[ EIECS 6.036/6.862: Introduction to
ELECTRICAL ENGINEERING M aC h | n e Learn | n g

AND COMPUTER SCIENCE

Lecture: starts Tuesdays 9:35am (Boston time zone)
Course website: introml.odl.mit.edu

Who’s talking? Leslie Kaelbling

Questions? On Piazza (“Lecture 3” topic)
Materials: Will all be available at course website

Last Time(s) Today’s Plan
_inear classifiers |, Linear logistic
. Perceptron algorithm classification
. A more-complete ML . Linear regression

analysis |. Gradient descent


http://introml.odl.mit.edu

Reducing machine learning to optimization

Supply

 Hypothesis space H

* Loss function L(g,a)

e Data D,

Define objective function o
(h) = = L(h(x®Y 4,
En(h) = 5 2 L), )

Optimization problem:

find h that minimizes the objective



Reducing machine learning to optimization

 Hypothesis space : linear models

e Loss functions :
 classification: confidence in correct answer
* regression: squared error
* Objective function:
e training error
* with added “complexity” penalty
e Optimization algorithms
e gradient descent
e stochastic gradient descent
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* Special case: ridge regression with no offset
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* Minat: Vg Jiigee(d) =0 =0 = (X' X +nA\)'X'Y

« Matrix of second derivatives: X T X + n\I
(always “curves up” & invertible when A > 0)

e Can also solve for minimizing parameters in case with

offset; just a bit more math
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GGradient descent

a simple and powerful
optimization algorithm
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Initialize O = @,
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repeat
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Gradient descent properties

* A function fon R™is convex if any line segment
connecting two points of the graph of 7 lies above or

on the graph f

 Theorem: Gradient descent performance
 Assumptions: (Choose any € > 0)
e fis sufficiently “smooth” and convex
e fhas at least one global optimum
e 7 IS sufficiently small

* Conclusion: If run long enough, gradient " & N
descent will return a value within € of a N
10 global optimum © S
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|_ogistic regression |oss revisited

-10

Jir (©) = Jlr(H o)

=—ZLnn (072D +60), D) + A[6)

. A“regulanzer or “penalty” R(6) = \||6]|?

* Penalizes being overly certain

(A > 0)

* Objective is still differentiable & convex (gradient descent)

[\ =0.01
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|_ogistic regression |oss revisited
Ji:(O) = Jlr(e 0o)

= _ZLnu (072 +60), y" )+ A0IP (A > 0)

¢ A “regulanzer or “penalty” R(6) = \||0]]°
* Penalizes being overly certain
* Objective is still differentiable & convex (gradient descent)

[\ =0.01 A =0.1

e

210 5 5 10

 How to choose hyperparameters? One option: consider
13 a handful of possible values and compare via CV
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repeat
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Logistic regression learning algorithm

LR-Gradient-Descent (bipit, 00 init, 1, € )
Initialize 6 =@,
Initialize (9(()0) = 00.init

| Exactly gradient descent|
i with f given by logistic ]
|__regression objective |

Initialize t = 0

repeat
t =t + 1 .
o) — pt=1) _ ) = gt=1)T (i) o g(t=1)y _ , (9)],.(8)
= + 220D

e zegt‘”—m _Z (OE=DT 400 4 gDy _ y@)]}
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Logistic regression learning algorithm

LR-Gradient-Descent (bipit, 00 init, 1, € )
Initialize 9 = Oinit

| Exactly gradient descent|
i with f given by logistic ]
|__regression objective |

Initialize (9(()0) = 00.init

Initialize t = 0

repeat
t =t + 1 .
o) — pt=1) _ ) = gt=1)T (i) o g(t=1)y _ , (9)],.(8)
= + 220D

e zegt‘”—m _Z (OE=DT 400 4 gDy _ y@)]}

until [J:(00,0\) — 7, (04D 08 )| < €

Return Hﬁhﬁg)
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Optimizing linear regression

* (Gradient descent vs. analytical/closed-form/direct solution

. / g

| 76, Vo "6,
 Accuracy doesn't mean anything without running time
* Running time doesn't mean anything without accuracy

 Need to measure accuracy for the running time we have

f=(X"X+nX)'X'Y
T od
X

1 Matrix inversion: O(d3)
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LinearRegression-Gradient-Descent ( binit, 0o.init, 7,1 )

Initialize 6% = fiy | Exactly gradient descent|
Initialize 6y = 0o nit | with fgiven by linear |
for t = 1 to T |__regression objective |

o) _ plt—1) —77<ng[9<t‘1>T:z:<’i>+96t‘1) Y] 2
= 1Nt 1y >
B (9 . B . ’
A=~ 230 a0 4 o )
. 1=1

Return Huﬁﬁg)
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Stochastic gradient descent

* Linear regression objective with A =0
1 @- 7;
Jlinreg(@) — Jlinreg(ea 90) — E Zl(e—ra7( ) + 90 — y( >)2
« A common machine learning objective:

1 < » Also recall logistic regression
O) = — (6 .
/() n;‘f( ) with A =10

Stochastic-Gradient-Descent (O, n, 1)
Initialize ©W =@
for t = 1 to T

randomly select 1 from {1,..,n}
0 =0~ —y(1)Ve f:(61)
Return ©W

.  Commonly used with “minibatches”

init

(with equal
probability)
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Stochastic gradient descent (SGD) properties

70 T h,
 Theorem: SGD performance
. Assumptlons (Choose any € > 0)

. f|s nice” & convex, has a unique global minimizer

Zn Z

. e.g. n(t) = a(TO +t)""(k € (0.5,1])
* Conclusion: If run long enough, stochastic gradient

14 descent will return a value within € of the global minimizer
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NQ tomorrow
NO lecture or exercises next week
Lab and HQ next week



