jJpnZedStlxbirF2mXWR44ckxNyRhxyQWrkmtRJk3DyQJ7IC3m1Hq1n6836mI+uWNnOEfkD6+sbECilCA==</latexit>

✓init, ✓0,init, ⌘, T



Gradient descent for linear regression

12

LinearRegression-Gradient-Descent(            ) 
Initialize  
Initialize

✓(0) = ✓init

<latexit sha1_base64="HFE3tRSnorZd6wBs4iusT8Y0I/w=">AAACDnicbVC7SgNBFJ31GeNr1dJmMARiE3YloBZC0MYygnlAEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXO8SAqNjvNtLS2vrK6tZzaym1vbO7v23n5Nh7HiUOWhDFXDYxqkCKCKAiU0IgXM9yTUveHV2K/fg9IiDG5xFEHbZ/1A9ARnaKSOnW/hAJDdJQXnOKUXdHrtJC2EB1R+IgKBadqxc07RmYAuEndGcmSGSsf+anVDHvsQIJdM66brRNhOmELBJaTZVqwhYnzI+tA0NGA+6HYyiZPSvFG6tBcqcwKkE/X3RsJ8rUe+ZyZ9hgM9743F/7xmjL2ztokUxQgBnz7UiyXFkI67oV2hgKMcGcK4EuavlA+YYhxNg1lTgjsfeZHUTopuqXh+U8qVL2d1ZMghOSIF4pJTUibXpEKqhJNH8kxeyZv1ZL1Y79bHdHTJmu0ckD+wPn8AZwecZA==</latexit>

✓(0)0 = ✓0,init

<latexit sha1_base64="95mHlZgBxsFBaZrVMFdovCnbBLY=">AAACEnicbVC7SgNBFJ31GeNr1dJmMAgGJOxKQC2EoI1lBPOAJC6zk5tkcPbBzF0xLPsNNv6KjYUitlZ2/o2TR6HGAwOHc+7lzjl+LIVGx/my5uYXFpeWcyv51bX1jU17a7uuo0RxqPFIRqrpMw1ShFBDgRKasQIW+BIa/u3FyG/cgdIiCq9xGEMnYP1Q9ARnaCTPLrZxAMhu0gOnmHkOPaMTwUudwzbCPaogFaHALPPsglNyxqCzxJ2SApmi6tmf7W7EkwBC5JJp3XKdGDspUyi4hCzfTjTEjN+yPrQMDVkAupOOI2V03yhd2ouUeSHSsfpzI2WB1sPAN5MBw4H+643E/7xWgr2TjokUJwghnxzqJZJiREf90K5QwFEODWFcCfNXygdMMY6mxbwpwf0beZbUj0puuXR6VS5Uzqd15Mgu2SMHxCXHpEIuSZXUCCcP5Im8kFfr0Xq23qz3yeicNd3ZIb9gfXwDjeuddw==</latexit>

Exactly gradient descent 
with f given by linear 
regression objective

<latexit sha1_base64="wHpnE8IryKWdboWv/WwoijydgYA=">AAACInicbVBNS0JBFJ3Xp9mX1bLNkAQtRN4LIZdSm5YGmoJPHvPGqw7O+2Dmvkge/pU2/ZU2LQqqVdCPadQXlHZg4HDOvdw5x4+l0Gjbn9bK6tr6xmZuK7+9s7u3Xzg4vNVRojg0eSQj1faZBilCaKJACe1YAQt8CS1/dDX1W3egtIjCBo5j6AZsEIq+4AyN5BWqLg4BmZe6CPeoglSEAieT0o9slxYM6hq9RBteoWiX7RnoMnEyUiQZ6l7h3e1FPAkgRC6Z1h3HjrGbMoWCS5jk3URDzPiIDaBjaMgC0N10lnBCT43So/1ImRcinam/N1IWaD0OfDMZMBzqRW8q/ud1EuxXuyZbnCCEfH6on0iKEZ3WRXtCAUc5NoRxJcxfKR8yxTiaUvOmBGcx8jJpnZedStlxbirF2mXWR44ckxNyRhxyQWrkmtRJk3DyQJ7IC3m1Hq1n6836mI+uWNnOEfkD6+sbECilCA==</latexit>

✓init, ✓0,init, ⌘, T



Gradient descent for linear regression

12

LinearRegression-Gradient-Descent(            ) 
Initialize  
Initialize 
for t = 1 to T

✓(0) = ✓init

<latexit sha1_base64="HFE3tRSnorZd6wBs4iusT8Y0I/w=">AAACDnicbVC7SgNBFJ31GeNr1dJmMARiE3YloBZC0MYygnlAEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXO8SAqNjvNtLS2vrK6tZzaym1vbO7v23n5Nh7HiUOWhDFXDYxqkCKCKAiU0IgXM9yTUveHV2K/fg9IiDG5xFEHbZ/1A9ARnaKSOnW/hAJDdJQXnOKUXdHrtJC2EB1R+IgKBadqxc07RmYAuEndGcmSGSsf+anVDHvsQIJdM66brRNhOmELBJaTZVqwhYnzI+tA0NGA+6HYyiZPSvFG6tBcqcwKkE/X3RsJ8rUe+ZyZ9hgM9743F/7xmjL2ztokUxQgBnz7UiyXFkI67oV2hgKMcGcK4EuavlA+YYhxNg1lTgjsfeZHUTopuqXh+U8qVL2d1ZMghOSIF4pJTUibXpEKqhJNH8kxeyZv1ZL1Y79bHdHTJmu0ckD+wPn8AZwecZA==</latexit>

✓(0)0 = ✓0,init

<latexit sha1_base64="95mHlZgBxsFBaZrVMFdovCnbBLY=">AAACEnicbVC7SgNBFJ31GeNr1dJmMAgGJOxKQC2EoI1lBPOAJC6zk5tkcPbBzF0xLPsNNv6KjYUitlZ2/o2TR6HGAwOHc+7lzjl+LIVGx/my5uYXFpeWcyv51bX1jU17a7uuo0RxqPFIRqrpMw1ShFBDgRKasQIW+BIa/u3FyG/cgdIiCq9xGEMnYP1Q9ARnaCTPLrZxAMhu0gOnmHkOPaMTwUudwzbCPaogFaHALPPsglNyxqCzxJ2SApmi6tmf7W7EkwBC5JJp3XKdGDspUyi4hCzfTjTEjN+yPrQMDVkAupOOI2V03yhd2ouUeSHSsfpzI2WB1sPAN5MBw4H+643E/7xWgr2TjokUJwghnxzqJZJiREf90K5QwFEODWFcCfNXygdMMY6mxbwpwf0beZbUj0puuXR6VS5Uzqd15Mgu2SMHxCXHpEIuSZXUCCcP5Im8kFfr0Xq23qz3yeicNd3ZIb9gfXwDjeuddw==</latexit>

Exactly gradient descent 
with f given by linear 
regression objective

<latexit sha1_base64="wHpnE8IryKWdboWv/WwoijydgYA=">AAACInicbVBNS0JBFJ3Xp9mX1bLNkAQtRN4LIZdSm5YGmoJPHvPGqw7O+2Dmvkge/pU2/ZU2LQqqVdCPadQXlHZg4HDOvdw5x4+l0Gjbn9bK6tr6xmZuK7+9s7u3Xzg4vNVRojg0eSQj1faZBilCaKJACe1YAQt8CS1/dDX1W3egtIjCBo5j6AZsEIq+4AyN5BWqLg4BmZe6CPeoglSEAieT0o9slxYM6hq9RBteoWiX7RnoMnEyUiQZ6l7h3e1FPAkgRC6Z1h3HjrGbMoWCS5jk3URDzPiIDaBjaMgC0N10lnBCT43So/1ImRcinam/N1IWaD0OfDMZMBzqRW8q/ud1EuxXuyZbnCCEfH6on0iKEZ3WRXtCAUc5NoRxJcxfKR8yxTiaUvOmBGcx8jJpnZedStlxbirF2mXWR44ckxNyRhxyQWrkmtRJk3DyQJ7IC3m1Hq1n6836mI+uWNnOEfkD6+sbECilCA==</latexit>

✓init, ✓0,init, ⌘, T



Gradient descent for linear regression

12

LinearRegression-Gradient-Descent(            ) 
Initialize  
Initialize 
for t = 1 to T

✓(0) = ✓init

<latexit sha1_base64="HFE3tRSnorZd6wBs4iusT8Y0I/w=">AAACDnicbVC7SgNBFJ31GeNr1dJmMARiE3YloBZC0MYygnlAEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXO8SAqNjvNtLS2vrK6tZzaym1vbO7v23n5Nh7HiUOWhDFXDYxqkCKCKAiU0IgXM9yTUveHV2K/fg9IiDG5xFEHbZ/1A9ARnaKSOnW/hAJDdJQXnOKUXdHrtJC2EB1R+IgKBadqxc07RmYAuEndGcmSGSsf+anVDHvsQIJdM66brRNhOmELBJaTZVqwhYnzI+tA0NGA+6HYyiZPSvFG6tBcqcwKkE/X3RsJ8rUe+ZyZ9hgM9743F/7xmjL2ztokUxQgBnz7UiyXFkI67oV2hgKMcGcK4EuavlA+YYhxNg1lTgjsfeZHUTopuqXh+U8qVL2d1ZMghOSIF4pJTUibXpEKqhJNH8kxeyZv1ZL1Y79bHdHTJmu0ckD+wPn8AZwecZA==</latexit>

✓(0)0 = ✓0,init

<latexit sha1_base64="95mHlZgBxsFBaZrVMFdovCnbBLY=">AAACEnicbVC7SgNBFJ31GeNr1dJmMAgGJOxKQC2EoI1lBPOAJC6zk5tkcPbBzF0xLPsNNv6KjYUitlZ2/o2TR6HGAwOHc+7lzjl+LIVGx/my5uYXFpeWcyv51bX1jU17a7uuo0RxqPFIRqrpMw1ShFBDgRKasQIW+BIa/u3FyG/cgdIiCq9xGEMnYP1Q9ARnaCTPLrZxAMhu0gOnmHkOPaMTwUudwzbCPaogFaHALPPsglNyxqCzxJ2SApmi6tmf7W7EkwBC5JJp3XKdGDspUyi4hCzfTjTEjN+yPrQMDVkAupOOI2V03yhd2ouUeSHSsfpzI2WB1sPAN5MBw4H+643E/7xWgr2TjokUJwghnxzqJZJiREf90K5QwFEODWFcCfNXygdMMY6mxbwpwf0beZbUj0puuXR6VS5Uzqd15Mgu2SMHxCXHpEIuSZXUCCcP5Im8kFfr0Xq23qz3yeicNd3ZIb9gfXwDjeuddw==</latexit>

Exactly gradient descent 
with f given by linear 
regression objective

<latexit sha1_base64="jZFRSKtVOh6Cv3oruiedL6GLLwo=">AAACDHicbVDLSgMxFM3UV62vUZduQotQEcukFHRZdOOygrWFTi2ZNNOGZh4kd4QydO/GX3HjQkHc+gHu/BvTdhbaeiBwOOcebu7xYik0OM63lVtZXVvfyG8WtrZ3dvfs/YM7HSWK8SaLZKTaHtVcipA3QYDk7VhxGniSt7zR1dRvPXClRRTewjjm3YAOQuELRsFIPbt4iqvYlSbQp9iFIQd6n5bhjJxMsOuJwcCd9OySU3FmwMuEZKSEMjR69pfbj1gS8BCYpFp3iBNDN6UKBJN8UnATzWPKRnTAO4aGNOC6m85umeBjo/SxHynzQsAz9XcipYHW48AzkwGFoV70puJ/XicB/6KbijBOgIdsvshPJIYIT4vBfaE4Azk2hDIlzF8xG1JFGZj6CqYEsnjyMmlVK6RWIeSmVqpfZn3k0REqojIi6BzV0TVqoCZi6BE9o1f0Zj1ZL9a79TEfzVlZ5hD9gfX5A+yImYs=</latexit>

+2�✓(t�1)

�
<latexit sha1_base64="am2xu6RFAyRAJr6dRIyp623RiJk="></latexit>

✓(t) = ✓(t�1) � ⌘

⇢
2

n

nX

i=1

⇥
✓(t�1)>x(i) + ✓(t�1)

0 � y(i)
⇤
x(i)

<latexit sha1_base64="wHpnE8IryKWdboWv/WwoijydgYA=">AAACInicbVBNS0JBFJ3Xp9mX1bLNkAQtRN4LIZdSm5YGmoJPHvPGqw7O+2Dmvkge/pU2/ZU2LQqqVdCPadQXlHZg4HDOvdw5x4+l0Gjbn9bK6tr6xmZuK7+9s7u3Xzg4vNVRojg0eSQj1faZBilCaKJACe1YAQt8CS1/dDX1W3egtIjCBo5j6AZsEIq+4AyN5BWqLg4BmZe6CPeoglSEAieT0o9slxYM6hq9RBteoWiX7RnoMnEyUiQZ6l7h3e1FPAkgRC6Z1h3HjrGbMoWCS5jk3URDzPiIDaBjaMgC0N10lnBCT43So/1ImRcinam/N1IWaD0OfDMZMBzqRW8q/ud1EuxXuyZbnCCEfH6on0iKEZ3WRXtCAUc5NoRxJcxfKR8yxTiaUvOmBGcx8jJpnZedStlxbirF2mXWR44ckxNyRhxyQWrkmtRJk3DyQJ7IC3m1Hq1n6836mI+uWNnOEfkD6+sbECilCA==</latexit>

✓init, ✓0,init, ⌘, T



Gradient descent for linear regression

12

LinearRegression-Gradient-Descent(            ) 
Initialize  
Initialize 
for t = 1 to T

✓(0) = ✓init

<latexit sha1_base64="HFE3tRSnorZd6wBs4iusT8Y0I/w=">AAACDnicbVC7SgNBFJ31GeNr1dJmMARiE3YloBZC0MYygnlAEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXO8SAqNjvNtLS2vrK6tZzaym1vbO7v23n5Nh7HiUOWhDFXDYxqkCKCKAiU0IgXM9yTUveHV2K/fg9IiDG5xFEHbZ/1A9ARnaKSOnW/hAJDdJQXnOKUXdHrtJC2EB1R+IgKBadqxc07RmYAuEndGcmSGSsf+anVDHvsQIJdM66brRNhOmELBJaTZVqwhYnzI+tA0NGA+6HYyiZPSvFG6tBcqcwKkE/X3RsJ8rUe+ZyZ9hgM9743F/7xmjL2ztokUxQgBnz7UiyXFkI67oV2hgKMcGcK4EuavlA+YYhxNg1lTgjsfeZHUTopuqXh+U8qVL2d1ZMghOSIF4pJTUibXpEKqhJNH8kxeyZv1ZL1Y79bHdHTJmu0ckD+wPn8AZwecZA==</latexit>

✓(0)0 = ✓0,init

<latexit sha1_base64="95mHlZgBxsFBaZrVMFdovCnbBLY=">AAACEnicbVC7SgNBFJ31GeNr1dJmMAgGJOxKQC2EoI1lBPOAJC6zk5tkcPbBzF0xLPsNNv6KjYUitlZ2/o2TR6HGAwOHc+7lzjl+LIVGx/my5uYXFpeWcyv51bX1jU17a7uuo0RxqPFIRqrpMw1ShFBDgRKasQIW+BIa/u3FyG/cgdIiCq9xGEMnYP1Q9ARnaCTPLrZxAMhu0gOnmHkOPaMTwUudwzbCPaogFaHALPPsglNyxqCzxJ2SApmi6tmf7W7EkwBC5JJp3XKdGDspUyi4hCzfTjTEjN+yPrQMDVkAupOOI2V03yhd2ouUeSHSsfpzI2WB1sPAN5MBw4H+643E/7xWgr2TjokUJwghnxzqJZJiREf90K5QwFEODWFcCfNXygdMMY6mxbwpwf0beZbUj0puuXR6VS5Uzqd15Mgu2SMHxCXHpEIuSZXUCCcP5Im8kFfr0Xq23qz3yeicNd3ZIb9gfXwDjeuddw==</latexit>

Exactly gradient descent 
with f given by linear 
regression objective

<latexit sha1_base64="jZFRSKtVOh6Cv3oruiedL6GLLwo=">AAACDHicbVDLSgMxFM3UV62vUZduQotQEcukFHRZdOOygrWFTi2ZNNOGZh4kd4QydO/GX3HjQkHc+gHu/BvTdhbaeiBwOOcebu7xYik0OM63lVtZXVvfyG8WtrZ3dvfs/YM7HSWK8SaLZKTaHtVcipA3QYDk7VhxGniSt7zR1dRvPXClRRTewjjm3YAOQuELRsFIPbt4iqvYlSbQp9iFIQd6n5bhjJxMsOuJwcCd9OySU3FmwMuEZKSEMjR69pfbj1gS8BCYpFp3iBNDN6UKBJN8UnATzWPKRnTAO4aGNOC6m85umeBjo/SxHynzQsAz9XcipYHW48AzkwGFoV70puJ/XicB/6KbijBOgIdsvshPJIYIT4vBfaE4Azk2hDIlzF8xG1JFGZj6CqYEsnjyMmlVK6RWIeSmVqpfZn3k0REqojIi6BzV0TVqoCZi6BE9o1f0Zj1ZL9a79TEfzVlZ5hD9gfX5A+yImYs=</latexit>

+2�✓(t�1)

�
<latexit sha1_base64="am2xu6RFAyRAJr6dRIyp623RiJk="></latexit>

✓(t) = ✓(t�1) � ⌘

⇢
2

n

nX

i=1

⇥
✓(t�1)>x(i) + ✓(t�1)

0 � y(i)
⇤
x(i)

<latexit sha1_base64="AqzIAwbqBQSJFs4H/9xgE817qBE="></latexit>

✓(t)0 = ✓(t�1)
0 � ⌘

⇢
2

n

nX

i=1

⇥
✓(t�1)>x(i) + ✓(t�1)

0 � y(i)
⇤�

<latexit sha1_base64="wHpnE8IryKWdboWv/WwoijydgYA=">AAACInicbVBNS0JBFJ3Xp9mX1bLNkAQtRN4LIZdSm5YGmoJPHvPGqw7O+2Dmvkge/pU2/ZU2LQqqVdCPadQXlHZg4HDOvdw5x4+l0Gjbn9bK6tr6xmZuK7+9s7u3Xzg4vNVRojg0eSQj1faZBilCaKJACe1YAQt8CS1/dDX1W3egtIjCBo5j6AZsEIq+4AyN5BWqLg4BmZe6CPeoglSEAieT0o9slxYM6hq9RBteoWiX7RnoMnEyUiQZ6l7h3e1FPAkgRC6Z1h3HjrGbMoWCS5jk3URDzPiIDaBjaMgC0N10lnBCT43So/1ImRcinam/N1IWaD0OfDMZMBzqRW8q/ud1EuxXuyZbnCCEfH6on0iKEZ3WRXtCAUc5NoRxJcxfKR8yxTiaUvOmBGcx8jJpnZedStlxbirF2mXWR44ckxNyRhxyQWrkmtRJk3DyQJ7IC3m1Hq1n6836mI+uWNnOEfkD6+sbECilCA==</latexit>

✓init, ✓0,init, ⌘, T



Gradient descent for linear regression

12

LinearRegression-Gradient-Descent(            ) 
Initialize  
Initialize 
for t = 1 to T 

Return 

✓(0) = ✓init

<latexit sha1_base64="HFE3tRSnorZd6wBs4iusT8Y0I/w=">AAACDnicbVC7SgNBFJ31GeNr1dJmMARiE3YloBZC0MYygnlAEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXO8SAqNjvNtLS2vrK6tZzaym1vbO7v23n5Nh7HiUOWhDFXDYxqkCKCKAiU0IgXM9yTUveHV2K/fg9IiDG5xFEHbZ/1A9ARnaKSOnW/hAJDdJQXnOKUXdHrtJC2EB1R+IgKBadqxc07RmYAuEndGcmSGSsf+anVDHvsQIJdM66brRNhOmELBJaTZVqwhYnzI+tA0NGA+6HYyiZPSvFG6tBcqcwKkE/X3RsJ8rUe+ZyZ9hgM9743F/7xmjL2ztokUxQgBnz7UiyXFkI67oV2hgKMcGcK4EuavlA+YYhxNg1lTgjsfeZHUTopuqXh+U8qVL2d1ZMghOSIF4pJTUibXpEKqhJNH8kxeyZv1ZL1Y79bHdHTJmu0ckD+wPn8AZwecZA==</latexit>

✓(0)0 = ✓0,init

<latexit sha1_base64="95mHlZgBxsFBaZrVMFdovCnbBLY=">AAACEnicbVC7SgNBFJ31GeNr1dJmMAgGJOxKQC2EoI1lBPOAJC6zk5tkcPbBzF0xLPsNNv6KjYUitlZ2/o2TR6HGAwOHc+7lzjl+LIVGx/my5uYXFpeWcyv51bX1jU17a7uuo0RxqPFIRqrpMw1ShFBDgRKasQIW+BIa/u3FyG/cgdIiCq9xGEMnYP1Q9ARnaCTPLrZxAMhu0gOnmHkOPaMTwUudwzbCPaogFaHALPPsglNyxqCzxJ2SApmi6tmf7W7EkwBC5JJp3XKdGDspUyi4hCzfTjTEjN+yPrQMDVkAupOOI2V03yhd2ouUeSHSsfpzI2WB1sPAN5MBw4H+643E/7xWgr2TjokUJwghnxzqJZJiREf90K5QwFEODWFcCfNXygdMMY6mxbwpwf0beZbUj0puuXR6VS5Uzqd15Mgu2SMHxCXHpEIuSZXUCCcP5Im8kFfr0Xq23qz3yeicNd3ZIb9gfXwDjeuddw==</latexit>

✓(t), ✓(t)0

<latexit sha1_base64="cO29BeThZiEWstIOX7GlDA+8eHI=">AAACBXicbVDLSgMxFM3UV62vUZe6CBahgpQZKai7ohuXFewD2nHIpJk2NJMZkjtCGbpx46+4caGIW//BnX9j+ljU6oELJ+fcS+49QSK4Bsf5tnJLyyura/n1wsbm1vaOvbvX0HGqKKvTWMSqFRDNBJesDhwEayWKkSgQrBkMrsd+84EpzWN5B8OEeRHpSR5ySsBIvn3YgT4Dcp+V4GR0iudfvuPbRafsTID/EndGimiGmm9/dboxTSMmgQqiddt1EvAyooBTwUaFTqpZQuiA9FjbUEkipr1scsUIHxuli8NYmZKAJ+r8REYirYdRYDojAn296I3F/7x2CuGFl3GZpMAknX4UpgJDjMeR4C5XjIIYGkKo4mZXTPtEEQomuIIJwV08+S9pnJXdSvnytlKsXs3iyKMDdIRKyEXnqIpuUA3VEUWP6Bm9ojfryXqx3q2PaWvOms3so1+wPn8AN3qXxA==</latexit>

Exactly gradient descent 
with f given by linear 
regression objective

<latexit sha1_base64="jZFRSKtVOh6Cv3oruiedL6GLLwo=">AAACDHicbVDLSgMxFM3UV62vUZduQotQEcukFHRZdOOygrWFTi2ZNNOGZh4kd4QydO/GX3HjQkHc+gHu/BvTdhbaeiBwOOcebu7xYik0OM63lVtZXVvfyG8WtrZ3dvfs/YM7HSWK8SaLZKTaHtVcipA3QYDk7VhxGniSt7zR1dRvPXClRRTewjjm3YAOQuELRsFIPbt4iqvYlSbQp9iFIQd6n5bhjJxMsOuJwcCd9OySU3FmwMuEZKSEMjR69pfbj1gS8BCYpFp3iBNDN6UKBJN8UnATzWPKRnTAO4aGNOC6m85umeBjo/SxHynzQsAz9XcipYHW48AzkwGFoV70puJ/XicB/6KbijBOgIdsvshPJIYIT4vBfaE4Azk2hDIlzF8xG1JFGZj6CqYEsnjyMmlVK6RWIeSmVqpfZn3k0REqojIi6BzV0TVqoCZi6BE9o1f0Zj1ZL9a79TEfzVlZ5hD9gfX5A+yImYs=</latexit>

+2�✓(t�1)

�
<latexit sha1_base64="am2xu6RFAyRAJr6dRIyp623RiJk="></latexit>

✓(t) = ✓(t�1) � ⌘

⇢
2

n

nX

i=1

⇥
✓(t�1)>x(i) + ✓(t�1)

0 � y(i)
⇤
x(i)

<latexit sha1_base64="AqzIAwbqBQSJFs4H/9xgE817qBE="></latexit>

✓(t)0 = ✓(t�1)
0 � ⌘

⇢
2

n

nX

i=1

⇥
✓(t�1)>x(i) + ✓(t�1)

0 � y(i)
⇤�

<latexit sha1_base64="wHpnE8IryKWdboWv/WwoijydgYA=">AAACInicbVBNS0JBFJ3Xp9mX1bLNkAQtRN4LIZdSm5YGmoJPHvPGqw7O+2Dmvkge/pU2/ZU2LQqqVdCPadQXlHZg4HDOvdw5x4+l0Gjbn9bK6tr6xmZuK7+9s7u3Xzg4vNVRojg0eSQj1faZBilCaKJACe1YAQt8CS1/dDX1W3egtIjCBo5j6AZsEIq+4AyN5BWqLg4BmZe6CPeoglSEAieT0o9slxYM6hq9RBteoWiX7RnoMnEyUiQZ6l7h3e1FPAkgRC6Z1h3HjrGbMoWCS5jk3URDzPiIDaBjaMgC0N10lnBCT43So/1ImRcinam/N1IWaD0OfDMZMBzqRW8q/ud1EuxXuyZbnCCEfH6on0iKEZ3WRXtCAUc5NoRxJcxfKR8yxTiaUvOmBGcx8jJpnZedStlxbirF2mXWR44ckxNyRhxyQWrkmtRJk3DyQJ7IC3m1Hq1n6836mI+uWNnOEfkD6+sbECilCA==</latexit>

✓init, ✓0,init, ⌘, T



Stochastic gradient descent

13



Stochastic gradient descent

13

• Linear regression objective with            : � = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>



Stochastic gradient descent

13

• Linear regression objective with            : � = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

<latexit sha1_base64="XGWVnx7lGbUpXXPv1Fgt4DDh7qs="></latexit>

Jlinreg(⇥) = Jlinreg(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2



Stochastic gradient descent

13

• Linear regression objective with            : � = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

<latexit sha1_base64="XGWVnx7lGbUpXXPv1Fgt4DDh7qs="></latexit>

Jlinreg(⇥) = Jlinreg(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2



Stochastic gradient descent

13

• Linear regression objective with            : � = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

• A common machine learning objective:

<latexit sha1_base64="XGWVnx7lGbUpXXPv1Fgt4DDh7qs="></latexit>

Jlinreg(⇥) = Jlinreg(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2

<latexit sha1_base64="H/hIgWYAgTf2l3zQ2OQoBolKc2w=">AAACHHicbVBPS8MwHE3nvzn/TT16CQ5hXkYzBnoZDL14nLA5Ya0lzdItLE1Lkgqj9Ht48at48aAgXjwIfhuzrYJuPgi8vPd+JL/nx5wpbdtfVmFldW19o7hZ2tre2d0r7x/cqCiRhHZJxCN562NFORO0q5nm9DaWFIc+pz1/fDn1e/dUKhaJjp7E1A3xULCAEayN5JXrQdXpjKjGp7AJnUBikqIsFRl0VBJ6KWui7G56DTz2E/TKFbtmzwCXCcpJBeRoe+UPZxCRJKRCE46V6iM71m6KpWaE06zkJIrGmIzxkPYNFTikyk1nu2XwxCgDGETSHKHhTP09keJQqUnom2SI9UgtelPxP6+f6ODcTZmIE00FmT8UJBzqCE6LggMmKdF8Yggmkpm/QjLCpiBt6iyZEtDiysukV6+hRg2h60aldZH3UQRH4BhUAQJnoAWuQBt0AQEP4Am8gFfr0Xq23qz3ebRg5TOH4A+sz28DMaCZ</latexit>

f(⇥) =
1

n

nX

i=1

fi(⇥)



Stochastic gradient descent

13

• Linear regression objective with            : � = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

• A common machine learning objective:

<latexit sha1_base64="XGWVnx7lGbUpXXPv1Fgt4DDh7qs="></latexit>

Jlinreg(⇥) = Jlinreg(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2

• Also recall logistic regression 
with � = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

<latexit sha1_base64="H/hIgWYAgTf2l3zQ2OQoBolKc2w=">AAACHHicbVBPS8MwHE3nvzn/TT16CQ5hXkYzBnoZDL14nLA5Ya0lzdItLE1Lkgqj9Ht48at48aAgXjwIfhuzrYJuPgi8vPd+JL/nx5wpbdtfVmFldW19o7hZ2tre2d0r7x/cqCiRhHZJxCN562NFORO0q5nm9DaWFIc+pz1/fDn1e/dUKhaJjp7E1A3xULCAEayN5JXrQdXpjKjGp7AJnUBikqIsFRl0VBJ6KWui7G56DTz2E/TKFbtmzwCXCcpJBeRoe+UPZxCRJKRCE46V6iM71m6KpWaE06zkJIrGmIzxkPYNFTikyk1nu2XwxCgDGETSHKHhTP09keJQqUnom2SI9UgtelPxP6+f6ODcTZmIE00FmT8UJBzqCE6LggMmKdF8Yggmkpm/QjLCpiBt6iyZEtDiysukV6+hRg2h60aldZH3UQRH4BhUAQJnoAWuQBt0AQEP4Am8gFfr0Xq23qz3ebRg5TOH4A+sz28DMaCZ</latexit>

f(⇥) =
1

n

nX

i=1

fi(⇥)



Stochastic gradient descent

13

• Linear regression objective with            : � = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

• A common machine learning objective:

Stochastic-Gradient-Descent(       )

<latexit sha1_base64="XGWVnx7lGbUpXXPv1Fgt4DDh7qs="></latexit>

Jlinreg(⇥) = Jlinreg(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2

<latexit sha1_base64="CxyRH6qeQ0oqdZUbbu575i+TG48=">AAACCXicbVC7SgNBFJ2Nrxhfq5YWDgbBIoRdCWgZtLGMkJhANoTZyU0yZPbBzF0xLClt/BUbCwWx9Q/s/BsnyRaaeGDgcM693DnHj6XQ6DjfVm5ldW19I79Z2Nre2d2z9w/udJQoDg0eyUi1fKZBihAaKFBCK1bAAl9C0x9dT/3mPSgtorCO4xg6ARuEoi84QyN17WOvPgRk3dRDeEAVpCIUOJmUqGfUEq137aJTdmagy8TNSJFkqHXtL68X8SSAELlkWrddJ8ZOyhQKLmFS8BINMeMjNoC2oSELQHfSWZAJPTVKj/YjZV6IdKb+3khZoPU48M1kwHCoF72p+J/XTrB/2THZ4gQh5PND/URSjOi0FdoTCjjKsSGMK2H+SvmQKcbRdFcwJbiLkZdJ87zsVsque1spVq+yPvLkiJyQM+KSC1IlN6RGGoSTR/JMXsmb9WS9WO/Wx3w0Z2U7h+QPrM8fUNyZ8Q==</latexit>

⇥init, ⌘, T

• Also recall logistic regression 
with � = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

<latexit sha1_base64="H/hIgWYAgTf2l3zQ2OQoBolKc2w=">AAACHHicbVBPS8MwHE3nvzn/TT16CQ5hXkYzBnoZDL14nLA5Ya0lzdItLE1Lkgqj9Ht48at48aAgXjwIfhuzrYJuPgi8vPd+JL/nx5wpbdtfVmFldW19o7hZ2tre2d0r7x/cqCiRhHZJxCN562NFORO0q5nm9DaWFIc+pz1/fDn1e/dUKhaJjp7E1A3xULCAEayN5JXrQdXpjKjGp7AJnUBikqIsFRl0VBJ6KWui7G56DTz2E/TKFbtmzwCXCcpJBeRoe+UPZxCRJKRCE46V6iM71m6KpWaE06zkJIrGmIzxkPYNFTikyk1nu2XwxCgDGETSHKHhTP09keJQqUnom2SI9UgtelPxP6+f6ODcTZmIE00FmT8UJBzqCE6LggMmKdF8Yggmkpm/QjLCpiBt6iyZEtDiysukV6+hRg2h60aldZH3UQRH4BhUAQJnoAWuQBt0AQEP4Am8gFfr0Xq23qz3ebRg5TOH4A+sz28DMaCZ</latexit>

f(⇥) =
1

n

nX

i=1

fi(⇥)



Stochastic gradient descent

13

• Linear regression objective with            : � = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

• A common machine learning objective:

Stochastic-Gradient-Descent(       ) 
Initialize ⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

<latexit sha1_base64="XGWVnx7lGbUpXXPv1Fgt4DDh7qs="></latexit>

Jlinreg(⇥) = Jlinreg(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2

<latexit sha1_base64="CxyRH6qeQ0oqdZUbbu575i+TG48=">AAACCXicbVC7SgNBFJ2Nrxhfq5YWDgbBIoRdCWgZtLGMkJhANoTZyU0yZPbBzF0xLClt/BUbCwWx9Q/s/BsnyRaaeGDgcM693DnHj6XQ6DjfVm5ldW19I79Z2Nre2d2z9w/udJQoDg0eyUi1fKZBihAaKFBCK1bAAl9C0x9dT/3mPSgtorCO4xg6ARuEoi84QyN17WOvPgRk3dRDeEAVpCIUOJmUqGfUEq137aJTdmagy8TNSJFkqHXtL68X8SSAELlkWrddJ8ZOyhQKLmFS8BINMeMjNoC2oSELQHfSWZAJPTVKj/YjZV6IdKb+3khZoPU48M1kwHCoF72p+J/XTrB/2THZ4gQh5PND/URSjOi0FdoTCjjKsSGMK2H+SvmQKcbRdFcwJbiLkZdJ87zsVsque1spVq+yPvLkiJyQM+KSC1IlN6RGGoSTR/JMXsmb9WS9WO/Wx3w0Z2U7h+QPrM8fUNyZ8Q==</latexit>

⇥init, ⌘, T

• Also recall logistic regression 
with � = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

<latexit sha1_base64="H/hIgWYAgTf2l3zQ2OQoBolKc2w=">AAACHHicbVBPS8MwHE3nvzn/TT16CQ5hXkYzBnoZDL14nLA5Ya0lzdItLE1Lkgqj9Ht48at48aAgXjwIfhuzrYJuPgi8vPd+JL/nx5wpbdtfVmFldW19o7hZ2tre2d0r7x/cqCiRhHZJxCN562NFORO0q5nm9DaWFIc+pz1/fDn1e/dUKhaJjp7E1A3xULCAEayN5JXrQdXpjKjGp7AJnUBikqIsFRl0VBJ6KWui7G56DTz2E/TKFbtmzwCXCcpJBeRoe+UPZxCRJKRCE46V6iM71m6KpWaE06zkJIrGmIzxkPYNFTikyk1nu2XwxCgDGETSHKHhTP09keJQqUnom2SI9UgtelPxP6+f6ODcTZmIE00FmT8UJBzqCE6LggMmKdF8Yggmkpm/QjLCpiBt6iyZEtDiysukV6+hRg2h60aldZH3UQRH4BhUAQJnoAWuQBt0AQEP4Am8gFfr0Xq23qz3ebRg5TOH4A+sz28DMaCZ</latexit>

f(⇥) =
1

n

nX

i=1

fi(⇥)



Stochastic gradient descent

13

• Linear regression objective with            : � = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

• A common machine learning objective:

Stochastic-Gradient-Descent(       ) 
Initialize  
for t = 1 to T

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

<latexit sha1_base64="XGWVnx7lGbUpXXPv1Fgt4DDh7qs="></latexit>

Jlinreg(⇥) = Jlinreg(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2

<latexit sha1_base64="CxyRH6qeQ0oqdZUbbu575i+TG48=">AAACCXicbVC7SgNBFJ2Nrxhfq5YWDgbBIoRdCWgZtLGMkJhANoTZyU0yZPbBzF0xLClt/BUbCwWx9Q/s/BsnyRaaeGDgcM693DnHj6XQ6DjfVm5ldW19I79Z2Nre2d2z9w/udJQoDg0eyUi1fKZBihAaKFBCK1bAAl9C0x9dT/3mPSgtorCO4xg6ARuEoi84QyN17WOvPgRk3dRDeEAVpCIUOJmUqGfUEq137aJTdmagy8TNSJFkqHXtL68X8SSAELlkWrddJ8ZOyhQKLmFS8BINMeMjNoC2oSELQHfSWZAJPTVKj/YjZV6IdKb+3khZoPU48M1kwHCoF72p+J/XTrB/2THZ4gQh5PND/URSjOi0FdoTCjjKsSGMK2H+SvmQKcbRdFcwJbiLkZdJ87zsVsque1spVq+yPvLkiJyQM+KSC1IlN6RGGoSTR/JMXsmb9WS9WO/Wx3w0Z2U7h+QPrM8fUNyZ8Q==</latexit>

⇥init, ⌘, T

• Also recall logistic regression 
with � = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

<latexit sha1_base64="H/hIgWYAgTf2l3zQ2OQoBolKc2w=">AAACHHicbVBPS8MwHE3nvzn/TT16CQ5hXkYzBnoZDL14nLA5Ya0lzdItLE1Lkgqj9Ht48at48aAgXjwIfhuzrYJuPgi8vPd+JL/nx5wpbdtfVmFldW19o7hZ2tre2d0r7x/cqCiRhHZJxCN562NFORO0q5nm9DaWFIc+pz1/fDn1e/dUKhaJjp7E1A3xULCAEayN5JXrQdXpjKjGp7AJnUBikqIsFRl0VBJ6KWui7G56DTz2E/TKFbtmzwCXCcpJBeRoe+UPZxCRJKRCE46V6iM71m6KpWaE06zkJIrGmIzxkPYNFTikyk1nu2XwxCgDGETSHKHhTP09keJQqUnom2SI9UgtelPxP6+f6ODcTZmIE00FmT8UJBzqCE6LggMmKdF8Yggmkpm/QjLCpiBt6iyZEtDiysukV6+hRg2h60aldZH3UQRH4BhUAQJnoAWuQBt0AQEP4Am8gFfr0Xq23qz3ebRg5TOH4A+sz28DMaCZ</latexit>

f(⇥) =
1

n

nX

i=1

fi(⇥)
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• Linear regression objective with            : � = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

• A common machine learning objective:

Stochastic-Gradient-Descent(       ) 
Initialize  
for t = 1 to T 
randomly select i from {1,…,n}

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

<latexit sha1_base64="XGWVnx7lGbUpXXPv1Fgt4DDh7qs="></latexit>

Jlinreg(⇥) = Jlinreg(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2

<latexit sha1_base64="CxyRH6qeQ0oqdZUbbu575i+TG48=">AAACCXicbVC7SgNBFJ2Nrxhfq5YWDgbBIoRdCWgZtLGMkJhANoTZyU0yZPbBzF0xLClt/BUbCwWx9Q/s/BsnyRaaeGDgcM693DnHj6XQ6DjfVm5ldW19I79Z2Nre2d2z9w/udJQoDg0eyUi1fKZBihAaKFBCK1bAAl9C0x9dT/3mPSgtorCO4xg6ARuEoi84QyN17WOvPgRk3dRDeEAVpCIUOJmUqGfUEq137aJTdmagy8TNSJFkqHXtL68X8SSAELlkWrddJ8ZOyhQKLmFS8BINMeMjNoC2oSELQHfSWZAJPTVKj/YjZV6IdKb+3khZoPU48M1kwHCoF72p+J/XTrB/2THZ4gQh5PND/URSjOi0FdoTCjjKsSGMK2H+SvmQKcbRdFcwJbiLkZdJ87zsVsque1spVq+yPvLkiJyQM+KSC1IlN6RGGoSTR/JMXsmb9WS9WO/Wx3w0Z2U7h+QPrM8fUNyZ8Q==</latexit>

⇥init, ⌘, T

(with equal 
probability)

• Also recall logistic regression 
with � = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

<latexit sha1_base64="H/hIgWYAgTf2l3zQ2OQoBolKc2w=">AAACHHicbVBPS8MwHE3nvzn/TT16CQ5hXkYzBnoZDL14nLA5Ya0lzdItLE1Lkgqj9Ht48at48aAgXjwIfhuzrYJuPgi8vPd+JL/nx5wpbdtfVmFldW19o7hZ2tre2d0r7x/cqCiRhHZJxCN562NFORO0q5nm9DaWFIc+pz1/fDn1e/dUKhaJjp7E1A3xULCAEayN5JXrQdXpjKjGp7AJnUBikqIsFRl0VBJ6KWui7G56DTz2E/TKFbtmzwCXCcpJBeRoe+UPZxCRJKRCE46V6iM71m6KpWaE06zkJIrGmIzxkPYNFTikyk1nu2XwxCgDGETSHKHhTP09keJQqUnom2SI9UgtelPxP6+f6ODcTZmIE00FmT8UJBzqCE6LggMmKdF8Yggmkpm/QjLCpiBt6iyZEtDiysukV6+hRg2h60aldZH3UQRH4BhUAQJnoAWuQBt0AQEP4Am8gFfr0Xq23qz3ebRg5TOH4A+sz28DMaCZ</latexit>

f(⇥) =
1

n

nX

i=1

fi(⇥)



Stochastic gradient descent

13

• Linear regression objective with            : � = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

• A common machine learning objective:

Stochastic-Gradient-Descent(       ) 
Initialize  
for t = 1 to T 
randomly select i from {1,…,n}

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

⇥(t) = ⇥(t�1) � ⌘(t)r⇥fi(⇥
(t�1))

<latexit sha1_base64="uqQifUvFJJTnPBFe+bs444BneU8=">AAACNHicbVBNSwMxEM36bf2qevQSLEI9tOyKoB4E0YvgRcFWoVuX2TTbBrPZJZkVytIf5cUf4kUED4p49TeYfoBWHQi8ee8Nk3lhKoVB1312Jianpmdm5+YLC4tLyyvF1bW6STLNeI0lMtHXIRguheI1FCj5dao5xKHkV+HtSV+/uuPaiERdYjflzRjaSkSCAVoqKJ75lx2OcJOXcbtHD+l3W/EsUaG+ba1GfQWhhCAfGnpRIGh53LwdFEtu1R0U/Qu8ESiRUZ0HxUe/lbAs5gqZBGManptiMweNgkneK/iZ4SmwW2jzhoUKYm6a+eDoHt2yTItGibZPIR2wPydyiI3pxqF1xoAd81vrk/9pjQyj/WYuVJohV2y4KMokxYT2E6QtoTlD2bUAmBb2r5R1QANDm3PBhuD9PvkvqO9Uvd3qwcVu6eh4FMcc2SCbpEw8skeOyCk5JzXCyD15Iq/kzXlwXpx352NonXBGM+tkrJzPLwhoqK8=</latexit>

<latexit sha1_base64="XGWVnx7lGbUpXXPv1Fgt4DDh7qs="></latexit>

Jlinreg(⇥) = Jlinreg(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2

<latexit sha1_base64="CxyRH6qeQ0oqdZUbbu575i+TG48=">AAACCXicbVC7SgNBFJ2Nrxhfq5YWDgbBIoRdCWgZtLGMkJhANoTZyU0yZPbBzF0xLClt/BUbCwWx9Q/s/BsnyRaaeGDgcM693DnHj6XQ6DjfVm5ldW19I79Z2Nre2d2z9w/udJQoDg0eyUi1fKZBihAaKFBCK1bAAl9C0x9dT/3mPSgtorCO4xg6ARuEoi84QyN17WOvPgRk3dRDeEAVpCIUOJmUqGfUEq137aJTdmagy8TNSJFkqHXtL68X8SSAELlkWrddJ8ZOyhQKLmFS8BINMeMjNoC2oSELQHfSWZAJPTVKj/YjZV6IdKb+3khZoPU48M1kwHCoF72p+J/XTrB/2THZ4gQh5PND/URSjOi0FdoTCjjKsSGMK2H+SvmQKcbRdFcwJbiLkZdJ87zsVsque1spVq+yPvLkiJyQM+KSC1IlN6RGGoSTR/JMXsmb9WS9WO/Wx3w0Z2U7h+QPrM8fUNyZ8Q==</latexit>

⇥init, ⌘, T

(with equal 
probability)

• Also recall logistic regression 
with � = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

<latexit sha1_base64="H/hIgWYAgTf2l3zQ2OQoBolKc2w=">AAACHHicbVBPS8MwHE3nvzn/TT16CQ5hXkYzBnoZDL14nLA5Ya0lzdItLE1Lkgqj9Ht48at48aAgXjwIfhuzrYJuPgi8vPd+JL/nx5wpbdtfVmFldW19o7hZ2tre2d0r7x/cqCiRhHZJxCN562NFORO0q5nm9DaWFIc+pz1/fDn1e/dUKhaJjp7E1A3xULCAEayN5JXrQdXpjKjGp7AJnUBikqIsFRl0VBJ6KWui7G56DTz2E/TKFbtmzwCXCcpJBeRoe+UPZxCRJKRCE46V6iM71m6KpWaE06zkJIrGmIzxkPYNFTikyk1nu2XwxCgDGETSHKHhTP09keJQqUnom2SI9UgtelPxP6+f6ODcTZmIE00FmT8UJBzqCE6LggMmKdF8Yggmkpm/QjLCpiBt6iyZEtDiysukV6+hRg2h60aldZH3UQRH4BhUAQJnoAWuQBt0AQEP4Am8gFfr0Xq23qz3ebRg5TOH4A+sz28DMaCZ</latexit>

f(⇥) =
1

n

nX

i=1

fi(⇥)
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• Linear regression objective with            : � = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

• A common machine learning objective:

Stochastic-Gradient-Descent(       ) 
Initialize  
for t = 1 to T 
randomly select i from {1,…,n}

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

⇥(t) = ⇥(t�1) � ⌘(t)r⇥fi(⇥
(t�1))

<latexit sha1_base64="uqQifUvFJJTnPBFe+bs444BneU8=">AAACNHicbVBNSwMxEM36bf2qevQSLEI9tOyKoB4E0YvgRcFWoVuX2TTbBrPZJZkVytIf5cUf4kUED4p49TeYfoBWHQi8ee8Nk3lhKoVB1312Jianpmdm5+YLC4tLyyvF1bW6STLNeI0lMtHXIRguheI1FCj5dao5xKHkV+HtSV+/uuPaiERdYjflzRjaSkSCAVoqKJ75lx2OcJOXcbtHD+l3W/EsUaG+ba1GfQWhhCAfGnpRIGh53LwdFEtu1R0U/Qu8ESiRUZ0HxUe/lbAs5gqZBGManptiMweNgkneK/iZ4SmwW2jzhoUKYm6a+eDoHt2yTItGibZPIR2wPydyiI3pxqF1xoAd81vrk/9pjQyj/WYuVJohV2y4KMokxYT2E6QtoTlD2bUAmBb2r5R1QANDm3PBhuD9PvkvqO9Uvd3qwcVu6eh4FMcc2SCbpEw8skeOyCk5JzXCyD15Iq/kzXlwXpx352NonXBGM+tkrJzPLwhoqK8=</latexit>

<latexit sha1_base64="XGWVnx7lGbUpXXPv1Fgt4DDh7qs="></latexit>

Jlinreg(⇥) = Jlinreg(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2

<latexit sha1_base64="CxyRH6qeQ0oqdZUbbu575i+TG48=">AAACCXicbVC7SgNBFJ2Nrxhfq5YWDgbBIoRdCWgZtLGMkJhANoTZyU0yZPbBzF0xLClt/BUbCwWx9Q/s/BsnyRaaeGDgcM693DnHj6XQ6DjfVm5ldW19I79Z2Nre2d2z9w/udJQoDg0eyUi1fKZBihAaKFBCK1bAAl9C0x9dT/3mPSgtorCO4xg6ARuEoi84QyN17WOvPgRk3dRDeEAVpCIUOJmUqGfUEq137aJTdmagy8TNSJFkqHXtL68X8SSAELlkWrddJ8ZOyhQKLmFS8BINMeMjNoC2oSELQHfSWZAJPTVKj/YjZV6IdKb+3khZoPU48M1kwHCoF72p+J/XTrB/2THZ4gQh5PND/URSjOi0FdoTCjjKsSGMK2H+SvmQKcbRdFcwJbiLkZdJ87zsVsque1spVq+yPvLkiJyQM+KSC1IlN6RGGoSTR/JMXsmb9WS9WO/Wx3w0Z2U7h+QPrM8fUNyZ8Q==</latexit>

⇥init, ⌘, T

(with equal 
probability)

• Also recall logistic regression 
with � = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

<latexit sha1_base64="H/hIgWYAgTf2l3zQ2OQoBolKc2w=">AAACHHicbVBPS8MwHE3nvzn/TT16CQ5hXkYzBnoZDL14nLA5Ya0lzdItLE1Lkgqj9Ht48at48aAgXjwIfhuzrYJuPgi8vPd+JL/nx5wpbdtfVmFldW19o7hZ2tre2d0r7x/cqCiRhHZJxCN562NFORO0q5nm9DaWFIc+pz1/fDn1e/dUKhaJjp7E1A3xULCAEayN5JXrQdXpjKjGp7AJnUBikqIsFRl0VBJ6KWui7G56DTz2E/TKFbtmzwCXCcpJBeRoe+UPZxCRJKRCE46V6iM71m6KpWaE06zkJIrGmIzxkPYNFTikyk1nu2XwxCgDGETSHKHhTP09keJQqUnom2SI9UgtelPxP6+f6ODcTZmIE00FmT8UJBzqCE6LggMmKdF8Yggmkpm/QjLCpiBt6iyZEtDiysukV6+hRg2h60aldZH3UQRH4BhUAQJnoAWuQBt0AQEP4Am8gFfr0Xq23qz3ebRg5TOH4A+sz28DMaCZ</latexit>

f(⇥) =
1

n

nX

i=1

fi(⇥)
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• Linear regression objective with            : � = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

• A common machine learning objective:

Stochastic-Gradient-Descent(       ) 
Initialize  
for t = 1 to T 
randomly select i from {1,…,n}

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

⇥(t) = ⇥(t�1) � ⌘(t)r⇥fi(⇥
(t�1))

<latexit sha1_base64="uqQifUvFJJTnPBFe+bs444BneU8=">AAACNHicbVBNSwMxEM36bf2qevQSLEI9tOyKoB4E0YvgRcFWoVuX2TTbBrPZJZkVytIf5cUf4kUED4p49TeYfoBWHQi8ee8Nk3lhKoVB1312Jianpmdm5+YLC4tLyyvF1bW6STLNeI0lMtHXIRguheI1FCj5dao5xKHkV+HtSV+/uuPaiERdYjflzRjaSkSCAVoqKJ75lx2OcJOXcbtHD+l3W/EsUaG+ba1GfQWhhCAfGnpRIGh53LwdFEtu1R0U/Qu8ESiRUZ0HxUe/lbAs5gqZBGManptiMweNgkneK/iZ4SmwW2jzhoUKYm6a+eDoHt2yTItGibZPIR2wPydyiI3pxqF1xoAd81vrk/9pjQyj/WYuVJohV2y4KMokxYT2E6QtoTlD2bUAmBb2r5R1QANDm3PBhuD9PvkvqO9Uvd3qwcVu6eh4FMcc2SCbpEw8skeOyCk5JzXCyD15Iq/kzXlwXpx352NonXBGM+tkrJzPLwhoqK8=</latexit>

<latexit sha1_base64="XGWVnx7lGbUpXXPv1Fgt4DDh7qs="></latexit>

Jlinreg(⇥) = Jlinreg(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2

<latexit sha1_base64="CxyRH6qeQ0oqdZUbbu575i+TG48=">AAACCXicbVC7SgNBFJ2Nrxhfq5YWDgbBIoRdCWgZtLGMkJhANoTZyU0yZPbBzF0xLClt/BUbCwWx9Q/s/BsnyRaaeGDgcM693DnHj6XQ6DjfVm5ldW19I79Z2Nre2d2z9w/udJQoDg0eyUi1fKZBihAaKFBCK1bAAl9C0x9dT/3mPSgtorCO4xg6ARuEoi84QyN17WOvPgRk3dRDeEAVpCIUOJmUqGfUEq137aJTdmagy8TNSJFkqHXtL68X8SSAELlkWrddJ8ZOyhQKLmFS8BINMeMjNoC2oSELQHfSWZAJPTVKj/YjZV6IdKb+3khZoPU48M1kwHCoF72p+J/XTrB/2THZ4gQh5PND/URSjOi0FdoTCjjKsSGMK2H+SvmQKcbRdFcwJbiLkZdJ87zsVsque1spVq+yPvLkiJyQM+KSC1IlN6RGGoSTR/JMXsmb9WS9WO/Wx3w0Z2U7h+QPrM8fUNyZ8Q==</latexit>

⇥init, ⌘, T

(with equal 
probability)

• Also recall logistic regression 
with � = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

<latexit sha1_base64="H/hIgWYAgTf2l3zQ2OQoBolKc2w=">AAACHHicbVBPS8MwHE3nvzn/TT16CQ5hXkYzBnoZDL14nLA5Ya0lzdItLE1Lkgqj9Ht48at48aAgXjwIfhuzrYJuPgi8vPd+JL/nx5wpbdtfVmFldW19o7hZ2tre2d0r7x/cqCiRhHZJxCN562NFORO0q5nm9DaWFIc+pz1/fDn1e/dUKhaJjp7E1A3xULCAEayN5JXrQdXpjKjGp7AJnUBikqIsFRl0VBJ6KWui7G56DTz2E/TKFbtmzwCXCcpJBeRoe+UPZxCRJKRCE46V6iM71m6KpWaE06zkJIrGmIzxkPYNFTikyk1nu2XwxCgDGETSHKHhTP09keJQqUnom2SI9UgtelPxP6+f6ODcTZmIE00FmT8UJBzqCE6LggMmKdF8Yggmkpm/QjLCpiBt6iyZEtDiysukV6+hRg2h60aldZH3UQRH4BhUAQJnoAWuQBt0AQEP4Am8gFfr0Xq23qz3ebRg5TOH4A+sz28DMaCZ</latexit>

f(⇥) =
1

n

nX

i=1

fi(⇥)
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• Linear regression objective with            : � = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

• A common machine learning objective:

Stochastic-Gradient-Descent(       ) 
Initialize  
for t = 1 to T 
randomly select i from {1,…,n}

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

⇥(t) = ⇥(t�1) � ⌘(t)r⇥fi(⇥
(t�1))

<latexit sha1_base64="uqQifUvFJJTnPBFe+bs444BneU8=">AAACNHicbVBNSwMxEM36bf2qevQSLEI9tOyKoB4E0YvgRcFWoVuX2TTbBrPZJZkVytIf5cUf4kUED4p49TeYfoBWHQi8ee8Nk3lhKoVB1312Jianpmdm5+YLC4tLyyvF1bW6STLNeI0lMtHXIRguheI1FCj5dao5xKHkV+HtSV+/uuPaiERdYjflzRjaSkSCAVoqKJ75lx2OcJOXcbtHD+l3W/EsUaG+ba1GfQWhhCAfGnpRIGh53LwdFEtu1R0U/Qu8ESiRUZ0HxUe/lbAs5gqZBGManptiMweNgkneK/iZ4SmwW2jzhoUKYm6a+eDoHt2yTItGibZPIR2wPydyiI3pxqF1xoAd81vrk/9pjQyj/WYuVJohV2y4KMokxYT2E6QtoTlD2bUAmBb2r5R1QANDm3PBhuD9PvkvqO9Uvd3qwcVu6eh4FMcc2SCbpEw8skeOyCk5JzXCyD15Iq/kzXlwXpx352NonXBGM+tkrJzPLwhoqK8=</latexit>

<latexit sha1_base64="XGWVnx7lGbUpXXPv1Fgt4DDh7qs="></latexit>

Jlinreg(⇥) = Jlinreg(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2

<latexit sha1_base64="CxyRH6qeQ0oqdZUbbu575i+TG48=">AAACCXicbVC7SgNBFJ2Nrxhfq5YWDgbBIoRdCWgZtLGMkJhANoTZyU0yZPbBzF0xLClt/BUbCwWx9Q/s/BsnyRaaeGDgcM693DnHj6XQ6DjfVm5ldW19I79Z2Nre2d2z9w/udJQoDg0eyUi1fKZBihAaKFBCK1bAAl9C0x9dT/3mPSgtorCO4xg6ARuEoi84QyN17WOvPgRk3dRDeEAVpCIUOJmUqGfUEq137aJTdmagy8TNSJFkqHXtL68X8SSAELlkWrddJ8ZOyhQKLmFS8BINMeMjNoC2oSELQHfSWZAJPTVKj/YjZV6IdKb+3khZoPU48M1kwHCoF72p+J/XTrB/2THZ4gQh5PND/URSjOi0FdoTCjjKsSGMK2H+SvmQKcbRdFcwJbiLkZdJ87zsVsque1spVq+yPvLkiJyQM+KSC1IlN6RGGoSTR/JMXsmb9WS9WO/Wx3w0Z2U7h+QPrM8fUNyZ8Q==</latexit>

⇥init, ⌘, T

(with equal 
probability)

• Also recall logistic regression 
with � = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

<latexit sha1_base64="H/hIgWYAgTf2l3zQ2OQoBolKc2w=">AAACHHicbVBPS8MwHE3nvzn/TT16CQ5hXkYzBnoZDL14nLA5Ya0lzdItLE1Lkgqj9Ht48at48aAgXjwIfhuzrYJuPgi8vPd+JL/nx5wpbdtfVmFldW19o7hZ2tre2d0r7x/cqCiRhHZJxCN562NFORO0q5nm9DaWFIc+pz1/fDn1e/dUKhaJjp7E1A3xULCAEayN5JXrQdXpjKjGp7AJnUBikqIsFRl0VBJ6KWui7G56DTz2E/TKFbtmzwCXCcpJBeRoe+UPZxCRJKRCE46V6iM71m6KpWaE06zkJIrGmIzxkPYNFTikyk1nu2XwxCgDGETSHKHhTP09keJQqUnom2SI9UgtelPxP6+f6ODcTZmIE00FmT8UJBzqCE6LggMmKdF8Yggmkpm/QjLCpiBt6iyZEtDiysukV6+hRg2h60aldZH3UQRH4BhUAQJnoAWuQBt0AQEP4Am8gFfr0Xq23qz3ebRg5TOH4A+sz28DMaCZ</latexit>

f(⇥) =
1

n

nX

i=1

fi(⇥)
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• Linear regression objective with            : � = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

• A common machine learning objective:

Stochastic-Gradient-Descent(       ) 
Initialize  
for t = 1 to T 
randomly select i from {1,…,n} 

Return 

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

⇥(t) = ⇥(t�1) � ⌘(t)r⇥fi(⇥
(t�1))

<latexit sha1_base64="uqQifUvFJJTnPBFe+bs444BneU8=">AAACNHicbVBNSwMxEM36bf2qevQSLEI9tOyKoB4E0YvgRcFWoVuX2TTbBrPZJZkVytIf5cUf4kUED4p49TeYfoBWHQi8ee8Nk3lhKoVB1312Jianpmdm5+YLC4tLyyvF1bW6STLNeI0lMtHXIRguheI1FCj5dao5xKHkV+HtSV+/uuPaiERdYjflzRjaSkSCAVoqKJ75lx2OcJOXcbtHD+l3W/EsUaG+ba1GfQWhhCAfGnpRIGh53LwdFEtu1R0U/Qu8ESiRUZ0HxUe/lbAs5gqZBGManptiMweNgkneK/iZ4SmwW2jzhoUKYm6a+eDoHt2yTItGibZPIR2wPydyiI3pxqF1xoAd81vrk/9pjQyj/WYuVJohV2y4KMokxYT2E6QtoTlD2bUAmBb2r5R1QANDm3PBhuD9PvkvqO9Uvd3qwcVu6eh4FMcc2SCbpEw8skeOyCk5JzXCyD15Iq/kzXlwXpx352NonXBGM+tkrJzPLwhoqK8=</latexit>

⇥(t)

<latexit sha1_base64="CNj4IgcNwNjP3UJzGiOzYCDuEIA=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBDiJexKQL0FvXiMkBdk1zA76U2GzD6Y6RXCkt/w4kERr/6MN//GSbIHTSxoKKq66e7yEyk02va3tba+sbm1Xdgp7u7tHxyWjo7bOk4VhxaPZay6PtMgRQQtFCihmyhgoS+h44/vZn7nCZQWcdTESQJeyIaRCARnaCTXbY4A2WNWwYtpv1S2q/YcdJU4OSmTHI1+6csdxDwNIUIumdY9x07Qy5hCwSVMi26qIWF8zIbQMzRiIWgvm988pedGGdAgVqYipHP190TGQq0noW86Q4YjvezNxP+8XorBtZeJKEkRIr5YFKSSYkxnAdCBUMBRTgxhXAlzK+UjphhHE1PRhOAsv7xK2pdVp1a9eaiV67d5HAVySs5IhTjkitTJPWmQFuEkIc/klbxZqfVivVsfi9Y1K585IX9gff4AmOiRaw==</latexit>

<latexit sha1_base64="XGWVnx7lGbUpXXPv1Fgt4DDh7qs="></latexit>

Jlinreg(⇥) = Jlinreg(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2

<latexit sha1_base64="CxyRH6qeQ0oqdZUbbu575i+TG48=">AAACCXicbVC7SgNBFJ2Nrxhfq5YWDgbBIoRdCWgZtLGMkJhANoTZyU0yZPbBzF0xLClt/BUbCwWx9Q/s/BsnyRaaeGDgcM693DnHj6XQ6DjfVm5ldW19I79Z2Nre2d2z9w/udJQoDg0eyUi1fKZBihAaKFBCK1bAAl9C0x9dT/3mPSgtorCO4xg6ARuEoi84QyN17WOvPgRk3dRDeEAVpCIUOJmUqGfUEq137aJTdmagy8TNSJFkqHXtL68X8SSAELlkWrddJ8ZOyhQKLmFS8BINMeMjNoC2oSELQHfSWZAJPTVKj/YjZV6IdKb+3khZoPU48M1kwHCoF72p+J/XTrB/2THZ4gQh5PND/URSjOi0FdoTCjjKsSGMK2H+SvmQKcbRdFcwJbiLkZdJ87zsVsque1spVq+yPvLkiJyQM+KSC1IlN6RGGoSTR/JMXsmb9WS9WO/Wx3w0Z2U7h+QPrM8fUNyZ8Q==</latexit>

⇥init, ⌘, T

(with equal 
probability)

• Also recall logistic regression 
with � = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

<latexit sha1_base64="H/hIgWYAgTf2l3zQ2OQoBolKc2w=">AAACHHicbVBPS8MwHE3nvzn/TT16CQ5hXkYzBnoZDL14nLA5Ya0lzdItLE1Lkgqj9Ht48at48aAgXjwIfhuzrYJuPgi8vPd+JL/nx5wpbdtfVmFldW19o7hZ2tre2d0r7x/cqCiRhHZJxCN562NFORO0q5nm9DaWFIc+pz1/fDn1e/dUKhaJjp7E1A3xULCAEayN5JXrQdXpjKjGp7AJnUBikqIsFRl0VBJ6KWui7G56DTz2E/TKFbtmzwCXCcpJBeRoe+UPZxCRJKRCE46V6iM71m6KpWaE06zkJIrGmIzxkPYNFTikyk1nu2XwxCgDGETSHKHhTP09keJQqUnom2SI9UgtelPxP6+f6ODcTZmIE00FmT8UJBzqCE6LggMmKdF8Yggmkpm/QjLCpiBt6iyZEtDiysukV6+hRg2h60aldZH3UQRH4BhUAQJnoAWuQBt0AQEP4Am8gFfr0Xq23qz3ebRg5TOH4A+sz28DMaCZ</latexit>

f(⇥) =
1

n

nX

i=1

fi(⇥)
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• Linear regression objective with            : � = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

• A common machine learning objective:

Stochastic-Gradient-Descent(       ) 
Initialize  
for t = 1 to T 
randomly select i from {1,…,n} 

Return 

⇥(0) = ⇥init

<latexit sha1_base64="QBASA2OLM1JUgQC2micRFS7y31k=">AAACDnicbVC7SgNBFJ2NrxhfUUubwRCITdiVgFoIQRvLCHlBEsPs5CYZMvtg5q4Ylv0CG3/FxkIRW2s7/8bJo9DEAwNnzrmXmXPcUAqNtv1tpVZW19Y30puZre2d3b3s/kFdB5HiUOOBDFTTZRqk8KGGAiU0QwXMcyU03NH1xG/cg9Ii8Ks4DqHjsYEv+oIzNFI3m29Xh4DsLi7YJwm9pLNrN24jPKDyYuELTJJuNmcX7SnoMnHmJEfmqHSzX+1ewCMPfOSSad1y7BA7MVMouIQk0440hIyP2ABahvrMA92Jp3ESmjdKj/YDZY6PdKr+3oiZp/XYc82kx3CoF72J+J/XirB/3jGRwgjB57OH+pGkGNBJN7QnFHCUY0MYV8L8lfIhU4yjaTBjSnAWIy+T+mnRKRUvbku58tW8jjQ5IsekQBxyRsrkhlRIjXDySJ7JK3mznqwX6936mI2mrPnOIfkD6/MH/xicJA==</latexit>

⇥(t) = ⇥(t�1) � ⌘(t)r⇥fi(⇥
(t�1))

<latexit sha1_base64="uqQifUvFJJTnPBFe+bs444BneU8=">AAACNHicbVBNSwMxEM36bf2qevQSLEI9tOyKoB4E0YvgRcFWoVuX2TTbBrPZJZkVytIf5cUf4kUED4p49TeYfoBWHQi8ee8Nk3lhKoVB1312Jianpmdm5+YLC4tLyyvF1bW6STLNeI0lMtHXIRguheI1FCj5dao5xKHkV+HtSV+/uuPaiERdYjflzRjaSkSCAVoqKJ75lx2OcJOXcbtHD+l3W/EsUaG+ba1GfQWhhCAfGnpRIGh53LwdFEtu1R0U/Qu8ESiRUZ0HxUe/lbAs5gqZBGManptiMweNgkneK/iZ4SmwW2jzhoUKYm6a+eDoHt2yTItGibZPIR2wPydyiI3pxqF1xoAd81vrk/9pjQyj/WYuVJohV2y4KMokxYT2E6QtoTlD2bUAmBb2r5R1QANDm3PBhuD9PvkvqO9Uvd3qwcVu6eh4FMcc2SCbpEw8skeOyCk5JzXCyD15Iq/kzXlwXpx352NonXBGM+tkrJzPLwhoqK8=</latexit>

⇥(t)

<latexit sha1_base64="CNj4IgcNwNjP3UJzGiOzYCDuEIA=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBDiJexKQL0FvXiMkBdk1zA76U2GzD6Y6RXCkt/w4kERr/6MN//GSbIHTSxoKKq66e7yEyk02va3tba+sbm1Xdgp7u7tHxyWjo7bOk4VhxaPZay6PtMgRQQtFCihmyhgoS+h44/vZn7nCZQWcdTESQJeyIaRCARnaCTXbY4A2WNWwYtpv1S2q/YcdJU4OSmTHI1+6csdxDwNIUIumdY9x07Qy5hCwSVMi26qIWF8zIbQMzRiIWgvm988pedGGdAgVqYipHP190TGQq0noW86Q4YjvezNxP+8XorBtZeJKEkRIr5YFKSSYkxnAdCBUMBRTgxhXAlzK+UjphhHE1PRhOAsv7xK2pdVp1a9eaiV67d5HAVySs5IhTjkitTJPWmQFuEkIc/klbxZqfVivVsfi9Y1K585IX9gff4AmOiRaw==</latexit>

<latexit sha1_base64="XGWVnx7lGbUpXXPv1Fgt4DDh7qs="></latexit>

Jlinreg(⇥) = Jlinreg(✓, ✓0) =
1

n

nX

i=1

(✓>x(i) + ✓0 � y(i))2

<latexit sha1_base64="CxyRH6qeQ0oqdZUbbu575i+TG48=">AAACCXicbVC7SgNBFJ2Nrxhfq5YWDgbBIoRdCWgZtLGMkJhANoTZyU0yZPbBzF0xLClt/BUbCwWx9Q/s/BsnyRaaeGDgcM693DnHj6XQ6DjfVm5ldW19I79Z2Nre2d2z9w/udJQoDg0eyUi1fKZBihAaKFBCK1bAAl9C0x9dT/3mPSgtorCO4xg6ARuEoi84QyN17WOvPgRk3dRDeEAVpCIUOJmUqGfUEq137aJTdmagy8TNSJFkqHXtL68X8SSAELlkWrddJ8ZOyhQKLmFS8BINMeMjNoC2oSELQHfSWZAJPTVKj/YjZV6IdKb+3khZoPU48M1kwHCoF72p+J/XTrB/2THZ4gQh5PND/URSjOi0FdoTCjjKsSGMK2H+SvmQKcbRdFcwJbiLkZdJ87zsVsque1spVq+yPvLkiJyQM+KSC1IlN6RGGoSTR/JMXsmb9WS9WO/Wx3w0Z2U7h+QPrM8fUNyZ8Q==</latexit>

⇥init, ⌘, T

(with equal 
probability)

• Commonly used with “minibatches”

• Also recall logistic regression 
with � = 0

<latexit sha1_base64="qp3CrEmnC9TxsVKzZjNDlSrh8Fw=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIQV0IRTcuK9gHTIeSyWTa0EwyJBmhDP0MNy4UcevXuPNvTNtZaOuBwOGcc8m9J0w508Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKULbRHKpeiHWlDNB24YZTnupojgJOe2G47uZ332iSjMpHs0kpUGCh4LFjGBjJb/PbTTC6Aa5g2rNrbtzoFXiFaQGBVqD6lc/kiRLqDCEY619z01NkGNlGOF0WulnmqaYjPGQ+pYKnFAd5POVp+jMKhGKpbJPGDRXf0/kONF6koQ2mWAz0sveTPzP8zMTXwU5E2lmqCCLj+KMIyPR7H4UMUWJ4RNLMFHM7orICCtMjG2pYkvwlk9eJZ2LuteoXz80as3boo4ynMApnIMHl9CEe2hBGwhIeIZXeHOM8+K8Ox+LaMkpZo7hD5zPH+aikF4=</latexit>

<latexit sha1_base64="H/hIgWYAgTf2l3zQ2OQoBolKc2w=">AAACHHicbVBPS8MwHE3nvzn/TT16CQ5hXkYzBnoZDL14nLA5Ya0lzdItLE1Lkgqj9Ht48at48aAgXjwIfhuzrYJuPgi8vPd+JL/nx5wpbdtfVmFldW19o7hZ2tre2d0r7x/cqCiRhHZJxCN562NFORO0q5nm9DaWFIc+pz1/fDn1e/dUKhaJjp7E1A3xULCAEayN5JXrQdXpjKjGp7AJnUBikqIsFRl0VBJ6KWui7G56DTz2E/TKFbtmzwCXCcpJBeRoe+UPZxCRJKRCE46V6iM71m6KpWaE06zkJIrGmIzxkPYNFTikyk1nu2XwxCgDGETSHKHhTP09keJQqUnom2SI9UgtelPxP6+f6ODcTZmIE00FmT8UJBzqCE6LggMmKdF8Yggmkpm/QjLCpiBt6iyZEtDiysukV6+hRg2h60aldZH3UQRH4BhUAQJnoAWuQBt0AQEP4Am8gFfr0Xq23qz3ebRg5TOH4A+sz28DMaCZ</latexit>

f(⇥) =
1

n

nX

i=1

fi(⇥)
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<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

• GD:
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<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

• GD:
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<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

• GD:
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<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

• GD:
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14

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

• GD:
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14

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

• GD:
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<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

• GD: • SGD:

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)
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<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

• GD: • SGD:

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)
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14

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

• GD: • SGD:

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)
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<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

• GD: • SGD:

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)
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<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

• GD: • SGD:

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)
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<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

• GD: • SGD:

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)
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<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

• GD: • SGD:

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)
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<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

• GD: • SGD:

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)
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• Theorem: SGD performance
<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

• GD: • SGD:

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)



Stochastic gradient descent (SGD) properties

14

• Theorem: SGD performance 
• Assumptions: 

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

• GD: • SGD:

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)



Stochastic gradient descent (SGD) properties

14

• Theorem: SGD performance 
• Assumptions: (Choose any          )✏̃ > 0

<latexit sha1_base64="9RDGk/SbFIbSB81tTXY2dnitcGs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIpqBspunFZwT6gCWUyuWmHTiZhZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMkmhSROeyE5AFHAmoKmZ5tBJJZA44NAOhjcTv/0AUrFE3OtRCn5M+oJFjBJtpJ596GnGQ8g9SBXjiRjjK+z07IpTdabAi8QtSAUVaPTsLy9MaBaD0JQTpbquk2o/J1IzymFc9jIFKaFD0oeuoYLEoPx8ev0YnxglxFEiTQmNp+rviZzESo3iwHTGRA/UvDcR//O6mY4u/JyJNNMg6GxRlHGsEzyJAodMAtV8ZAihkplbMR0QSag2gZVNCO78y4ukdVZ1a9XLu1qlfl3EUUJH6BidIhedozq6RQ3URBQ9omf0it6sJ+vFerc+Zq1LVjFzgP7A+vwB9ZmU6Q==</latexit>

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

• GD: • SGD:

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)



Stochastic gradient descent (SGD) properties

14

• Theorem: SGD performance 
• Assumptions: (Choose any          ) 

• f is “nice” & convex, has a unique global minimizer
✏̃ > 0

<latexit sha1_base64="9RDGk/SbFIbSB81tTXY2dnitcGs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIpqBspunFZwT6gCWUyuWmHTiZhZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMkmhSROeyE5AFHAmoKmZ5tBJJZA44NAOhjcTv/0AUrFE3OtRCn5M+oJFjBJtpJ596GnGQ8g9SBXjiRjjK+z07IpTdabAi8QtSAUVaPTsLy9MaBaD0JQTpbquk2o/J1IzymFc9jIFKaFD0oeuoYLEoPx8ev0YnxglxFEiTQmNp+rviZzESo3iwHTGRA/UvDcR//O6mY4u/JyJNNMg6GxRlHGsEzyJAodMAtV8ZAihkplbMR0QSag2gZVNCO78y4ukdVZ1a9XLu1qlfl3EUUJH6BidIhedozq6RQ3URBQ9omf0it6sJ+vFerc+Zq1LVjFzgP7A+vwB9ZmU6Q==</latexit>

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

• GD: • SGD:

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)



Stochastic gradient descent (SGD) properties

14

• Theorem: SGD performance 
• Assumptions: (Choose any          ) 

• f is “nice” & convex, has a unique global minimizer 
•  

✏̃ > 0

<latexit sha1_base64="9RDGk/SbFIbSB81tTXY2dnitcGs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIpqBspunFZwT6gCWUyuWmHTiZhZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMkmhSROeyE5AFHAmoKmZ5tBJJZA44NAOhjcTv/0AUrFE3OtRCn5M+oJFjBJtpJ596GnGQ8g9SBXjiRjjK+z07IpTdabAi8QtSAUVaPTsLy9MaBaD0JQTpbquk2o/J1IzymFc9jIFKaFD0oeuoYLEoPx8ev0YnxglxFEiTQmNp+rviZzESo3iwHTGRA/UvDcR//O6mY4u/JyJNNMg6GxRlHGsEzyJAodMAtV8ZAihkplbMR0QSag2gZVNCO78y4ukdVZ1a9XLu1qlfl3EUUJH6BidIhedozq6RQ3URBQ9omf0it6sJ+vFerc+Zq1LVjFzgP7A+vwB9ZmU6Q==</latexit>

<latexit sha1_base64="FFDU0upJ6iiCUITKYQSyg3WnUzc=">AAACOHicbVBNS8NAFNz4WetX1aOXxSJUkJKUgh4sFL14kgrWFppYNtuNLt1swu6LEEL/lRf/hje9eFAQr/4Ct20OWh1YGGbm8faNHwuuwbafrbn5hcWl5cJKcXVtfWOztLV9raNEUdamkYhU1yeaCS5ZGzgI1o0VI6EvWMcfno39zj1TmkfyCtKYeSG5lTzglICR+qULVydhP4OGM7rJXC4DSEfYZUAqcIAbeKoc4v9SlTx2cFPDJ3myXyrbVXsC/Jc4OSmjHK1+6ckdRDQJmQQqiNY9x47By4gCTgUbFd1Es5jQIbllPUMlCZn2ssndI7xvlAEOImWeBDxRf05kJNQ6DX2TDAnc6VlvLP7n9RIIjr2MyzgBJul0UZAIDBEel4gHXDEKIjWEUMXNXzG9I4pQMFUXTQnO7Ml/SadWdepVx7msl5uneR8FtIv2UAU56Ag10TlqoTai6AG9oDf0bj1ar9aH9TmNzln5zA76BevrG90Nq6Q=</latexit> 1X

t=1

⌘(t) = 1,
1X

t=1

(⌘(t))2 < 1

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

• GD: • SGD:

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)



Stochastic gradient descent (SGD) properties

14

• Theorem: SGD performance 
• Assumptions: (Choose any          ) 

• f is “nice” & convex, has a unique global minimizer 
•  

✏̃ > 0

<latexit sha1_base64="9RDGk/SbFIbSB81tTXY2dnitcGs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIpqBspunFZwT6gCWUyuWmHTiZhZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMkmhSROeyE5AFHAmoKmZ5tBJJZA44NAOhjcTv/0AUrFE3OtRCn5M+oJFjBJtpJ596GnGQ8g9SBXjiRjjK+z07IpTdabAi8QtSAUVaPTsLy9MaBaD0JQTpbquk2o/J1IzymFc9jIFKaFD0oeuoYLEoPx8ev0YnxglxFEiTQmNp+rviZzESo3iwHTGRA/UvDcR//O6mY4u/JyJNNMg6GxRlHGsEzyJAodMAtV8ZAihkplbMR0QSag2gZVNCO78y4ukdVZ1a9XLu1qlfl3EUUJH6BidIhedozq6RQ3URBQ9omf0it6sJ+vFerc+Zq1LVjFzgP7A+vwB9ZmU6Q==</latexit>

<latexit sha1_base64="FFDU0upJ6iiCUITKYQSyg3WnUzc=">AAACOHicbVBNS8NAFNz4WetX1aOXxSJUkJKUgh4sFL14kgrWFppYNtuNLt1swu6LEEL/lRf/hje9eFAQr/4Ct20OWh1YGGbm8faNHwuuwbafrbn5hcWl5cJKcXVtfWOztLV9raNEUdamkYhU1yeaCS5ZGzgI1o0VI6EvWMcfno39zj1TmkfyCtKYeSG5lTzglICR+qULVydhP4OGM7rJXC4DSEfYZUAqcIAbeKoc4v9SlTx2cFPDJ3myXyrbVXsC/Jc4OSmjHK1+6ckdRDQJmQQqiNY9x47By4gCTgUbFd1Es5jQIbllPUMlCZn2ssndI7xvlAEOImWeBDxRf05kJNQ6DX2TDAnc6VlvLP7n9RIIjr2MyzgBJul0UZAIDBEel4gHXDEKIjWEUMXNXzG9I4pQMFUXTQnO7Ml/SadWdepVx7msl5uneR8FtIv2UAU56Ag10TlqoTai6AG9oDf0bj1ar9aH9TmNzln5zA76BevrG90Nq6Q=</latexit> 1X

t=1

⌘(t) = 1,
1X

t=1

(⌘(t))2 < 1

• e.g.
<latexit sha1_base64="JMtTm94UovWC3ilVM7MMcFeNyW4="></latexit>

⌘(t) = ↵(⌧0 + t)�( 2 (0.5, 1])

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

• GD: • SGD:

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)



• Conclusion: If run long enough, stochastic gradient 
descent will return a value within    of the global minimizer 

Stochastic gradient descent (SGD) properties

14

• Theorem: SGD performance 
• Assumptions: (Choose any          ) 

• f is “nice” & convex, has a unique global minimizer 
•  

✏̃ > 0

<latexit sha1_base64="9RDGk/SbFIbSB81tTXY2dnitcGs=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIpqBspunFZwT6gCWUyuWmHTiZhZiLUUPwVNy4Ucet/uPNvnLZZaOuBC4dz7uXee4KUM6Ud59taWl5ZXVsvbZQ3t7Z3du29/ZZKMkmhSROeyE5AFHAmoKmZ5tBJJZA44NAOhjcTv/0AUrFE3OtRCn5M+oJFjBJtpJ596GnGQ8g9SBXjiRjjK+z07IpTdabAi8QtSAUVaPTsLy9MaBaD0JQTpbquk2o/J1IzymFc9jIFKaFD0oeuoYLEoPx8ev0YnxglxFEiTQmNp+rviZzESo3iwHTGRA/UvDcR//O6mY4u/JyJNNMg6GxRlHGsEzyJAodMAtV8ZAihkplbMR0QSag2gZVNCO78y4ukdVZ1a9XLu1qlfl3EUUJH6BidIhedozq6RQ3URBQ9omf0it6sJ+vFerc+Zq1LVjFzgP7A+vwB9ZmU6Q==</latexit>

<latexit sha1_base64="FFDU0upJ6iiCUITKYQSyg3WnUzc=">AAACOHicbVBNS8NAFNz4WetX1aOXxSJUkJKUgh4sFL14kgrWFppYNtuNLt1swu6LEEL/lRf/hje9eFAQr/4Ct20OWh1YGGbm8faNHwuuwbafrbn5hcWl5cJKcXVtfWOztLV9raNEUdamkYhU1yeaCS5ZGzgI1o0VI6EvWMcfno39zj1TmkfyCtKYeSG5lTzglICR+qULVydhP4OGM7rJXC4DSEfYZUAqcIAbeKoc4v9SlTx2cFPDJ3myXyrbVXsC/Jc4OSmjHK1+6ckdRDQJmQQqiNY9x47By4gCTgUbFd1Es5jQIbllPUMlCZn2ssndI7xvlAEOImWeBDxRf05kJNQ6DX2TDAnc6VlvLP7n9RIIjr2MyzgBJul0UZAIDBEel4gHXDEKIjWEUMXNXzG9I4pQMFUXTQnO7Ml/SadWdepVx7msl5uneR8FtIv2UAU56Ag10TlqoTai6AG9oDf0bj1ar9aH9TmNzln5zA76BevrG90Nq6Q=</latexit> 1X

t=1

⌘(t) = 1,
1X

t=1

(⌘(t))2 < 1

✏̃

<latexit sha1_base64="vqb9pv5rOxS3HuYda+cIIwoIwn8=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0mkoN6KXjxWsB/QhLLZTNulm92wuymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmRSln2njet1Pa2Nza3invVvb2Dw6P3OOTtpaZotCikkvVjYgGzgS0DDMcuqkCkkQcOtH4fu53JqA0k+LJTFMIEzIUbMAoMVbqu25gGI8hDyDVjEsx67tVr+YtgNeJX5AqKtDsu19BLGmWgDCUE617vpeaMCfKMMphVgkyDSmhYzKEnqWCJKDDfHH5DF9YJcYDqWwJgxfq74mcJFpPk8h2JsSM9Ko3F//zepkZ3IQ5E2lmQNDlokHGsZF4HgOOmQJq+NQSQhWzt2I6IopQY8Oq2BD81ZfXSfuq5tdrt4/1auOuiKOMztA5ukQ+ukYN9ICaqIUomqBn9IrenNx5cd6dj2VrySlmTtEfOJ8/PVaUEw==</latexit>

• e.g.
<latexit sha1_base64="JMtTm94UovWC3ilVM7MMcFeNyW4="></latexit>

⌘(t) = ↵(⌧0 + t)�( 2 (0.5, 1])

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)

• GD: • SGD:

<latexit sha1_base64="VzJ8lAo+1sPnCLvqlHPyXyfGlzg=">AAAB8HicbVA9SwNBEN2LXzF+RS1tFoNgFW4loGXQxjKCMYHkCHubuWTJ3t65OyeEkD9hY6Egtv4cO/+Nm+QKTXww8Hhvhpl5YaqkRd//9gpr6xubW8Xt0s7u3v5B+fDowSaZEdAUiUpMO+QWlNTQRIkK2qkBHocKWuHoZua3nsBYmeh7HKcQxHygZSQFRye1uzgE5D3WK1f8qj8HXSUsJxWSo9Erf3X7ichi0CgUt7bD/BSDCTcohYJpqZtZSLkY8QF0HNU8BhtM5vdO6ZlT+jRKjCuNdK7+npjw2NpxHLrOmOPQLnsz8T+vk2F0FUykTjMELRaLokxRTOjsedqXBgSqsSNcGOlupWLIDRfoIiq5ENjyy6ukdVFltSpjd7VK/TrPo0hOyCk5J4xckjq5JQ3SJIIo8kxeyZv36L14797HorXg5TPH5A+8zx9mGJAF</latexit>

✓1

<latexit sha1_base64="ANcUSZTLHtISqhxp8BWXI08pZsE=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBE8laQU9Fj04rGCtYU2lM120i7dbOLuRCilf8KLBwXx6s/x5r9x2+agrQ8GHu/NMDMvTKUw5Hnfztr6xubWdmGnuLu3f3BYOjp+MEmmOTZ5IhPdDplBKRQ2SZDEdqqRxaHEVji6mfmtJ9RGJOqexikGMRsoEQnOyErtLg2RWK/aK5W9ijeHu0r8nJQhR6NX+ur2E57FqIhLZkzH91IKJkyT4BKnxW5mMGV8xAbYsVSxGE0wmd87dc+t0nejRNtS5M7V3xMTFhszjkPbGTMammVvJv7ndTKKroKJUGlGqPhiUZRJlxJ39rzbFxo5ybEljGthb3X5kGnGyUZUtCH4yy+vkla14tcqvn9XK9ev8zwKcApncAE+XEIdbqEBTeAg4Rle4c15dF6cd+dj0brm5DMn8AfO5w9nnZAG</latexit>

✓2

<latexit sha1_base64="FKq/VYaItQ1uZf48v1hVtDvdCmE=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF/FUwdpKG8pmu2mXbjZhdyKU0F/hxYOCePXfePPfuG1z0NYHA4/3ZpiZFyRSGHTdb2dldW19Y7OwVdze2d3bLx0cPpg41Yw3WSxj3Q6o4VIo3kSBkrcTzWkUSN4KRtdTv/XEtRGxusdxwv2IDpQIBaNopcfbSheHHOlZr1R2q+4MZJl4OSlDjkav9NXtxyyNuEImqTEdz03Qz6hGwSSfFLup4QllIzrgHUsVjbjxs9nBE3JqlT4JY21LIZmpvycyGhkzjgLbGVEcmkVvKv7ndVIML/1MqCRFrth8UZhKgjGZfk/6QnOGcmwJZVrYWwkbUk0Z2oyKNgRv8eVl0jqverWq593VyvWrPI8CHMMJVMCDC6jDDTSgCQwieIZXeHO08+K8Ox/z1hUnnzmCP3A+fwCcWZAa</latexit>

J(✓)



WHEW! 

NQ tomorrow 
No lecture or exercises next week 

Lab and HQ next week


